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SECTION L 

DBFIKITI0N8 AND AXIOMS. 

Article 1. The sign 4- (read plus) indicates that the 
quantity* before which it stands is to be added to something 
going before : thus, 8 + 6 means that 6 is to be added to 8. 

When the sign + is prefixed to a quantity standing alone, 
or at the beginning of a series, it indicates that there are 
circumstances which require that quantity to be added, if 
there were any quantity going before to which it could be 
joined : thus, + 7 indicates that there are circumstances which 
require 7 ,to be added, were there any thing to which the 
addition could be made. 

2. The sign — (read minus) indicates that the quantity 
to which it is prefixed is to be subtracted from something 
going before : thus 8 — 6 means that 6 is to be taken from 8. 

When the sign — is prefixed to a quantity standing 
alone, or at the beginning of a series, it indicates that there 
are circumstances which require that quantity to be sub- 

♦ Writers on Algebi^ generally confine the word numher to those 
numerical expressions in which the Arabic figures alone occur ; while 
they apply the term quantity to any symbol representing a number, 
whether consisting of figures, or of letters, or of both combined r thus, 
5, 19, are called numherSj yrhile 5, 19, 4a, may all be called quantities. 

B 



2 DEFINITIONS AND AXIOMS. 

tracted, if there were any quantity going before it : thus, — 9 
signifies that there are circumstances which require 9 to he 
subtracted, if there were any quantity from which it could 
be taken. 

3. A quantity which has the sign + is called a positive 
quantity ; and one which has the sign — is called a negative 
quantity. Quantities to which no sign is prefixed are under- 
stood to be positive. 

4. The mark = placed between two expressions indicates 
that they are equal : thus, 12 + 8 = 20, indicates that the suiii 
of 12 and 8 is equal to 20 ; and 15 — 9 = 6, means that the 
difference of 15 and 9 is equal to 6 ; and 19 — 20 = — 1, 
indicates, that if it be required to take away 20 from 19, the 
thing is manifestly impossible, and that after we have taken 
away as much as possible, namely 19, there will still remain 
a unit to be subtracted, without any thing from which it can 
be taken. Also, a + 2> = c, shows that some number, which 
we call a, when increased by the addition of some other 
number, which we call &, becomes equal to a third number, 
which we denote by c. 

5. The example 19 — 20 = — 1, will help the learner to 
conceive how a negative quantity may come to stand alone, 
that is, unconnected with any thing from which it can be 
taken. It will also show, that, in such a case, the sign — 
demands that the quantity before which it is placed be sub- 
tracted from ;* that is to say, —1 = — 1. And since 
a — 1, or in general a — 5, must be less than a, it has been 
said that — 1 or — &, that is, — 1 or — 2>, must be -less than 

* For when, of the 20 to he suhtracted, we have taken away as 
mach as possihlei namely 19, the + 19 will he reduced to 0, and the 
— 20to— 1. 
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0. This mode of speaking would be unintelligible and ab- 
surd, if used absolutely ; but in the relative sense in whicli 
it is always, used in Algebra, it is perfectly rational and cor- 
rect. Suppose the question asked, " How far is Paris north 
of London ?" we may reply, " Paris is 2 J degrees south of 
London :" but we have not given a direct answer to the ques- 
tion. We have, firsts rectified the mistake on which the 
question was founded, by showing that it ought to have been, 
" How far is Paris south of London ?" and, secondly, we have 
given the answer to this corrected question. If we were com- 
pelled to answer in exact accordance with the original ques- 
tion, " How far is Paris north of London ? " we should say, 
2\ degrees less than nothing, that is, —2} degrees. This 
does not mean that there exists, or can exist, any portion of 
space less than nothing (for that would be a contradiction) ; 
but that the northing of Paris from London is less than : 
in other words, that not only is Paris nothing to the north 
of London, but its situation is even less northerly than those 
words would imply. Therefore the answer, " Paris is — 2 J 
degrees to the north of London," does not merely express the 
absolute difference of latitude between the two places ; but 
indicates, besides, that their true relative position is the very 
contrary of that which was supposed in the question. The 
question implies a supposition that the relation of the two 
places is such, that in order to find the latitude of Paris 
something must be added to the latitude of London : the 
answer exhibits this quantity to be added as less than nothing , 
which indicates the real relation of the two places to be such, 
that to find the latitude of Paris something must be sub- 
tracted from the latitude of London. Li like manner, if it 
be asked, " How much is Edinburgh south of London ? " the 
direct answer will be — 4J degrees ; that is to say, the ques- 
tion supposes the relation of the two places to be such, that 
in order to find the latitude of Edinburgh something must 
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be subtracted from that of London : the answer exhibits this 
quantity to he subtracted as less than nothing, which indicates 
the real relation of the two places to be such, that to find the 
latitude of EcUnburgh something must be added to that of 
London. 

6. Hence, to add a negative quantity is the same as to 
subtract that quantity considered absolutely : for to speak of 
— a being added to ^ is to represent x as increased by a 
quantity, which is less than by the quantity a. This does 
not mean that any quantity absolutely less than can exist, 
but merely that the increase received by a; is less than : in 
other words, this mode of expression shows that such a rela- 
tion had been supposed to exist between some two things 
concerned in the question, as would have required a to be 
added ; whereas the real relation has turned out to be such 
as requires a to be subtracted. Also, to stibtract a negative 
quantity is the same as to add that quantity considered abso- 
lutely. For, to speak of — a being subtracted from x is to 
represent x as diminished by a quantity, which is less than 
by the quantity a : and this indicates that such a relation 
had been supposed to exist between some two things con- 
cerned in the question as would have required a to be sub- 
tracted ; whereas the real relation has turned out to be one 
which requires a to be added. 

7. When there is a series of quantities connected by the 
signs +, — , it is of no consequence in what order they are 
taken: thus, 7 + 8-3 + 5-9, and 8-3 + 5-9 + 7, and - 
3 + 8 + 5 — 9 + 7, all give the same result, namely 8. 

8. The mark x or a dot (.) placed between two quan- 
tities indicates that one of them is to be multiplied by the 
other : thus, 5x7, or 5.7, means that 5 and 7 are to be 
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multiplied together ; and axx, or a.ic, that the numberiB 
denoted by a and 2^ whatever they may be, are to be 
multiplied together. But when the numbers are not both 
expressed by the common Arabic figures, it is more usual to 
indicate their multipHcation by writing them close together, 
like the letters of a word : thus, 6x and by are more usually 
written than 5xx or 5 .x, and bxy 01 h . y. 

9. When three or more quantities are connected together 
by the mark of multiplication, the expression indicates that 
the first is to be multiplied by the second, their product by 
the third, that product again by the fourth, and so on : this 
is called continual multiplication : thus 8 x 6 x 3, or 8 . 6 . 3, 
signifies that 8 is to be multiplied by 6, and that the product 
48 is then to be multiplied by 3, giving for the final product 
144. In like manner, 4x7x5x2 = 280, and 3 x 3 x 3 X 
3x3x3 = 729. Also, ay.hxc, or dbc, indicates that a is 
to be multiplied by 5, and that their product is to be again 
multiplied by c. 

10. The quantities by whose multiplication a product is 
obtained are called its factors : thus 5 and 7 are the factors 
of 35 ; thus also, the factors of 30 are 6 and 5, or 10 and 3, 
or 5, 3, and 2 ; and the product ahx may be considered as 
formed by the three factors, a, and 6, and «, or by the two, 
ah and x, 

11. The order in which the factors are taken does not 
affect the product : thus 5x3x7, 7x3x5, 5x7x3, &c., 
all give the same result : also, ^dbx, iocab, ^baXy b^xay &c., are 
all of the same value.^ But it is customary to place those 

* Obvious as this proposition may appear, the most ingenious mathe- 
maticians haye not been able to devise a proof of it sufficiently strict 
and scientific, and at the same time sufficiently simple to be of any use 
to the beginner. — See Note to Art. 86. 
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factors first wHicli are expressed in figures, and next those 
which are denoted by letters, arranging them in the order of 
the alphabet 

12. When a quantity is considered as the product of two 
factors, any one of these is called the coefficient of the other : 
thus, in the product 5ax^ 5 is the coefficient of ax, and 5a 
is the coefficient of x. The name coefficient, however, is 
most frequently given to a factor expressed in common 
Arabic figures, the other factor being a letter or letters : 
such, for the sake of distinction, are sometimes called numeral 
coefficients. And since a may be considered as the product 
of 1 and a, ab as the product of 1 and ab, &c., it is plain 
that 1 must be understood as the coefficient of any quantity 
expressed by letters alone, whenever it is necessary to speak 
of such a quantity as having a numeral coefficient ; that is to 
say a = la, ab= lab, &c. 

13. The mark -r placed between two quantities indicates 
that the former is to be divided by the latter. Division is 
also indicated by placing the dividend directly over the 
divisor, and separating them by a line : thus, to show that 
48 is to be divided by 6, we may write either 48 -r- 6, or 

~ ; also, either of the expressions a -j- & or - denotes that a 

is to be divided by b, 

14. A power of a quantity is the product of two or more 
factors, each equal to that quantity. The powers are dis- 
tinguished from one another by the number of factors they 
contain ; that is, when there are two feu^tors, the product is 
called the second power ; when three, the third power ; when 
four, the fourth power; and so on. The quantity itself 
from which the powers are formed, is often, for the sake of 
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uniformity, called the first jpower ; the second power is also 
called the square^ and the third power the cvhe: * thus, 

The 1st power of 3 is 3 ; 
„ 2d „ 3 „ 3 X 3 = 9 ; 
„ 3d „ 3 „ 3 X 3 X 3 = 27 ; 
„ 4th „ 3 „ 3 X 3 X 3 X 3 = 81 j 
„ 5th „ 3 „ 3 X 3 X 3 X 3 X 3 = 243 ; &c. 

Lilike manner, the lOthpowerof 5 = 5 x 5 x 5 x 5 x5 X 
5X5x5x5x5 = 9765625 : also, xxx is the third power of ic, 
yyyyy ^® ^^ power of y, hlibhbbb the seventh power of 6, 
and CLaaaaaaa the eighth power of a. These examples show 
that the powers of a letter will be expressed by writing that 
letter as often as there are units in the number by which 
the power is distinguished; that is, twice for the second 
power, three times for the third power, &c. But as this 
method would be very inconvenient for the higher powers, 
it has been agreed not to write the letter more than once, 
but to place over it and towards the right hand a number 
indicating how often it ought to be written ; that is, how 
often it is to be used as a factor. Thus, instead of writing 
xxx for the third power of a;, we write a?, where the number 
3 indicates that we are to understand x as written three 
times j or, which is the same thing, that we are to conceive 
of a product formed by three factors, each equal to a?. A 
number thus employed to indicate how many factors a power 
contains is called the index or exponent of the power. Act 
cordingly — 

* The application of the terms square and cube to algebraic quan- 
tities is very improper : it has arisen from the manner in which geo> 
metrical magnitudes are expressed in numbers; for whatever number 
expresses the linear units in a given straight line, the second power 
of that number will express the number of corresponding superficial 
units in the area of the square of that line, and its third power the num- 
ber of solid units in the cube of that line* 
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The 1st power of a is a = a\ and its index is 1 ; 

99 

tf 

Indices are chiefly used with letters, but sometimes also 
with common numbers ; thus 3^ = 81, 4' = 64. 

The process of finding ^jij power of a quantity is called 
involution; and the quantity is said to be raised to that 
power. 

15. A root of a quantity is some other quantity of which 
the given quantity is a power ; thus 8^ = 64, therefore 8 is a 
root of 64 ; 4* = 64, therefore 4 is also a root of 64 ; 2^ = 64, 
therefore 2 is another root of 64. 

The different roots of a quantity are distinguished by 
numbers, indicating the power to which each root must be 
raised, in order to become equal to the given quantity ; 
that is, the root of which the given quantity is the second 
power is called the second root, that of which it is the 
third power is called the third root, that of which it is the 
fourth power is called the fourth root, &c. Thus, in the 
above example, the second root of 64 is 8, the third root 4, 
and the sixth root 2. In like manner, the fourth root of 
81 is 3, the fifth root of 1024 is 4, &c. 

The process of finding any root of a quantity is called 
evolution; and the quantity is said to have that root ex- 
tracted. 

The second root is also called the square root, and the 
third the cube root (Art 14.) 

16. The mark \/ prefixed to a quantity indicates that a 
loot of that quantity is to be extracted : this mark is called 
the radical sign. The number by which the root is dis- 
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tmgiiislied is written over the radical sign to the left, and is 
called the index of the root : thus, v^ 25 means the second 
root of 25 ; \/ 27, the third root of 27. In nsing the radi- 
cal sign to denote the second root, the index 2 is usually 
omitted : thus, for the second root of 25, we may either write 
v^ 25y or \/ 25. The roots of any number, a, will be 
expressed as follows : — 

The 2d root of a is v^ a, or ^/ a, 

„ od „ (Z „ V ci» 

„ 4th „ a y, ^y a. 

„ 5th „ a ,y 'Jr Oy &c, 

17. Whatever nilmber of factors a quantity contains 
besides its coefficient^ of so many dimensions it is said to be : 
thus, hCy 7ax, ^, are quantities of two dimensions, because 
each of them contains two factors in addition to its coefficient. 
In like manner, xyz, 5a^, are quantities of three dimensions ; 
icy^, \2a^ix?, are quantities of four dimensions, and so on. 
On the same principle, a, 15a:, are quantities of one dimension. 

Instead of " one dimension," " two dimensions," &c., the 
terms first order or degree, second order or degree, &c., are 
often used : thus, lax is said to be of the second order or 
second degree; 6ax^, of the third order or third degree, &c. 
Sometimes a letter is considered as belonging to the coeffi- 
cient, and then it is not reckoned in estimating the dimen- 
sions or degree of the quantity : thus, in the example 5aa:^, 
if we consider 5a as the coefficient, the quantity will be of 
two dimensions only. 

18. An expression which does not consist of parts con- 
nected by either of the signs -h or — , is called a simple or 
mononomial quantity : thus, 7 and x are simple quantities. 
In like manner, 6x3x4 is a simple quantity : also, 12aa7, 

J be 
and — . 

X 
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19. An expression whicb. consists of two or more simple 

quantities connected by the signs +, ^, is called a compound 

quantity, and the simple quantities of which it is composed 

are called its terms : thus 6 + 3 + 4 is a compound quantity* 

and its terms are 6, 3, and 4 : also, 12 + a^x, and 3y + 12bc 

bx 
, are compound quantities ; the terms of the former being 

bx 
12, a, and a5, and those of the latter, 3y, 126c, and -— . An 

expression is said to be homogeneous when all its terms are 
of the same dimensions. 

20. A compound quantity consisting of two terms is 
called a hinomial, A quantity consisting of more terms than 
two is called a multinomial or polynomial quantity. The 
names trinomial and quadrinomial are sometimes given to 
quantities consisting of three and four terms. 

21. A parenthesis enclosing an expression is called a 
vinculum, and denotes that the sign or index on the outside 
of it affects the result of all the operations indicated by the 
several signs and indices within it Thus, 18 — (5 + 7) means 
that 7 is first to be added to 5, and then the sum taken from 
18, which leaves 6 ; without the vinculum, 18 — 5 + 7 would 
mean, that 5 is to be taken from 18, and 7 added to the 
remainder, which would give 20 : also, 16 — (15 — 9) = 10, 
butl6-15-9 = -8. In like manner, 7 (12 + 5) or (12 +5) 
X 7 = 119, but 12 + 5x7=47. And (10 + 3)2=169, but 
10 + 3^ = 19; and \/ (25 + 11) = 6, but \/ 25 + 11 = 16. 
Also, (ocyf would mean that a; is to be multiplied by y, and the 
second power of the product taken ; whereas xy^ would mean 
that the second power of y was to be taken, and x multiplied 
by it ; or, supposing a? = 5 and y = 3, (5 x 3)^ = 225, but 5 x 
3« = 45. 
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The learner must carefully observe, that in all such cases 
the sign on the outside of the vinculum affects no one of the 
terms within the vinculum, each of which has, besides, a sign 
of its own ; that is, in the expressions 18 — (5 + 7), and 16 — 
(15 — 9), the terms 5 and 15 are understood to have the sign 
+ (Art. 3). 

A bar drawn over the quantities is also used as a vincu- 
lum : the bar is sometimes placed vertically : thus — 

a d 

, mean the same as (a + 6 — c) x e?. 



a + 6 — c X £?, and + h 

— c 

Brackets [ ], and the brace { } , are used instead of the paren- 
thesis when we have occasion to place one vinculum outside 
of another ; as, [ (a + 6) a; -h (a — &) x]^. 

22. Like quantities are those in which the parts expressed 
by letters are the same: thus, 54ay, 6ay, and — 19ay, are 
like quantities. But 7ay, and 7aS/y are unlike; because the 
factor a occurs twice in the latter, and only once in the 
former, for (Art 14) 7a*y = 7aay. In the same manner 
17a*a?, and Sxa*, are like quantities (Art 11) ; but 4:a^Xy and 
Qc^Xy are unlike. 

23. When two or more like quantities are connected by 
the signs -I-, — , they may be incorporated into one term, by 
performing on their coefficients the operations indicated by 
their signs, and to the result subjoining the common letter : 
thus, 5x -{- Sx + 7x s= 15x : for the first term contains five 
times a; to be added, the next contains three times x to 
be added, and the next contains seven times a; to be added, 
making in all fifteen times a; to be added ; that is to say, + 15a;. 
In like manner, — 5a; — 3a5 — 7aj = — 15a; j for, in this case, the 
xea are all to be subtracted. Also, 6ab + 7ab — 5ab— Sab + 4ai 
« + 9ab ; for Qab with Tab added will make, as above, + V6ab ; 
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and 5(w subtracted will leave + Sab ; Sab further subtracted 
will leave + Sab ; and ^ab added to this will give + 9ab. 
In like manner, 5a»* + 2ax* — &aa? — iax* + Sax* = — 2ax* ; 
and lOxy'-l23oy'\-xys=^xy. Since (Art 7) it is indiffe- 
rent in what order the terms are taken, we may first unite 
all the positive quantities into one term, and all the negative 
into another, and then subtract the latter frotn the former : thus, 
5aa?' + 2aa;' -- 8aa?' -- 4aa;* + SooJ* =: lOoa:' - 12aa:* == - 2aa?. 

24. The mark > or <, placed between two quantities, 
denotes that the one to which the opening of the lines is 
turned is greater than the other. Hence a>b means that 
a is greater than b ; and x<y, that x is less than y. 

25. When it is not known which of two quantities 
is the greater, the mark - placed between them indicates 
that the less is to be subtracted from, the greater : thus, 
2;~y indicates that i^ of the two quantities, x be the greater, 
y is to be subtracted from x ; but if y be the greater, a; is to 
be subtracted from y ; that is, the expression X'^i/ is equi- 
valent to x—y when x>y, and to y-^x when x<y. 

PRAXIS. 

26. The conversion of literal into numerical expressions 
will be found a useful exercise on the meaning of the sym- 
bols and operations of Algebra. The letters are supposed to 
denote particular numbers, which are substituted for the 
letters, and the same operations performed upon them that 
are performed upon the letters. 

Thus let it be required to find what the expression 

a + b +ac — abx'\'^ 2axy 

will be in numbers, when 

a =s 4, 6 =s 5, c = 3, (? = 2, a: = 1, and y = 0. 



PRAXIS. 13 

Sabstituting tlie numbers for the letters, the expression be- 
comes 

4 + 5 X 5 + 4 X 3 - 4 X 5 X 1 + 4-^^4^? - 2 X 4 X 1 X ; 

0x2x1 * 

or, performing the multiplications, 

4 + 25 + 12-20 + ^-0; 

by contracting, this is reduced to 

41 - 20 + 6, or 27, 
which is the value of the expression on the above supposition 
respecting the letters. 

EXERCISBS. 

1. "What is a + 6 — c, when a = 5, 6=4, and c = 6 ? 

2. What is the same expression, when a = 7, & = 2, c = 8; 
a = 10, 6 = 6, c = 12 ; a = 9, 6 = 4, c = 13 ; a = 8, 6 = 3, 
c = 12; a = l, 6 = 2, c = 6? 

3. What are 3a — 2c + 6 ; 4a6 + Sac — he ; 3a6c + 2ccc 
+ 2aa + 366, when a, 6, and c, are 4, 5, 6 ; 3, 2, 4 ; 8, 6, 15 ; 
and 1, 9, 7 ? 

4. K dy 6, c, are 4, 5, 6 ; and 5, 7, 6^ what is a (c — 6) ? 

5. Find the difference between ab and a + 6, and between 
a6a; and a + b + x, when a = 7, 6 = 2, a; = 9 ; a = 5, 6 = 8, 
a;=12; a=l, 6 = 2, 05 = 3; a = J, 6=^, a? = J. 

6. Let a = 6, 6 = 5, c = 4, a; = 3, y = 2, what are iax + 
5cy — 76aj ; 5cxy — abc + 2a6y — 6cicy ; 2666c - Saaaxc + 
yyyyy > Sabcxy + 26ca;y — Sacy —Sexy. 

7. Let a = 7, 6 = 4, a; = 2, what are 5a6a: + 76a; + 4aa? — 
5a6; 3aa6a»; + 2bQSXX — 5bbxx; 2a6aj+36aa; — 2aa6 + 11a— 56 

8. Find a? + 2ajy + y^ in numbers ; when a? = 4, y = 6 ; 
a; = 5, y = 3;« = 10, 2^ = 4;a? = J, y=:^. 

9. What is a;' — 2ajy + y\ when a? = 4, y = 6; a? = 9, ?/ = 
7; » = 13, y = 10; and when « = f, y = ^1 

10. What is w(w — 1) (» — 2) (» — 3), when w = 4 ; and 
when w = 10 ? 
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1 1. What is « (5 — a) (a — 6) {s — c), when « = ^ (a + 6 + c), 
and a = 4:, & = 7, c = 9; and again, when a = 12, 6 = 8, c = 6 ? 

12. Find the difference between a' and 2a, when a is 
successively 8, 7, 6, 5, 4. 

13. Find the difference between a* and 3a, when a is 5, 
when a is 10, and when a is 12. 

14. What is ahc •{• 2c - 3d •{• 2ef, when a=l, ft = 2, 
c = 3, cZ = 4, e = 5,/=0? 

15. What is a^ + 6* — c* — cf + e + iahcdefj on the same 
supposition ? 

C "f" d "~ 6 

16. What is Sab H ^ 25/— 2e, on the same sup- 

^a 

position ? 

17. What is \/6bc + i/ (bd) + a6 + 3, on the same sup- 
position ? 

18. What is \/ (4e + ft + c) - 4/6c + 2- 2d[, on the same 
supposition ? 

19. If a = 6,6 = 5, c = 4,a; = l, y = 0, what is 2a' - 56 - 

^.8a + ,M 

20. Whatisa;i« + 5/ + ^-^i^-26,onthesame 

supposition ? 

21. What is 3 \/ c + 2a \/ (2a + & — «), on the same 
supposition 1 

22. What IS 7; ~ , on the same 

3a — c 2a + c 

supposition ? 

23. What is [(a + 6)ic + (a — 6) x] ', on the same supposi- 
tion? 

24. What i8n(w-l).(»-2).(w-3).(»-4), if n be 
1, 2, 3, 4, 5, and 6 successively ? 

25. What must a and x be, so that (a -h a)* may be 100 ? 

26. What number must x be equal to, in order that abx 
may become ah 1 
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27. Find the differenco between 4iB — 4 and 4a; -r- 4, when 
a; = 3 ; and also when x = 10, and when x ^ 16. 

28. What is Sczx + 5a*, if a; be taken equal to a1 

29. What is oabx - 36* + 4a* - 2a*a;, when 6 and a; be- 
come each equal to a ? 

30. What is 4a;y - Sbd + 5x* + 25' - 3y\ when x is put 
for y and b ioi d'i 

31. What does the expression x H ^ — = 12 — 

become when a; = 5 1 

8 7 

32. What does \/x = -7 ^ become when a; = 16 1 

a; V a; — 2 

33. If a; = , what is x, when m = i, w = ^ ? 

3 3 

34. If y = ■=—, f- ^; » what is ^, when A- is put 

^l+a;l-a; ^ ^ 

foral 

35. Let w = — \/ :; , and x = J, v = 4 : what is t* 1 

y 1 "^y 

3\/a; 1 

36. If y = (— -^ 2) ( ^ ), what is y, when a; = 25 ; 

and when a; = 49 ? 

37. If y = 5 \/(62 + 3a;) - J \/(95§ - 5a;), what is y, when 
a;=6J? 

38. When a = 3, what is the difference between a' and 
2a ; a* and 3a / a* and 4a ? 

39. Find the difference between a* and 5a, when a = 2 ; 
and between a' and 2a, if a be successively J, J, 1, 2. 

40. What is a* + 2ab + b\ when a = 1, 6 = 2; and also 
when a = J, 6 = J ? 

41. If a = 6, 6 = 5, c = 4, a; = 1, y = 0, what are the ex- 

+ v' (6c - c) + aj* 1 
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42. Find the nmneiical value of eacli of the three follow- 
ing expressions, when a = 5, 6 = 4, cs=2, d = l ; 



b-hd 



c* y + ac* a^ + V'-^ abed 4a^-10&c 

(i "*"^ + c + c^ ^^+^^' a + ft + e^ ■^2&+c 2(5 + c? ' 
3&6d: + 2aft* + 16 a»-^»-c' + 7cf 
a + ^ — c + li 46c 

43. Find the difference hetween ^abc — 2a5 and ^abc -r- 
2ah, when a, 6, c, are 3, 5, and 6 respectively. 

44. Find the difference between each pair of the follow- 
ing expressions : (9 + 3) X 8 and 9 + 3 x 8 ; \/ (49 + 15) 
and V'49 + 15; (8 + 4)* and 8 + 4*. 

45. Find the difference between each pair of the follow- 
ing expressions if a = 6 aod 6 = 8; {a-^Vf and c? ^h* ; a + 
6 and \/(a* + &•) j (a + 6/ and a + 6*; \/(a* + 6') and \/a'+ 
\/6* ; 6{a + h) and 5a 4- h. 

46. Let « be as in exercise 11, what will \/8{s — a) 
(s — 6) (5 — c) be when a = 15, 6 = 14, c = 13 ; and also when 
a = 50, 6 = 40, c = 30 ? 

47. If «=6, what is 1- {l-(l-a;)} +2a;-(3-5a;) 
+ 2-(-4 + 5a;)? 

48. Whenaj = 4, what is J {a;(a;+ l)(a;-f2) + »(a;-l) 
(a;-2)} +f(a;-l)a;(«-M)? 

49. Find the value of each of the following expressions, 
when aj = 1, y = 3, 2: = 6, \/{x +y + 2^) {z^y—x) \/(a: + y -f z) ; 

■•^ ' ^ ' ■■ 'zy + z — Zx 3z—y+2x 

,, 2/ + 3/ + ix 
'*"^4z~^i3y-x)-2x 

50. Find what ~- ^-^^ is, if « = 4 f 

61. Find what ?^^-(a;-?^) ia, if a; = 9. 

2 7 
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52. Ifa;=19,wliati8 ,. + -ta ^-+ .^ ^ 

23 lU ID 

6a; + 7 2iB — 2 2a; +1' 

53. What does the expression — r-^ f^ = — = — 

become, when 3 is substituted for x 1 

54. It will appear hereafter that whatevor values a and 

b may have — '—r = -i — 75 r^ Illustrate the truth of 

this by taking any numbers at pleasure for a and b. 

Thus, let a 3: 4, 6 =3 2^ then each of the: expressions be- 
comes 6 ; and if a^5^ & ~ 3, each of them is 8 ; and the 
two will be always equal, whatever numbers are ta^en for a 
and b. 

The following expressions will also be shown to be true 
hereafter ; illustrate their truth in the same, manner. 

55. (a+&)(a+&) = a'+2a6 + 6'. 
56i {x-Vy){x — y)^x^ — y^. 

57. (w — 7th) (n — m); = n' ^ 2nm + m*. 
6B>. (a+2^) + (a-Z>)=:2a. 

59. (a + 6)-(a-&) = 2ft. 

60. (^-4)(a; + 7) = ar» + 3a;-28. 

61. A person is asked, *^How much is it past 12 
o'clock 1 " He looks at his watch, and observes that it wants 
5 minutes of 12 ; how must he give a direct answer to the 
question % 

62. How much is a. merchant worth when his debts 
amount to ^3000, and his entire property is only «f 2500 1 

63. If a quantity of goods cost <f 750, and be sold for 
«f 730, how much has the merchant gained 1 

64. How far is the town of Singapore south of the 
equator;! 
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AZIOH& 

27. If equals be added to equals, the sums are equal ; 
but if equals be added to unequals, the sums are unequal : 
thus, if a = aj, thena + 6 3=a;+ 6, or if a = a; and 6 = y, then 
a + 6 = a + y; but if a>aj, then a + b>X'hh; and if a<a^ 
then a + 6 < a; + 6. 

28. If equals be subtracted from equals, the differences 
are equal ; but if equals be subtracted from unequals, or un- 
equals from equals, the differences are unequal : thus, if 
a^^aSy then a — & = «— 6; or i£ a = x and h = y, then a — & = 
a; — y': But if a>x, then a— &>a; — J; and if a<aj, then 
a — J < a; — 6, &c. 

29. From Art. 27, it follows, that if equals be multiplied 
by equals, the products are equal ; but if equals be multi- 
plied by unequals, the products are unequal : for multiplica- 
tion is nothing else than a number of successive additions. 

30. Hence, if equals be divided by equals, the quotients 
are equal : for by the nature of division, each dividend is a 
product, of which the divisor and the quotient are the f ac- 
tors ; and since the divisors are equal, the remaining factors, 
the quotients, must be equal, else (Art. 29) the products, the 
dividends, could not be equal For a similar reason, if 
equals be divided by unequals, or unequals by equals, the 
quotients are unequal 

31. Again, equal quantities raised to the same power are 
equal, and equal quantities raised to different powers are un- 
equal : thus, if a = aj, then a* = «* ; but if a > a, then a''>x* ; 
and if a < a; then a" < a;" ; for involution is only a succession 
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of multiplicatioiis. Also, tlie same roots of equal quantities 
are equal ; for if it were otherwise, tlie given quantities, being 
obtained by raising those roots to the same power, could not 
be equal 

IL ADDITION". 

32. Connect the several quantities to he added by their 
respective signs, incorporating like quantities (Art 23). 

First, Let the quantity to be added be simple. If it be 
required to add a to a; ; this, from the nature of algebraic 
notation, can only be done by placing the sign + between 
them, which gives 

aj + a 
for the sum. And if it be required to add — a to a; ; this 
is done (Art. 6) by writing 

ic — a. 

Secondly, Let the quantity to be added be compound. 
It is plain that to add a compound quantity is the same aa 
to add its separate terms ; that is, 

aj + (a + &) = aj + a + &j 
and a? + (a — &) = a: + a + (— &) j that is (Art. 6), a? + a — &. 

Thirdly, Let some of the quantities to be added be lilce. 
Thus, to a? 4- 3a add y + 5a : this would be done by writing 
a; + 3a + y + 5a, which (Arts. 7 and 23) is the same as 
x-\-y-\'2>a. 

It is often convenient to place the quantities to be added 
over one another : thus the last example may be written as 
under. 

a; + 3a 

a: + y + 8a 
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1. 2aa;-35V 2. 4o + 2« 

3ax^2b*t/ "Sa-Sx 

ax^}?y a + 7x 

5ax^ib*y 2a — 4a; 

ax — h^y --da + x 

" 3a - 6aj 



S. 3a + 3a?-5' 4. a + ft-o 

Ta + Taj'+lS^* -3a + 25-3o 

- 4a - 4ai* - 20&' 2a-5 + 2o 

5. 4a;y-5a^ 6. 4a-2a^+5ft 

fioaj + aiy -3a; + 2a-2y 

7ai"/ + 3a2^ 35 - 5a + 7aj 

-2aa;-5a;y -4a + 2a;-66 



7. -3a-4& + 5c 8. 4a; (a + 5) -1 - 3 ^/a; 

2&-4c + 6e^ 4V'a; + 2a<a + &) - 7 

7c-8(^-96|y 8-\/aJ-5a;(a + &) 

3&- a-Sd 3a;(a + &)-5^/a;-5 

9. aa; + Z!y + 5a;* 

fta;-3y + 2a;* 

" Sqi? -- dx + dy 



10. -1203; -55 11. -8 + a 

3aa; — 5 4 



12. 9-6aj 13. 15-8^/7 

3a;4-a;' 12x/7-9 
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14. Add together a? -f a — c> 3h + '2dj -^ a + it, ^ 3x 
+ 5a. 

15. Add together (a + V) Vx — d \/(a;* -^ ^*) — mnpy 
2ax + 8m7»p + 3 (a + &)\/aj, p - 3d y/{x* - y*) + ^^ + 
5mnp + 3p — 2 (a + ft) ^/x. 

16. Addtogethe^8^/ic- v'(a + 5),-2 \/aj+ \/(a+&), 
\/x " 3 \/{a + b)y 4 v/a? + 2 >/(a + &). 

17. Add together 3a y/x — 2 v^y — 5 + oa?*, oo? + 11 — a 
^x-h 3^y, - 2aa;'-4-^2^ + 4aaj, -8 -{- 2a \/x - 3ax + 2 
\/y, m'\/x— &c4- 6 + 4aa?. 

18. Add together a and &. 



19. 


W 


-n 


la + * and a — & 


20. 


» 


99 


x and x\ 


21. 


>» 


99 


n and \/n. 


22. 


» 


99 


7 a and — 8a. 


23. 


» 


99 


1 and -2. 


24. 


9> 


f> 


a and —a. 


26. 


99 


99 


3d and 4<j. 


26. 


99 


99 


6ic and — 3y. 


27. 


99 


99 


\/x and — 2 v^ax. 


28. 


99 


99 


— a* and — a. 


29. 


99 


99 


aV and oa*. 


30. 


99 


99 


Ja — J6 and^-f |6. 


31. 


99 


99 


a + & and a — 2b, 


32. 


99 


*? 


x-^-p — y and y — a?. 


33. 


99 


99 


6 + 7aj and -Saj + aj*. 


34. 


99 


99 


a* + oa? and a* — oa;. 


35. 


99 


99 


1 + y/x and 1 — \/a?. 


36. 


99 


99 


— 11a?' and —5a?*. 


37. 


99 


99 


2a + b and 5a* — b. 


38. 


99 


99 


a and a . 


39. 


99 


99 


&• and 3&. 


40. 


99 


99 


Bo* + 5 >ya; - 12^ and-4 v^a? + isf - 
2a*. 
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togeih( 



42. ,f ,f boxy and 7ax, 

43. „ „ ^9 and 5. 

44. „ „ 2d;(a+ft)and3aj(o + 5). 

45. „ „ — 19 —a? and x. 

46. „ „ x + a and — a ; also a — 1 and 1. 

47. „ „ - (a + a;)y and 2 (a + a5)y. 

48. „ „ 5a; + 36 — a and a — 26. 

49. „ „ 46*-l + 2\/a;and-36* + 5-3\/a;. 

50. „ „ Sdr-ir + 3af, 2(r-36'-af, and oT 

+ 46'-af. 

51. „ „ 3a*-5a + l, 7a'+2a-4, and 13 - 

a^ — 4a. 

52. „ „ a + 6 — c, o + c — 6, and c + 6 — a. 

53. ,, ,, 6axy and — 4a%i^. 

54. „ „ 2a'4-l and 3 a'*^ 

55. „ „ a4-6 + c — c?, a + 6 + 6? — c, a + c4-<? 

— 6, and 6 -^-c-k- d — a. 



m. SUBTRACTIOK 

33. Change the signs of the stibtrdhend, and incorporate 
like quantities (Art 23). 

First, Let tlie quantily to be subtracted be a simple 
quantity. 

From X 
subtract a. 
This can only be done by writing a; — a ; that is to say, 

x^('{' a) = X'^a. 
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Again, from x 

subtract — a. 
This (Art 6) is the same as to add a, which is done by writ- 
ing x + a; that is, 

a? — ( — a) = a? + a. 
Secondly, Let the quantity to be subtracted be a com- 
pound quantity. It is plain that to subtract the compound 
quantity is the same as to subtract its terms in succession ; 
that is, 

aj — (a + &) = « — a — 5: 
and ' 
a:— (a — 5) = aj— a — ( — J); that is, (Art. 6) a? — a +6.* 

EXAMPLES. 

• 

1. rrom7a2-4aaj+ll take-3a2 + 2aa; + 5. 

Here, changing the signs of the sub- 7a^ — iax -1-11 

trabend, or conceiving them changed, — 3a^-f-2aa;+ 5 
and incorporating the like terms, we have 1 Oa* — 6ax + 6 
10a* — 6ax + 6, for the difference required. 

* The same may be shown otherwise, as follows :— 

Firsty from x 
sabtract a + 6. 

If a be taken away, giving x — a, too little has been taken away by 

the qaantity h ; therefore h must farther be taken away, which gives 

X — a — h. 

Secondly y from x 

subtract a — h. 

If a be taken away, giving x — a, too much has been taken away by the 
quantity h ; therefore the reminder x — a is too small by h : hence h 
must be added, which gives x — o + 6. 

In the above general examples, the lower line, or subtrahend, contains 
only two terms, yet it exemplifies all the variety of signs that can occur 
in any compound quantity. The upper line, or minuend, is no less 
general ; because, whatever number of terms it contained, they would be 
all set down unchanged in the difference, the change being made on the 
subtrahend only. 
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BuvrRAonos. 



2. From 5a — 6x sabtract 2a — Sx. Here the required 
difference is 5a — 6a5 — {2a — 3a?) ^da—Sx-^ 2a + 3x = Sa 
-3a?=:3 (a-a). 



EXERCISES. 



1. 12a-5ic + 7y-ll 
-8a + 4ic-3y + 13 

3. 2a\/(a?+y)-5a*a; + 11 
10 -5a \/(ai* + y) - 8a*aj 

5. oa? + 6fl5 + ca:|y — ^ 



7. o&c — 5a? + 4v^y 
a6 -7ai" + 2\/y 



2. -4a + 76-ec + 8/ya? 
-6a-36-8c-5^a; 

4. 6-c + 6? + 8 

6. - 8a*aj-12\/6 + 9 
-3a'a?- 4\/5+5 

8. -6a; 
-llaj-5 



9. 


From 


-9a 


take 4a 


27. 


From 1 1 


take 2 


10. 


n 


-9a 


„ -4a 


28. 


II 


ia 


II 


6a 


11. 


w 


9a 


„ -4a ' 


29. 


II 


ia 


II 


-6a 


12. 


99 


9a 


„ 4a 


30. 


II 


-4a 


II 


-6a 


13. 


99 


a + & 


„ a- 6 


31. 


II 


-4a 


91 


6a 


14. 


» 


a — 6 


„ a + 6 


32. 


M 


6 


II 


6 


15. 


» 


h 


„ c 


33. 


II 


ix 


II 


-ia; 


16. 


*> 


a 


II -« 


34. 


l» 


-ix 


II 


J^ 


17. 


» 


— a 


„ -« 


35. 


II 


-ix 


II 


-ia; 


18. 


» 


a;' 


„ ^ 


3a 


II 


far 


II 


i^ 


19. 


*> 


a& 


,1 « 


37. 


99 


11 


II 


14 


20. 


» 


17 


5-a-36 


38. 


II 


1+a 


II 


a+1 


21. 


» 


4a; 


„ 4 


39. 


II 


1-a 


^1 


a-1 


22. 


>» 


3V» 


„ 2v'aj 


40. 


II 





II 


-(a- 6) 


23. 


9> 


a» 


» « 


41. 


II 


7 


II 


-8 


24. 


>• 





„ -& 


42. 


II 


ia-i6 


II 


H^ia 


26. 


M 


Sab 


« 3a 


43. 


II 


-11 


» 


6 


26. 


» 


2x 


„ ^ 


44. 


II 


i/x 


II 


^a; 
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45. From l^ + 2ah + a^ 

46. „ \/aj(a— 1) 



n 



take 6» - 2a* + 0* 



n 



47. 
48. 
49. 
50. 



l-(l-a) 
l-(l+a) 
l-(-l-a) 
-l-(l-a) 



51. l-a-(l+a) 

52. -.(l-a)-(l+a) 

53. a-l-(-l-a) 

54. l + a-(a-l) 



55. i(a+6)-4(a-&)* 

56. aj-7-(2a?-5-a;) 

57. o-(6-c + ») + (6-a;-22>) 

58. a— (a — (a — o — a;)} 

59. aj« + 2jE3^ + y*-[a:' + a:y-y*-(2a^-aJ"-/)] 

- - • 

60. 2a \/(a? — y ) — 6»y — a \/(a; — y ) — &cy 

61. 4a- \/aJ-(3a + 2 v^a:) 

62. a + 6-p + (a-6)] 

63. 4a'-3& + 7aj-(6aj + 2&*-45 + 2a* + a) 

64. a + &-(2a-35)-(5a + 7&)-(-13a + 26) 

65. 1- »/z-{s/x'\'\) 

66. l-[l-(l-l"r^)] 

67. 6a- {2a-[5a-(4a-a)]} 

68. 3a-[a + &- {a + 6 + c-(a + & + c + d)}] 



* From Ex. 55 and 13, and Exs. 35, 80, and 19 of Addition, in col 
nection with Ex. 58 and 59 of the Praxis, it follows, that if the sum 
and difference of two unequal qaantities be given, the grdat&r mil &d 
found by adding haJfthe ttent to half the differenee^ and the lese^ hy tMng 
half the differemjce from half the sum. Thus, if 86 and 28 be respectively 
the sum and difference of two numbers, the numbers are 57 and 29 ; and 
if the half sum and half difference of two numbers be 82 and 14, the 
numbers are 46 and 18. 
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MULTIPLIOATION. 



IV. MTJLTIPLICATIOK 

34. IJ the signs of the factors are the same, the produd 
is positive ; and if the signs of the factors are different, the 
product is negative. 



First, Let it be required to multiply + a 
by + h. This denotes that + a is to be re- 
peated as often as there are units in h ; that 
is, that + a is to be added h times. Now 
the sum of any number of positive quantities 
is positive (Art 23) j therefore the sum is 
+ ha : Hence ( + a) X ( + &) = + Jo, or + a& 
(Art 11). 

Secondly, Let it be required to multiply 
— a by + 5. This denotes that — a is to be 
added as often as there are units in h ; and 
since the sum of any number of negative 
quantities is negative (Art 23), this sum will 
be negative ; that is to say, it will be — &a : 
hence ( — a) x ( + &) = — &a. 

Thirdly, Let it be required to multiply 
+ a by — ft. This denotes that + a is to be 
repeated negatively* as often as there are 
units in h (the negative repetition being indi- 
cated by the sign of &) j in other words, a is 
to be subtracted h times (Art 6), or a is to 
be added h times, and the sum subtracted : 
hence ( 4- a) x ( — 6) = — 5a. — ( + 6a) = — 5a 

* That is, added less than times. This means that circnmstances 
had heen supposed to exist which would have required as many additions 



+ a 

+ a 

+ a 

+ a 

+ a 

-f- &c. as far 

as h times. 

-f- ha, 

— a 

— a 

— a 

— a 

— a 

— &c. to 6 
times. 

— 5a. 

-f-a 
+ a 
+ a 

+ a 

-f- &c. to h 

times. 
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Fourthly, Let it be required to multiply 

— a by — 5. This denotes that — a is to be — a 
repeated negatively h times ; that is, — a is — a 
to be subtracted h times ; or, in other words, — a 

— a is to be added h times, and the sum sub- — a 
tracted : but (Art. 23) the sum is — ha : and — &c. to h 
this sum being subtracted will be + &a : times, 
hence (-a)x(-&) = + ha,* « ( — 2^) = j^ha, 

of a as there are anits in h ; whereas the real circamstances haye turned 
out to be such as to require the same number of subtractions. 

* This proposition may be demonstrated as follows after the method 
of multiplying compound quantities has been learned. 

Let it be required to multiply a — 6 by c — d. 
Here a — 6 is first to be multiplied by c : the product of + o by + c is 
+ oc, as shown above ; and the product of 6 by c is he. But since a is 
greater than a — h by &, the product ac is too great by he ; he must 
therefore be subtracted : hence the product is -^r O/C — he. 

Again, a — 6 is to be multiplied by — d\ but without regarding the 
sign of d^ multiply a — hhj d^ and the product is ad — hd, as before. 
Now, since c is greater than c — dhjd^m multiplying by c, a multiplier 
too great by d has been used : hence the product of a — 6 by c is greater 
than the true product by the product of a — 6 by d ; the product of a — h 
by d, or <id — hd^ must therefore be taken from that of a — & bye, or 
ac — hex this gives 

€Ui — he — (+{m2 — hd)=:€Ui — he — <id-\-hd. 

The following numerical illustration will make this proposition still 
more evident. Let it be required to multiply 14 — 8 by 12 — 6. This 
is obviously the same as to multiply 6 by 7 ; the product is therefore 42 : 
but for the sake of illustration, let us proceed as in the foregoing general 
example. The product of 14 and 12 is 168, which is too great by 12 
times 8, or 96 : hence the true product is 168 — 96 or 72, which is more 
■imply formed ; for 14 — 8 «= 6, 14 — 8 
and 6 X 12 » 72. Again, the 12 — 5 
product of 14 — 8 by 6, is 70 — j gg 95 ___ 72 

40. or 6 X 5 « 30. But since a^btract 70 — 40 = 30 
the first multiplier, 12, is too 



great by the Becond, 5. the first 168 - 96 - 70 + 40 => 72 - 80 - 42 
product, 72, is too great by the second, 30 ; 80 must therefore be sub- 
tracted, and 72 — 30 ^a 42, the same as was at first obtained by following 
the simple and natural, process. 
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35. Powers of the M/me quantity are multiplied by adding 
their indices. 

Yot (Art 14) a* xa' = aax aaa ^ aaaaa = a* a= ^•+« and 
d}xc^ = aaaaaaa x ojoaa = aaactaaaacuia = a^^ ^a^'*'* : afid, in 
general, if a* be mnltiplied hj a* the product nrast contain 
as miany &ctor8> each equal to o^ as are contcdned in (f and 
a* together ; that is, the number of such factors must be 
« + m, and therefore the product must be a""*** 

36. Case L When both muliipL'er and multiplicand are 
simple qualities, — to the product of the numerical coefficients 
annex the product of the letters.^ 



* The foUowing liiethod of establisliing the proposition that "the 
order of the factors does not affect the product," is given by Legendre, 
" Th6orie des Nombres," p. 1 ; it is one of the demonstrations adverted 
to in the note to Art. 11 . 

Let there be a rectangular figure whose a^acent sides are divided 
into any number, a and 6, of equal parts; then, if parallels be drawQ 
from the points of division, the figure will be divided into rows of equal 
squares. Reckoning in one way, there will be a rows, each containiujj^ 
h squares, and the whole number will tberefore bea5. But if we reckon 
in the other way, there will be 6 rows, each containing a squares, and 
the whole number will be ha. Now, the number of squares is always the 
same; therefore, a5 «= &a. 

Of this demonstration he observes, that it appears to him " lUla-fois 
claire, g^nerale, et exacte ; cependant si on lui reproche d'dtre f(md6e 
sur des notions d'^tendue Strang^res & la science des nombres, voici com- 
ment on pourra y supplier :*' and he proceeds to give another demonstra- 
tion founded on the assumption that axl^lXa, to which, however, 
it may be objected that this is inadmissible as an axiom, and requires 
proof nearly as much as that ah »» ha. Various other proofs have been 
given ; but they are equally unsatisfactory. No systematic proof, how- 
ever, could render more obvious the truth of a propositien, so simple, 
and so nearly s^ evident. 
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EXAMIPLES, 

1. Multiply 5hc by 3a. 

Here (Art 8) the product is 5he x 3a, or (Art. 5hc 
11) 5 x3 xbcXa ; that is, 15hca, or (same 3a 



Art) 15a&c. 16 abe 



.2.8 



2. -2a:|y 3. . 5aV 

6aft — 2a'a^ 



- 12a&a^ - 10a Vy 

4. -- 2 \/a5 5. a* \/y 

— 3 \/x ' a' \/y 

6a; A~ 

37. Case IL When the multiplier is simple, and the 
multiplicand compound, — multiply the several terms of the 
compound quantity by the simple multiplier^ and connect the 
products by their proper signs. 

This rule depends upon the principle stated in Art 23. 



EXAMPLES. 

1. 2a' + 4aV - 3&V 2. 2a + 3a? v^ - ^/y 

- 3a'a; 2 >v/y 



- Qa^x - 1 2aV + 2a^b^xy. ia \/y -f 6a:y - 2y. 

38. Case IIL When hoth multiplier and multiplicand 
are compound quantities, — multiply every term of the multi- 
plicand by each term of the multiplier^ and add the several 
products thus obtained.. 

For (Arts. 11, 23) to multiply any quantity by the sum 
gf any number of quantities, is the same as to multiply by 
those quantities separately, and then to add the products. 
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When different powers of the same quantity are given, 
the terms shonld he arranged according to the indices of 
those powers, in order that, in the partial prodncti^ like terms, 
when such occur, may he, as much as possihle, nnder like 
termsL 

EXAMFLRa 

1. Mnltiply a + & hy a -I- 6 

a + b 



Mnltiply a + &hya (f -{-ab 

„ a + bhj b ab-\'b* 



Add the partial products a* + 2<ib + 6* 

2. Multiply 5a^ - 4«3 + 3^5 _ 3a. + X hy 3a?-. 2aj - 1. 

5a^-4aj'+3a;*-3a;+l 
3a;'-2a;-l 



Multiply each term by 3;p' ^^^ - 12a^ + 9a^- 9a;' + 3a;* 

by-2r -10a?^ + 8a^-6a;' + 6a;*-2a; 

by_i - 5a;* 4- 4a;* - 3a;* 4- 3a; - 1 



» »» 



Add the partial product. \6q? - 22af -{- Ux'^ - Ux* + 6a;* + a; - 1 
3. Multiply Zcf + 2a* a; - of of hy a;* - oa;* + 2a*x\ 

Here the terms heing arranged according to the descend- 
ing powers of a, and ascending powers of a^ we have : — 

(3a« + 2a*a; - a^J) x {^c?^ - aaf^ + a;^- 6aV + 4aV - 
3a V ''cfiT?-^- 2a!^7? + aV - aV. 
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- I 

4. 5 - 2 >v/3 5. 6 4 a? 

4 + 3x/3 6 -a? 



20 - 8 >v/3 6^ ^ fee 

15v^3-18 -&aj-a? 



2 + 7^/3 &2-a;3 

6. a' - 2a"- V + 3a"- V - 4a"- V 



a"+'-2a"ic2+3a— V-4a" a 






- 3a"iB2 + ^dr-^'x' - 9a— V + 12a— aj' 
«•+« - 5a"ar^ + 9a— V - 13a"-V + 12a— V. 

7. Multiply 4aV - Sa^&c^ + ^(? by 4aV + ^c?h(? - c» 
Ans. 16a^V - ^dfhc^ + 4aV - (oa%\^ + a^Jc* - 2c« 

8. Wliat will (a + 6)a? become when a + c is put for x. 
Here (a + V)x becomes (a + ft) (a + c), or a^ H- a& + ac + 5c. 

9. What will o? become when x is changed into a? + A. 
Here a^ becomes (a? + A)^, or (a? + A) (a; + A) ; that is a* -»- 
Ixh + A2 * 

* Since, by tbe nature of the process, tbe products of all binomial 
factors will be formed as in Exs. 1 and 9, we may conclude, in general, 
that the square of a hinomial is equal to the squares of its terms, and 
twice their product. The same will hold when the terms are not both 
positive, for ( — a — 6)' = a* + 2a6 + 6* = (a + 6)*, and (a —• 6)« or 
(6 — ay = a* — 2ah + 6*. The two forms may be combined in one ex- 
pression by means of the double sign ; thus : (a+ 6)*'=a*l: 2ab + 6*. 
By applying this formula we may often dispense with actual multiplica- 
tion ; thus we have directly, (3a + 2&)« = 9a* + 12ab + 46« ; (6 — y«)* 
«25 — 10y«+j^*; 39*«(30+9)«=30* + 2x30.9 + 9»«900 + 640 
+ 81. We may square a trinomial in the same manner, by taking two 
terms as one; thus (a +6 + c)' = (a + 6)« + 2(a + 6)c + c»— a' + 2a6 
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39. The literal parte in the factors of a required product 
are often so related, that the law according to which the 
terms of the product will succeed one another is manifest, 
without actual multiplication. Thus in Ex. 2, last Art., the 
indices of a; in each factor decrease by a unit from term to 
term, and the same takes place in the product : also in Exs. 
3 and 6, the indices of a diminish, and those of x increase, 
from term to term in the factors and product The same is 
shown by Ex. 1, while Ex. 7 does not present a like sym- 
metry, either in the factors or product A little consideration 
will show that in general the products will follow the law of 
the factors. In such cases, then, the literal part of the pro- 
duct will be known at once, and multiplication will be neces- 
sary merely to determine the coefficients. This is done by 
writing out in order the several coefficients, detached from 
the letters, with their respective signs, and operating upon 
them according to the Rule of Art 38, the type, or form, of 
the process being precisely the same as if they were connected 
with the several letters. To the result so obtained the several 
powers are then subjoined. It is manifest, that if in adding 
the partial products, zero is obtained as the coefficient in any 
term, the continuity in the powers is interrupted, and that 
term will be wanting from the complete product It is also 
plain, that ii^ in either factor, the powers do not succeed one 
another in regular order, one or more powers being wanting, 
zero must be put for the coefficient of such terms, in writing 

+ 6* + 2ac + 26c-t-c': — and the same principle may be ez.tended to 
quadrinomials. — See Eve. II., 4, and Exs. 55, 57, Art. 26. 

Again, from Ex. 5 we see that the product of the sum and difference 
of two quantities is equal to the difference of their squares; and con- 
versely, that the difference of the squares of two quantities is equoH to 
the product of the sum and difference of those quantities. Thus for the 
product of (4a+ 3a:) X (4a— 3a;) we have directly, without multiplica- 
tion, 16a« — 9x« ; and the factors of 2&«* — IW are 5a« + 46^ and 5a^ 
— 46>. See Ex. 56, Art 26. 
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out the detached coefficients. This being premised, multipli- 
cation by the method of detached coefficients will present no 
difficulty. 

EXAMPLES. 

1. Required the work of Ex. 2, last Art., by this method. 

5-4+3-3+1 
3-2-1 



15-12 + 9r-9 + 3 

-10-h8-a+6-2 
-5+4-3+3-1 

15-22 + 12-11 + 6 -h 1-1 

Now the literal part of the first term being x^Xa?^ a;*, 
and Ihe powers forming a descending series, we have for the 
complete product, 

15a?« - 22a^ + 12a^ - 1 la' + 6aj* + ic - 1. 

2. Required the product as in Ex. 3, last Art, by this 
method. 

In this Ex. the third term, namely a V, is wanting to 
complete the regular succession of powers in the first factor, 
and the second term, namely 
aV, in the second factor, and 3 + 2 dh — 1 
therefore in writing out the 2 db — 1 + 1 
detached coefficients, zero must 6 + 4 dh — 2 
be put for the coefficients of dbO — 3 — 2db0 + l 
these terms ; the work will then 3 + 2 ± — 1 

be as on the margin. The 6 + 4 — 3-1+2 + 1-1 
double sign ± is prefixed to the 
coefficient 0, since it is doubtful what sign the wanting term 

D 
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would have had. Kow the literal part of the first teim being 
c? X c?^ = o^a^, and the terms being arranged according to 
the descending powers of a^ and ascending powers of o^ the 
rest of the literal part is easily supplied; the complete pro- 
duct then is 

^o^j? + 4aV - 3aV - aV + 2aV + o-V - aV. 

3. Eequired the product, as in Ex. 6, by this method. 

Here the indices of a in either &ctor diminifth, while 
those of X increase, by 2 from term 
to term ; and the same will hold in 

the product ; the work therefore will — 

proceed as on the margin. To the % a o i o 

coefficients thus found the letters — - — — ; — r 

^1. 1. A • *!. 1-5 + 9-13 + 12 

may then be annexed, as in the an- 
swer to Ex. 6. The question might also be worked by 
putting for the coefficients of the intermediate terms, those, 
namely, in which the given powers would have the indices 
odd. 



4. Find the product of ^cltx — ^aJ — 3a^ and 3a' — ^ax 
+ 3a?. 

Here, in the first factor the term containing the second 
powers does not occur ; and is 
put for its coefficient In the 2 =fc - 2 — 3 
result is found as the coefficient 3 — 2 + 3 
of the third and fifth terms ; these 6 ±0 — 6 — 9 
therefore are wanting, and the — 4db0 + 4 + 6 

literal part of the first term being +6db0-6 — 9 

c?x%c? = a^x, the complete pro- 6 — 4±0 — 5±0 — 9 
duct will be 

^a^x - 4aV - 5a^x^ - 9«« ; 

the spaces being left to indicate the terms that are wanting. 
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Many of the exercises that follow will afford practice on 
this method. It possesses considerable advantages over the 
common method when the terms contain two letters only ; if 
there are more than two it may still be employed to some 
extent, but less conveniently. 



EXEBOIBES. 



Multiply 



1. a by & 


26. 


2. X by np 


27. 


3. a* by cfi 


28. 


4. a* by a? 


29. 


5. 7x by Sony 


30. 


6. ahc by def 


31. 


7. I2d}>j-ic 


32. 


8. Sx by 5«* 


33. 


9. 2a* by 5a» 


34. 


10. aby-1 




11. -11 by -a. 


35. 


12. mnhjpq 


36. 


13. 4a;byja 


37. 


U. |6* by fa&' 




15. a" by (f 


38. 


16. 4J"-* by 3J"+' 




17. -26' by -45* 


39. 


18. &"-* by b^ 




19. af •*•« by a?""' 


40. 


20. a— •bya"+' 


41. 


21. af by a;* 


42. 


22. a*+'bya"-* 


43. 


23. aV by aV 


44. 


24. \/a by itself 


45. 


25. 3\/5by 4\/5 


46. 



^ by ^ 

2Vbhj Vb 

4 \/x by 5 ^/x 

Ja V by Ja V 

4a by ^a 

2 s/ax by 4a5 

a V^ by a^ Vy 

4a?-2& + 3i*by 2a? 

-7a' + 4a5a:-3J+8by 

3a' 
a + &» + cdy by a& 
7a— 4aa? + 2&y by — 4a*a? 
^ax'-'2b*y + 7a^ - 5y by 

3ab 
4 \/a; — 3ajV + 6 v^a? by 

2a2^ 
2y*^3xy + 12aaj- 3 by 

y — 3a; + 2aif by my 
&y if — ay'd + 2y^ by - bs 
a + xhj a+x 
a — a? by a — a? 
a + a; by a — a? 
6 + a by 6 - a 
r-3by 2r-4 



3G 

47. 
48. 
49. 
50. 
51. 
52. 
53. 
54. 

63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 
73. 
74. 
75. 
76. 
77. 
78. 
79. 
80. 
81. 
82. 
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55. rt* + 5byrt*+ft 

56. x+dhjx+5 

57. a! + 4 by«-ll 

58. a!-4bya;+ll' 

59. 9 + 2>v/10by9-2v^l0 

60. a" + &"bya-& 

61. a"+&"bya' + 5" 

62. l->/2byH-v^2 



» - 4 by » + 4 
4a — J by 4a — i 
m + n by m + j? 
a -k- b hj c+d 
n — J by w + J 
Ja-lbyja-l 
36 + 2y by 3& + 2y 
5a? - 3/ by 5a;' + 3y« 

6a* + lOoa: - 4ai* by 4a - 2a^ 

a* + a"" ^a; + a*"" V + a** V by a + a:. 

a* -26' by 2a* -35". 

a? + 4aj+ 8 by a? -4a; + 8. 

l+2a; + 3a;*+4a;' + 5a^by l-2a; + a?. 

a*-2a«2»+ 165*-8a&^ + 4aV by a+ 26. 

5a6 + 3a«- 46c by 7a6 - 18ac + 26c. 

a;*- 5a?* + 1335*- a?- » + 2 by a?' -a? - 2. 

4a?* + 3a? + 2a;+ 1 by «^- 2a;^ + 3a;- 4. 

(iB«-3a. + 2)*bya? + 6a?+l. 

a'-5a*+ 13a'-a'-a + 2 by a'-2a- 2. 

2aV - 3aV + 4a*a;* - 5aV by ax* + 2aV - 3a»a^ 

2a;'/ + 3x^ - 5a^^ by 7a;y - xY + 2x^, 

7a*x - 3aV + 2aa;' by 3aV -^ax^-a^. 

2a;' + 4a;* + 8a7 + 16 by 3a;-6. 

4a;'-29a; + 4ar' + 21 by 2a!-3. 

a V + 2a^a!^ + oa? by aV — 4a*a:r^ + a^x, 

4t^ + 5t7^ - 3v^ by » - 3t?' + 2v\ 

t,»-3i?*4-4 by i?'4-3i?-4. 

6a' - 3a6* - 26* by 3a* + 2aV - 5a6'. 

Show that 
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Multiply together contin\ially 

87. aj— 1, a? 4- 2, a; + 3, and a; — 4. 
S8. a?-5, a; + 6, a;-7, a; + 8. 

89. a + h + Cf —a-^h+Cy a—b + e, and a + b^e. 

90. 2a-5, 2a + &, and 40^ + bl 



V. DIVISION 

40. When the divisor and dividend have the same sign, 
the qitotient is positive ; wh£n they have different signs, the 
quotient is negatwe, 

"FoT, by the nature of division, the quotient must be such, 
that when multiplied by the divisor, it shall reproduce the 
dividend (Art 34) ; therefore. 

First, K + aft be divided by + a, the quotient must be 
4- ft, in order that the product + ab may be reproduced. 

Secondly, If — a5 be divided by + «> the quotient must 
be — 5, in order that the product — ab may be reproduced. 

Thirdly, If + aft be divided by — a, the quotient must be 
— ft, in order that the product + aft may be reproduced. 

Fourthly, If — aft be divided by — a, the quotient must 
be + ft, in order that the product — aft may be reproduced. 

41. A power of a quantity is divided by any power of the 
same quantity, by subtracting the index of the divisor from 
the index of the dividend. 

For (Art. 14, 40) a^-h-c? = axxaxia-rraaa '=aa = c? = cf"*-, 
and a^^ -r- a^ = aaaaaaaaaxia —- aaaaaaja = axum = a^ = a}^~'' i 
and, in general, if a* be divided by a", the number of fac- 
tors, each equal to a, in the quotient, will be found by sub- 
tracting the number of such factors in a" from the number 
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of Midi hdUm fik€^ ; that la, the munber of fiMtos will be 
i»-fiiy ibaeSore the quotient is <]^~*. 

42. Case L When both diyiaor and dividend aie mnpl» 
qiMntitiw ; take for the quotient such a qiuuUiiy atf macft^ 
plied ly ihe divisor ^ wiU reproduce fhe dimdemd. 



1. Divide 20baiy hj 5x. 

Here 20lay being a product^ and one of its fo)20&igf(4^ 
feieton5a^ the oihei^bj the natoie of division, 2Qbxy 

must be ihp. The quotient^ therefore, con- 

nsts of the quotient of the nnmerical ooeffi- 
dents, with those letters annexed which are 
not common to the divisor and dividend 

2. Divide 12d*6nV by - Sa^na^. 
- 3a«na^)12d*^V(- ia^bn*x, 

3. Divide - 9I^a^ by - iaH^a?. 

Here— 4 is contained 2 J times — 4a5V)— 95'aJ*(2j— , or -j— 

in —9, and a&V in &V is — jr^ 

bx ^'^' 

contained —times, the com- —db'a/^ _9hx 

mon factors being expunged. — 4a6 a? 4a 

4. Divide Gfecy by 2ahdix?. 

Here -^^ =??(!x — = 3^ or^' 
2abdQi? ad 2bx^ ad ad 
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5. Divide a by ^/a, 

Here, as in other cases, the quotient must be \/a)a{'s/a 
such as to produce a when multiplied by \/a ; a 

it must therefore be \/a. 

6. Divide af by a^-\ 

a?" -r- a^ ~ * = sb" "" ^" "■ *' = ;b* "■ * ■** * = a;* = a;. 

43. Case IL When the divisor is simple, and the divi- 
dend compound ; divide every term of the dividend by the 
divisor^ and connect the quotients by their proper eigne, 

EXAMPLES. 

1. Divide \2(ib*c — ^2hcoi? — ^dbcy — 4&(5 by 4&c. 
45c) I2aft'c - 325ca?' ~ ^abcy - ihe. 
3ab ^ 8x ^ay — I. 

2. Divide - 15nV + 9wV - 12nV + 3nV by - 3wV. 

- 3n V) - I5ny + dn^'afi ~ 12nV + 3nV 
5n'a; — 3?ia;* + 4 —a?'. 

44. Case IIL When both divisor and dividend are com- 
pound quantities ; (1) Place the quantities in one line, as in 
division in Arithmetic; (2) arrange, if possible, both divisor 
and dividend according to the powers of some letter common 
to bothy so that its highest power may stand first, its next 
highest power second, and so on ; (3) divide the first term of 
the dividend by the first term of the divisor ; the quantity 
found is the first term of the quotient ; (4) multiply this term 
into the divisor, and, (5) subtract the product from the divi- 
dend ; (6) consider the remainder, if there be any, as a new 
dividend, and proceed as before ; and (7) if a remainder do 
not disappear, indicate its division by the divisor, and annex 
the result to the quotient. 
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1. Divide 2aK4-a^ + fl^by a+ai 

Airangiiig the terms according a + x)a^ 4- 2ax + 2^(a -f z 
to the powers of a (Art 38), a' 4- oa; 

and dividing af hj a,we find a ax-^x* 

for the first term of the quotient; , ax-^a? 

(4) multiplying the divisor hy 

this term a, we have o^ + oob^ whidi being subtracted (5) from, 
the dividend, leaves the remainder ax + a^ for the nefw 
dividend. Again, dividing (6) the first term ax of this re- 
mainder by the first term a of the divisor, we have x for the 
second term of the quotient, the sign being + because a and ax 
have the same sign ; multiplying again, we have oo; + ^* to 
subtract^ which leaves no remainder : the complete quotient 
is therefore a + x. 

By this process, the dividend or given product^ is anar 
lyzed into several partial products, and as the whole dividend 
is made up of these, the divisor is obviously contained in the 
whole as often as it is contained in all the parts ; these pro- 
ducts are subtracted from the dividend in succession, first, 
the product of the divisor a + a; by a, the first term of the 
quotient, and then the product of the divisor a-^-zhj Xy 
the second term of the quotient ; so that, in all, we take 
ftom the dividend the product of a + a? by a 4- «, without 
leaving any remainder: since therefore the quotient and 
divisor reproduce the dividend without remainder, this quo- 
tient is complete, and the operation is finished. If there be a 
remainder, the quotient is iacomplete ; and if the remainder 
do not disappear, on continuing the process, the quotient is 
interminable, and there is no series of terms which, multiplied 
by the divisor, can reproduce the dividend* {See Art 81). 

* We might bave arranged the terms according to the powers of x. 



DIVISION. 41 



2. Divide aJ* + a* by a? + a. 

Here the divisor 7^ + cH^ + a 

is put to the right a^ •\- aa? a? — aaj* + a*a: — a'-i-— ^ 
of the dividend and — ax* + a* 
the quotient below — «»* — a^aj^ 
it By this arrange- a V + a* 

ment, long used in a^x^ + a^x 



Prench works, room — d^x + a^ 

is saved, and the mul- — a^x — a* 

tiplication is more 2a^ 

readily performed. The remainder 2a^ with the divisor sub- 
scribed is then annexed to the quotient {See Art 81.) In 
verifying the work by multiplying the divisor by the quo- 
tient^ this remainder is added with the partial products. 

The chance of error in this process, from neglecting to 
change the signs of the partial products before adding them, 
may be considerably lessened, by changing the sign of each 
term of the quotient, as it is set down ; since in multiply- 
ing, the signs of the partial products will be thus at once 

tlius X + a)x^ + 2xa + a*, 

and the operation wonld give x + a for quotient. 

If this mode of arranging the terms be disregarded, we shall some- 
times find the complete quotient after a greater number of operations 
than are necessary : in most cases, however, the quotient will be inter- 
minable. The following arrangement of the terms of the last example 
will make this more plain : 

Here one operation more a + x)2ax + a' + a*(2a; + a — x or a-k- x 
than was necessary is gone 2aa?-h 2x* 

through, in consequence of a* — x^ 

the arrangement, and the o' -h or 

quotient is reducible to — ax — a^ 

a +x. — ax — a^ 
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duu^ged, and the sabtzactioiiB conreried into additiooflL* At 
tike eoodnrian of the opeiatioiiy the signs of the qnotieni 
most be again changed, in order to obtain the eonect 



The work will then be as follows : — 



A-aaf -^cfsf aj* + a* ntrkiend 

+ 0^+ d* + a'a; + a* 

2tf* Bum 2a* 

3. DiTide 6a»a? - 17rtV + 30a»«» - 25a«a^ + 12aV by 
2a^x - So^a? + 4aV. 

Mx - 17d*aj2 + 30aV - 25a«a^ + 12a^afl2^-3^^+4tf^ 
ea fa;- 9aV+12ay 3a - 4a*a; + 3aV 

-8aV+18a*a;' - 25aV 
-8aV + 12aV-16ay 

6^«^- 9aV + 12aV 
GaV- 9aV+12aV 



Let this Ex. be also worked by the method explained in 
Ex. 2. 

4. Divide a?* -4a»- 34a;" + 76a; +105 by a; -7. 

* The same object will be attuned by changing the signs of the 
terms of tbe diyisor. If this be done, it must be remembered, that in 
performing tbe snccessivd diyisions by tbe first term of tbe divisor, 
tbat term mast be taken with its original sign, as otherwise the signs of 
the quotient would be reversed. 
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This question, as well as all others belonging to this 
third case, may be briefly worked as follows : — ^The first 
term only of the remainders (sums by the method of Ex. 2) 
being required in order to determine the successive terms of 
the quotient^ we may, to find these, add the first terms 
mentally, and set down the partial products only^ as on the 
margin in Ex. 2. The work will then stand as under : — 

aj* - 4a;' - 34a;* + 76» + 105(a? - 7 
-a?* + 7aj' -^s(?^Zji?f IZx -t 15. 

- 3a;' + 21a^ that is 

+ 13a;'-91a; a;^ + 3ar' - 13a; - 15. 

4- 16a; -105 



First terms of remainders, 3a;^, — 13a;^, — 15a;. 

Here, the first term of the first remainder is 3a;^ ; then 3a;' 
-r<t; = 3a;' ; putting this in the quotient with its sign changed* 
and multiplying; we have the second partial product, 
— 3a;' + 21a;*. Adding now 21a? to — 34a?, and dividing 
mentally, we have; 13u; for the next term of the quotient, 
and 13a? — 91a; for the third product Again, performing 
mentally the addition of the terms containing a;, and then 
the division, and multiplying, we find 15a;— 105 for the 
fourth product The sum of these partial products, and the 
given product, or dividend, is of course zero. The work is 
thus seen to occupy half the space taken up by the ordinary 
method. To aid the memory, the first terms of the sums 
{remainders by the uncontracted process) might be set down 
thus (3a;', — 13a;', — 15a;), in the blank space to the right or 
left of the partial products, or in any other place, apart 

5. Divide I + oa; + &a;' + ca;' + dx*^ &c., by 1 — aJi 
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1~ 



a;)l+aaj+6a?+«r^+daj*,&c/l +(1 +a)a?+(l •{•a + b)Qi? 

l-x V+(l + o + & + c)a^, &a 

(1 + a)a; + 6a? 
{l+a)x^(l + a)x* 

(1 + a + b)a? + cds' 
(1 + a + ^>)a?~(l +a + &)ai' 
(l+a+6 + c)a? + ^ 
(1 + g + 5 + c)x* -(l+g + & + c)a^ 
(l+a + 6 + c + d[)a?* + ea^, &c. 

This quotient might be arranged as under : 



1 + 1 
a 



a?+ 1 
b 



a 

b 



aj'+l 
a 
b 



a^+, &c. 



c 
d 



45. When the given quantities are such, that the literal 
part of the terms of the quotient can be supplied by inspec- 
tion (Art 39), the method of "detached coefficients" may be 
advantageously employed in division. Thus, using the con- 
tracted mode of division given in Ex. 4,* the work of Ex. 3 
will be as follows : — 

6 - 17 + 30 - 25 + 12[2-3_+4_ 

— 6+ 9—12 —3 + 4 — 3 quotient with contraiy signs 

+ 8 — 12 + 16 3 - 4 + 3 correct quotient 



-6+ 9-12 







Eemainders, — 8, +6. 



* The ordinary uncontracted process may, however, be employed. 
Ex. 3 worked in this way will be as under ; 

6 — 17 + 30 — 25 + 12 12—3 + 4 
6— 9+12 3_-.4 + 3 



— 8+18- 

— 8 + 12- 


-25 

-16 


6- 
6- 


-9 + 12 
-9 + 12 
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Heie the process is conducted as already explained in 
Ex. 4 ; the literal part of the first term being a, and the 
order of the terms known, the literal part of the quotient is 
easily supplied The first terms of the remainders, —8, and 
+ 6, are set down in a separate place. 

1. Divide Qcfix' - 19aV + 48aV - 44aV + SSaV^ + 
20a^ V» by 2a^x - 3aV + 5a*a^. 

6 - 19 + 48 - 44 + 33 + 20 |2 -3 + 5 
-6+ 9-15 -3 + 5-9-4 

+ 10-15 + 25 3-549 + 4 

-18 + 27-45 

- 8 + 12-20 



Hence, the literal part of the first term being a^aP, the 
complete quotient is 3aV — 6a*a?* + 9a*a^ + ^a^a?. 

2. Divide 16a» + a^ + 3aV + 6a«&* + 4a*6« + 1 lu%^ + 
UaV - 10a2»8 - b^ by 3c^ + 2a% - 2bK 

Here, puttLog zero for the wanting term both in the divi- 
dend and divisor, the work will proceed as underneath. 

15+ 1±0+ 3 + 6+4 + ll+13-10-ll3 + 2=fc0-2 



^15-lOdbO + lO -5 + 3-2-3 

+ 9 + 6=fc 0-6 +2-4-3 

-6-4db0 + 4 or 

- 9-6=fc0+6 5-3+2+3 

+ 6 + 4=fc -4 -2 + 4 + 3 

-12-8db0 + 8 

-9-6db0 + 6 

iro"±0=bO=b 0=fc0=b0=fc0 + 3-2 + 5 
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Now, as the literal part of the first teim of the quotient 
is cf^ there will be in all seven tenns, six containing the 
powers of a» and one independent of a; the three last 
coefficients are therefore those of a remainder. In &ct^ 
the process must terminate at the term whose coefficient 
is 3, as it contains a', a power oi a lower than that in 
the first term of the divisor. The complete quotient ia 
therefore, 

5a« - 3a«J + ^^a'}? + 3aV - 2a«2»* + 4afc» +36* 
and the remainder, ZdfV — ^ai? + 56*. 

EXERCISES. 



Divide 


• 


1. he by c. 


20. 


- 30a"ary« by - 6aV 


2. Q? by X. 


21. 


- 1 by - 1 


3. — a; by itself 


22. 


lby-1 


4. 20a;V ^7 ^^ 


23. 


5a"+* by 6a-' 


5. — a; by ». 


24. 


2 by v/2 


6. 15aa; by 3a; 


25. 


a"-*bya'+' 


7. 125* by 46* 


26. 


12aVy* by 4a Vy 


8. 15aVcby5a2& 


27. 


8a by \/8a 


9. ijx by \/a; 


28. 


twice the cube of a by 


10. a« by a* 




half its sqaare 


11. 8a;by 2aj. 


29. 


-155Vyby 35V 


12. ^'-byft- 


30. 


12a«* by 46a; 


13. a*bya 


31. 


45 by Zh 


14. a*n by — a'» 


32. 


X by 4a; 


15. 24aVby8aV 


33. 


nm by np 


16. Vlahcdef\}^ iacf 


34. 


a^ by a;^-' 


17. a^bya:^ 


35. 


af-' by a?' 


18. 12ab'^yz\>j Wxh 


36. 


a5c by o^^. 


19. -aby-1 


37. 


8a; by 4 \/a? 
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38. h'hjV 

39. -16a by -85 

40. 12a by -46 

41. <f by a* 

42. a' by a;* 

43. 35 \/y by 2a s/y 

44. c? by a* 

45. 5'a^VV ^y ^1^^^ 



Divide 

46. 8mpa; by 2ma7y 

47. 36aiW«V2 it)y 9aVa:V 

48. -3a'6by-3a'5 

49. - 1 by a 

50. — a by — 5 

51. 125V4-4V-165by45 

52. 3aJc + 12a?«B - ^a% 
by 3a5 

53. -9a5'aJV+ 126V/ + Uc?h^a?y - ZVa^x'^y^ by 

- 35Vy. 

54. aft + ft^by 25. 

55. a' - 2a + 7 - 3a; - 1 by - 1. 

56. 5y* + 52/-+» + 5y"+'+ 23^-+' + &c. by y". 

57. - 3a + 7a; - lOy* + 22 - 1 by - 1. 

58. 7nV — 8a;y* — \2hxy* + ISmnx by 4wa;, 

59. 5a'a;y - lOa^V - 20aV/ by 5xy* 

60. a'-2a5 + 5'by a-5. 

61. a;' + 3a; -28 by a; -4. 

62. x*-\'2stif+fhjx-\'y. 

63. m* - 36 by iw + 6. 

64. w* + 2np + jj' by » +p. 

65. a— 1 by \/a + 1. 

66. a;'-9ar« + 27a;-27 bya;-3. 

67. a'+' + a5" - a'5 - 5*+* by oT + 5*. 

68. a*+* + 2a'a; + 2ar'''x* + 2a"" V, &c. by a + x. 

* Snch examples as the following come tinder the Second Case, 
^hongh the divisor has a compound form ; for every term is divisible by 
the compound factor : 

1. 36(a + x))Sah(a + ar)«— 65(a + or)' + 35(a + x) 

a(aH-a;)« — 2(a + aj) + l 
«. tt + 5 )6a(a + 5)« — 8(a + 5)«— Bx{a + 5) 

fiia(» + 5)« — 8(a + 5) — 3« 
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DIVISION. 

69. l-6a:+10x^~10.c' + 5a^-a?*by l-2x-haj'. 

70. 4a^ + 4a^-29a; + 21 by 2a:-3. 

77. a* — a* by a— «. 

78. n*-p* by n-p. 

79. n^-hp^hjn+p. 



80. a?* + a* by a; + a. 

81. ««-lbya;-l. 

82. a* + &"bya + 6. 



71. l-n«by 1-n. 

72. a^ — a*byaj — a 

73. a^ — a* by a; + a. 

74. a;«-l bya^-1. 

75. a^ + 0* by a? — a. 

76. 6a^-96by 3aj-6. 

83. 12a' + 26a5 - 36ac + 18(kZ - 10ft* + 29bc - 6W - 

21c' + 9cdJ by 6a - 25 + 3c. 

84. 8a»ar^ + 6a«a^- 15aV + a^x by 4aV- 3aV -a*a:. 

85. 6aj5 - x*y - 13a;y + 10«y - 2xy* by 2«» - 3a?y - 

ary". 

86. 4aa^ + 51aV + 10a* - 48a*aj - 15a:* by 4aaj - 5fl^ + 

3a?. 

87. 21a;y + 25a;y + 68a^* - 40/ - 56** - 18a^y by 5/ 

— 8a^ — 6ay. 

88. a;- 5«' + 7a;' - 5a;' - 6a;* + 28a;" by 1 - 2a? - 4a^. 

89. 12a»6 - ft« + 2a6* + 8aV - 9aV - 13aV by 3a' + 
2ab - h\ 



+ 



90. a* - 4aV + 5aV - 5J ^Uax^^ 20aV - lOaV -r 
19aV by a* + 5a;* + 2ctx - 4aa;' - 3aV.* 

* From a comparison of Exercises, 72 to 82, and Example 2, it will 
appear that tbe difference of two equal powers is always divisible by the 
difference of the roots ; that the difference of two equal powers is divisible 
bj the sum of the roots, when the index is an even number ; and that the 
sum of two equal powers is divisible by the sum of the roots, when the 
index is odd ; but that in other cases there will be a remainder, after the 
division. That is, 

a?" — a* is cdwayB divisible by oj — a, 

3f* — a* is divisible by x+ a if n be an even number 

a:* + a" is divisible by x + a if n be an odd number. 

A general proof of these statements will be given hereafter. 
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MISCELLANEOUS EXERCISES. 

1 . What is the sum of the sum and difference of two 
quantities ? 

2. What is the difference of the sum and difference of 
two quantities ? 

3. If the less of two quantities is x, and ihe difference 
12, what is the greater ? 

4. If y be the greater of two quantities, and d the diffe- 
rence, what is the less ? 

5. What is the difference between the square of the sum, 
and the sum of the squares, of two quantities ? 

6. Find the difference between the square of the sum, 
and the 43quare of the difference, of two quantities ? 

7. Find the sum of the square of the sum, and the square 
of the difference, of two quantities 1 

8. If ^ be contained q times in a with a remainder r, 
what is the expression for a 1 

9. What does p* + q* want of being a complete square ? 

10. What must be added to 2;' + 12a; to make a complete 
square? 

11. X persons have £a to pay, what is the share of each ? 

12. Express the two numbers whose digits are x and ^ ; 
and X, y, and z. 

13. W^t are the factors of o' — «', of 64 — a?, of 4»* — 
64, of a? - 100, and of 8I0* - 100a;'. 

14. Eesolve a;* — y* into two factors ; x* ^y* into three, 
a* — X* and o' — a:' into four, and o" — a;" into five factors. 

15. A person paid a shillings for x articles, what is the 
price of each ? 

16* Find the squares of 6a — 4a^ 26 — 5y* and ^ — 8, 
without actual multiplication. 

17. What does 9 — 6a; want of being a complete square ? 

B 
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18. If « = ^ (a + 5 + c), what will 2« — 2a be ; and also 
2«-2&, and2«-2cf 

19. Shew that the half sum of two quantities exceeds 
the less as much as the greater exceeds the half sum. 

20. K a man can do a piece of work in 12 day^ how 
much of it will he do in 5, in 7, and in x days ) 

21. What are the factors of a* — {b — cY, and of 

22. Resolve 4oV - (a* + 6" - c*)" into four feustors. 

23. The sum of two numbers is 356 and their difference 
134^ what are the numbers ? 

24. The half sum and half difference of two numbers are 
218 and 124 ; find the number& 

25. The down-train from London, and the up-train from 
Edinburgh, start at the same hour, and meet at the end of x 
hours; the former travelling 42 miles per hour, and the 
latter 38 ; express the whole distance in terms of x. 

26. At an election 3428 persons voted, and the success- 
ful candidate had a majority of 312 votes ; how many voted 
for each. 

27. If each of three quantities be subtracted from half 
their sum, what will be the sum of the three remainders 1 

28. Find the same in the case of four, and in that of 
five quantities. 

29. What will a? become when x + hia put for x ? 

30. What does (a'\'x) (a — x) become when a + h is 
substituted for x ? 

31. If a— & be substituted for x in the expression ax-^bo^ 
what will that expression become ? 

32. If a; + i^ be substituted for a;, in each of the expres- 
sions x*f X*, X*, what will be the first terms of the difference 
Detween x* and {x + h)*, x* and (x + h)\ x* and (x + h)* ? 
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VL MEASUEES AKD MULTIPLES. 

Abt. 46. When a less quantity is contained a certain 
number of times exactly in a greater, the greater is called a 
multiple of ihe less, and the less is said to be a, part, measure, 
or sub-multiple of the greater. Thus, 5 is a measure or sub- 
multiple of ab, and ah a multiple of a, and also of b : also, 
36 is a multiple of 9, and 9 a part, measure, or sub-multiple 
of 36 : but 9 is not a measure of 40. 

47. When one quantity divides several others, it is called 
their common measure, or divisor ; and the highest common 
divisor of several quantities, is the factor of highest 
dimensions (Art. 17) common to them. Thus, 9 is a common 
measure or divisor of 54 and 72 ; and a^— aj^ the highest 
common divisor of a* — a*, and a* + a^x — aa? — x\ In con- 
formity with the usage of arithmetic this highest divisor is 
often called the greatest common measure. 

48. When a quantity is a multiple of several others, it 
is called their common multiple : thus, 56 is a common 
multiple of 4, 7, 8, 14, and 28 ; also \2ofb^xy is a common 
multiple of ^o?x, ib, 3ax, and 2by. 



49. An even number is one which can be divided into 
two equal integral parts ; and an odd number, one which 
cannot be so divided. 

50. Hence, if n represent any number whatever, even or 
odd, 2n will be always even, as it is divisible by 2. Hence, 
also, a number greater or less than 2n by unity, will be odd : 
thus, if TO = 7, 2n + 1 = 15, and 27i - 1 « 13, both odd ; it 
n = 18, 2w =fc 1 = 37, or 35, both odd, &c. ; so that all odd 
numbers may be represented by the expression 2n db L 
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This is generally expressed by saying that even numl)ers are 
of the form 2n, and odd numbers of the form 2n db 1. Even 
and odd nnmlwrs may, however, be represented by other 
expressions besides these ; for, if n and n be any two 
numbers, 2 (t^ ± n') will be even ; but 2(n =t n') db 1 will be 
odd. Thus, if TO = 9, and n' = 6, 2{n ± n') = 30 or 6, even, 
and 2(n=fcn')±l = 31 or 29, 7 or 5, all odd. So also 
2 (2nn'), 2(n db n' ± 1 ), 2 {nn ±n dkzri), are even forms, 
or of the form 2n; and 2(n:kii db 1) db 1, 2 (2nn'±n) db 1, 
&c., are odd forms, or of the form 2n =b 1. 

51. A prime number is one which is not composed of 
any integral factors ; and a composite number, one which is 
composed of two or more such factors. 

52. Hence, a prime number cannot be divided by any 
numbers but itself and unity. Hence, also, no even number 
but 2 is prime.* 

53. Commensurable quantities are those which have a 
common measure greater than unity ; and incommensurable 
quantities, or quantities prme to each other ^ are those which 
have no common measure greater than unity. Thus, 6 and 8 
^ax and Soa?^, are commensurable ; while 6 and 6, 7 and 2, 
ax and hy^ \/3 and \/8, 2 and \/5, 1 and \/2, are incom- 
mensurable, or prime to one another. 

* Those factors of composite numbers whicli are themselves compo- 
site, can always be resolved into the same prime numbers. Thus, the 
factors of 30 are 5 and 6, and 3 and 10 ; now 6 »» 3 X 2, therefore 30 <= 
5 X 8 X 2, the factors being^ all prime. Also, 10«6 X 2, therefore 
30 =» 3 X 5 X 2, the same prime factors as before. Thus, also, 
860 =«2 X 180, 180 = 2 X 90, 90=«2 X 46, 45-=3 X 16, 15-=3 X6; 
therefore 360 =*2x2x2x3x3X5; and whatever composite fac- 
tors of 860 are taken, they can be always teeolved into these same 
prime numbers. 
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54. If a quantity measure another y it will measure any 
multiple of it 

For if a = &c, then nm = mhc ; or if & be contained c times 
in a, it will be contained mc times in ma, 

55, Jf a quantity measure each of two others, it wUl also 
measure their sum and differencej or the sum and different 
of any multiples of them. 

Let p divide a and 6, and let the quotients be q and q' 
tnen — = g, -- = ^ j therefore, by the nature of division, a=pq 

It " 

and h = pg[ whence (Art 27, 28) a db J =pq ^pq, or a ± 5 

a db J) 

= piq ^q)'y of (Art 30), dividing the equals by p, 

= q^q. Now, since by hypothesis a and h are divisible by 
p, and q and ^ are the quotients, q and q are whole numbers ; 
therefore their sum and difference are also whole numbers ; 
that is, ^ ± ^' is an integer, and consequently a db & is divisible 
by J?. 

Again, let ma and nh represent any multiples of a and h ; 
then, since a =pqf and h =pq\ ma = mpq^ and nh = npq : hence 

ma^nh-i^mq^nxi)py 

ma^i^nb . 

and = mq^nq ; 

but m^ n, g, and g', being integers, the quotient mq±.rul \& 
sdso an integer, and ma ± 7^ is therefore divisible by p,^ 



* Thus, if a and 5 be 54 and 42, then 6, wbich is a divisor of both, 

diyides also 54 ±42, or 96 and 12, the quotients being 16 and 2, both 

216 *^ 210 
integers. And if m and » be 4 and 5, we baye ^ «» 36 i 36, or 

-g-s= 71, and g=* li integers as before. 
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56. It follows, that if a number divide the whole of 
another number and a part of it, it will also divide the other 
part ; and that if a number consist of several parts, each of 
which has a common divisor, p, then will the whole number 
composed of these parts be divisible by p, 

57. Ths highest common divisor of two quantities, A 
and B, is the highest common divisor of Aa and B&, a and 
h being integer multipliers, prime to one another, and such 
thai there is no divisor commoii to a and B, or to b and A. 

For if e^ be the highest common divisor of A and B, so 

A B 

that -J =p and -j = g^, or A =pd and 'B = qd, p and q can 

Aa 
have no common measure. We have similarly '-f = op and 

Bb 

-J- = bq OT Aa = apd and B6 = bqd, and ap and bq can have 

no common measure ; no new factor is introduced, and those 
common to A and B are common also to Aa and B&, and the 
same is obviously true of A and Bb, or Aa and B, for this is 
only supposing either of the multipliers to be unity. Again, 
conversely, on the same supposition, the G. C. M. of Aa and 

^, . , , ^ ^ ,, « . , ^ ^ .« Aa Bb 

Bb IS also the G. CM. of A and B. For n -j =ap and -^ 

A B 

= bq, then —=p and — = ^, and since ap and bq have no 
d d 

common measure, it follows, that p and q also have no com- 
mon measure ; and the G. C. M. of Aa and Bb is also the 
* G. C. M. of A and B.* 

* Thus, if we take the nambers 30 and 36, whose G. C. M. is 6 ; and 
if we maltiply them respectively by 7 and 11, the products 6X5X7 
and 6X6X11, or 210 and 396, have the same common measure, 6, as 
before, the multipliers being prime to one another, and to the given 
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58. To find the highest common divisor of two alge- 
braic quantities. First, If the divisor sought he simple, to 
the greatest common measure of the numerical coefficients 
annex the letters common to all the quantities. 

Thus, the greatest common measure of 24a&Vy^ and 
56a»^ajy is 8a»y. 

Secondly, If the divisor sought be compound, the follow- 
ing rule must be employed :— 

(1.) Divide either quantity^ or both, by the highest 
simple factor contained in it (Art 57) ; (2) and having 
arranged the terms as in Division (Art 44), divide the one 
of higher by the one of lower dimensions, if their degrees be 
different ; (3) if there be a remainder, divide the last divisor 
by it ; (4) continue the process till there is no remainder, 
dividing always the preceding divisor by the preceding 
remainder, and at the same time multiplying or dividing the 
dividend, and the successive divisors and dividends by any 
quantity which has no factor in common with the original 
divisor, or dividend (Art 57); the last divisor will be the 
common divisor required. 

The following is the general form of the process : the 
multipliers, a, b, c, . . . fulfilling the conditions of Art. 57, 
and thus rendering the quotients, Pj q, • • • integral in every 

nambers. Also, if we maltiply 30 by 5, and 36 by 9 tbe products 
6X5x5 and 6X6X9, have Btill 6 as their G. C. M. ; whereas if we 
multiply 30 by 9 and 36 by 5, the products 6 X 5 X 9 and 6 X 6 X 5, or 
270 and 180, have 6x5x3 or 90 for their G. C. M., a factor of each 
number being introduced into the multiple of the other, which is contraiy 
to the hypothesis of a being prime to B and h to A. Further, if one 
only of the given numbers, as 30, be multiplied by any number, as 5, 
which has no factor in common with 36| the G. C. M. of 30, and the 
product 150, is not altered. 
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case, firactioiial results being excluded by ^ nature of the 
operation. (Ait 54, 55, 57.) 

Heie, B being sapposed to represent B)A 
the quantity of lower dimenaona^ and a B)Aa(j9 
a fiactor introduced to avoid fractions^ pB 
B is contained p times in Aa with a Cc)B 
remainder Cc ; where C is a compound C)Bb(£ 

quantity, and c a quantity, either simple qC 

or compound, and not a &ctor of both D^C 

A and B; take C alone foT the new D)C(r 

divisor, and hr the new dividend the rD 

last divisor B or a multiple, B6, of i^ if 
necessary ; and so on till there is no remainder: Then the 
last divisoi^ D, is the highest common divisor of A and BL* 

To prove this it is necessary to shew that — 

1. Every measure of A and B is a measure of I>. 
Por whatever quantity, m, measures A and B^ it will 
measure Aa and pB (Art. 54), and therefi>re, Aa^pB 
(Art 55), that ia Cc ; and since m measures Cc it measoreB 
also G, because, by hypothesis, c is prime to A and B^ and 
therefore also to m, which is a measure of A and R Now 
m, measuring B and C, will measure also Bb and gCy and 
therefore also their difference DJ; and dnce m measures 
Dd it will measure D, for d is prime to A and B and 

* That the above procefls must at last tennioate^ maj be proved aa 
follows : — Bejecting the multipliers a and e fi)r the sake of simpHcitT, w« 
shall have A=/»B-{-G. Now, B>C and therefore pB>C, benoe 
j>B + C>2Cthati8,A>2C,and}A>C»orC<JA; therefore |»B>JA, 
and from A a quantity greater than its half has been taken. In the same 
manner it migjit be shewn, that when C is made dividend more than its 
half is taken away, and so on with respect to every saccessire dividend, 
so that at last there will remain a quantity less than anything that caa 
he assigned. 
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therefore to m, their measure. Thus, any measure, 971^ of A 
and B is a measure also of D. 

2. D is a measure of A and B. 

For D is by hypothesis a measure of C, being contained 
in it without remainder ; it is evidently a measure of Dd ; 
it therefore measures qG 4- Dd or B6, and consequently B 
also, since d is prime to A and B, and therefore to D, the 
measures of A and B having been just proved to be those of 
D. Now D measuring ^B and Cc measures Aa, their sum, 
and therefore A also, since a is prime to A and B, and there- 
fore to D. But it has been already shewn that D measures 
B ; it therefore measures both A and B. 

3. D is the greatest common measure of A and B. 

For since every common measure of A and B is a measure 
of D, and since no quantity greater than D can measure it, 
therefore every common measure of A and B is not greater 
than D ; now D is a common measure of A and B, and 
therefore there is none greater than it ; that is, D is the 
greatest common measure of A and B.* 

« Tb^ arithmetical process for finding the greatest common measure 
of two numbers is of the same form as that in the text, but much less 
complicated ; a proof is subjoined. 

Let a and h be the numbers whose common measure is required ; and 
let a be greater than h ; the operation will be conducted as follows : — 

Dividing a by 6, let the quotient be p^ with a 
remainder c; again, making this remainder the divisor, ^ } o (l' 
and the former divisor the dividend, let c be contained j^ 
in 6, q times, with a remainder, d ; and repeating the c)h{q[ 

process, let d be contained r times in c, with no remain- jc 

der: then it is asserted that d is the greatest common a) c{r 

measure sought. rd 

IHrttf By the nature of division, |?6 + c =» a, gc + <J 

»» 6, and rd=:e; then, since d measures c by the units 
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59. It is plain, that if the given quantities have a simple 
common measure, it may be rejected before the operation is 
begun ; and that it must be afterwards introduced as a &ctoi 
into the compound measure. 

» 

60. The greatest common measure of more than two 
quantities will be found by taking the G. C M. of two of 
them, the G. C. M. of the result and a third, and so on 
whatever number there be. Thus, if A, B, C, D, be the 
quantities, find m, the G. C. M. of A and B, n, the G. C. M. 
of m and C, &c. ; then because every common measure of A, 

B, and C measures m and C, and every measure of m and 
C measures A, B, and C, therefore n, the G. C. M. of m and 

C, must be the G C. M. of A B, and C ; and the same may 
be shewn of the others. 

in r, it measures qe (Art. 54} ; and since it measures qe and d, it measares 
also qc+d (Art. 65), that is, h ; it measures 6 and therefore job ; it 
measures pb and c, and therefore pb + c, that is, a ; but it was before 
shewn to be a measure of 6, it is therefore a measure both of a and b. 

SecoTidly^ If a number measure a and 5, it measures a s,ndpb, and 
therefore their difiference e (Art. 55) ; also it measures b and e, and 
therefore b and qc, and consequently their difference d; hence, every 
number which measures a and b measures d. It follows from this, that 
the greatest number which measures a and 6, measures d. Now, no 
number greater than d can measure d, therefore no number greater than 
d can measure a and b ; that is, d is the greatest common measure of a 
and b. Hence, to find the greatest common measure of two numbers, 
divide the greater by the less, and the last divisor by the last remainder, 
nntil there is no remainder : the last divisor is the measure required. 

The g^atest common measure of three numbers, a, 6, c, is obtained 
by finding d the greatest common measure of a and 5, and then the 
greatest common measure of d and e is the greatest common measure of 
OfbtC; because every common measure of a and 6 is a measure of d^ and 
therefore the greatest common measure of d and c is the greatest common 
measure of a, 6, e. 

On the same principle, the greatest common measure of four or more 
numbers may be found. 
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EXAMPLES. 

1. Eeqxdred the G. C. M. of the quantities, 

2b' - lOab^ + Sa% and 9o* - 3ah* + Sa^l^ - 9M. 

The former of these is divisible by 2b, the latter by 3a (1) ; 
this gives 

V - 6ab + 4ta^ and 3a' - 6* + a6* - 3a2ft. 

Arranging the terms according to the powers of a (2), multi- 
plying to avoid fractions (4), and then dividing, we have 

3a' - 3a% + aft" - b^ 
4 



4^2 _ 5a J + 5^1 2a» - 12a25 + ^ab^ - 46'(3a 

12a'-15a^5 4-3a^' 

Sa^b + a6^ - 46' 

Dividing this remainder by b, and multiplying (4) the last 
divisor, which is the new dividend, by 3, which is not a 
factor of the other quantity, we find 

3^2 ^ ^5 _ ib^Ua^ - I6ab + 3&2(4 

12a^+4a6-16y 
-19a6+196* 

Divide this remainder by — I9b, and make the last divisox 
the dividend ; the work will then terminate : 

a - b)Sa^ + a& - U\3a + 46 

3a2-3a6 

4a5 - ib* 

iab - ib* 



Hence, a — 6 is the highest divisor required. 
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2. Required the G. C. M. of 36a;«- 18aj»-27a^+ 9aj^ 
and 27a?^2/' - 18ajV^ - 9a;y. 

Here, 9a^ is obviously a fiEu;tor of both quantities, and 
therefore (Art. 59) of the G. C. M. Dividing by 9a?, 
rejecting y*, which is a factor of the latter quantity only, and, 
to avoid fractions, multiplying the dividend by 3, which is 
not a factor of the divisor, there is obtained, after division, 
the remainder, 

2ar« - 5a? + 3 = 2a<aj - 1) - 3(a; - 1) = (2a; - 3) (a- 1). 

Rejecting 2aj— 3, which is plainly not a feu^tor of both 
quantities, a? — 1 is contained in the preceding divisor, with- 
out remainder. Hence, 9x\x — 1) is the G. C. M. required. 



3. Required the G. C. M. of Ua?* + 7x* - 56a; + 35 and 
7a;' -12a; + 5. 

Employing the method of division by detached coeffi- 
cients, given in Art 45, the work will stand thus : 



-2-4 

-7 



14+ 7-56 + 35 


7-12+ 5 


-14 + 24-10 


-7 + 42-35 


-28 + 48-20 




3-18 + 15 


30-30 


or 1 - 6 + 6 


orl- 1 


-1+ 1 




5-5 


t 


:kO± 0:ki 





-1 + 5 



Here placing the divisor to the right of the dividend, 
the quotient, with contrary signs, is —2 —4, and the re- 
mainder divided by 3, gives 1 — 6 + 5 for a new divisor. 
Dividing by this the first divisor, 7— 12 + 5, we have — 7 
for quotient, and 30 — 30, or, by division, 1 — 1, for the 
next divisor ; dividing 1-6 + 5 by it, the quotient is 
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— 1+5, and there is no remainder. Hence +1, — 1 are the 
coefficients of the G. C. M., it is therefore plainly x— I, 
since 12, 42, and 30, have z as their literal part. 



4. Find the G. C M. of the quantities ofi — 3aa;* + 2aV 
+ 2a'x^ - Sa^x + a^ and x'-ax'^ + aV - aV - 2a* a; + 2a^ 



1-3+ 2 + 2- 3 + 1 

1 + 1- 1 + 1+ 2-2 

-2+ 1 + 3- 1-1 

+ 2-10 + 6 + 10-8 



- 9+9+ 9-9 
or 1 - 1 - 1 + 1 



1-1+1-1-2+2 
2 



2-2 +'2- 
-2 + 1 + 3- 


-2-4 + 4 
-1-1 


-1+5-3-5+4 
+1-1-1+1 

_4+4+4-4 



db db db db db 



-1 
+ 1 

-2 

+ 1 



-4 



Here, the tenns being arranged as in last example, we 
have for the first remainder —2 + 1 + 3 — 1 — 1; the first 
divisor is doubled to render it divisible by this : subtracting 
we find — 1 + 5 — 3 — 5 + 4, the first term of which is not 
divisible by 2 ; 4 is therefore annexed, and — 1 + 5 — 3 — 5 
+ 4 made the new divisor. Dividing the preceding divisor 
by this, the next remainder is— 9 + 9+9— 9, which being 
divided by — 9 gives 1 — 1 — 1 + 1 for the next divisor ; this 
is contained without remainder in the preceding divisor, 
— 1 + 5—3—5+4, and the work terminates. Hence, 
1 — 1—1 + 1 represents the higjiest divisor, which by a 
comparison of the terms is easily seen to be a;*— oic* — a^x + a'. 

This example may also be worked by making the divi- 
dend divisor, and the divisor dividend, since both are of 
the same dimensions, and have unity for the coefficient of 
the first term ; the work by this arrangement of the quan- 
tities will form perhaps a better exercise for the student than 
an additional example. 
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l_l+l_l-2+2 
^1+3-2-2+3-1 


1-3+ 2+ 2- 
2 


3 + 1 


2-1-3+1+1 
-2+2+2-2 


2-6+ 4+ 4- 
-2+1+ 3- 1- 


6 + 2 
1 


-1+1+1-1 


-6+ 7+ 3- 
2 


7 + 2 


d= =b d= db db 


-10 + 14+ 6- 
10- 5-15 + 


14 + 4 
5 + 5 


■• 


9- 9- 
or, 1 - 1 - 


9+9 
1 + 1 



n 



-1+5 



-2-1 



The divisor being placed to the right of the dividend 
tis before, the first quotient is — 1, and remainder 2 — 1 — 3 
+• 1 + 1 ; the first divisor is then doubled to render it 
divisible by this remainder; the division being then per- 
formed, it is seen, by performing the addition mentally, that 
the first term of the remainder would be — 5, and therefore 
not divisible by the first term, 2, of the divisor ; the full 
remainder is therefore brought down and doubled, and the 
division proceeded with ; the remainder divided by 9 gives 
1 — 1 — 1+1 for the new divisor ; by this the preceding 
divisor 2—1 — 3 + 1 + 1 is divided, and there is no re- 
mainder. The G. C. M. then is, as before, a;' — oa;' — cfx + a*. 



5. Required the highest divisor of the expressions 
ix? -\- ix?y — »y — y and aJ* — a?y — a?y^ + y*. 

Here x^ ^Q?y^ x*y^ —y* * («' - y^) (a^ + y\ and a?* - n^y 
— ci?y^ + y' = (a;* — y^) {a? — y) ; and the highest divisor is at 
once seen to be a;^ — y^, since aJ* + y and m? — y have obvi- 
ously no divisor in common, fieveral of the exercises which 
follow may be worked in this way more readily than by the 
ordinary method. A little consideration, or a few trials, will 
discover the component fleu^tors, for no rule can be given for 
such resolution. 
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EXEBCISE& 

Find the highest common divisors of the following 
quantities : — 

1. «' — a* and a? — a*. 

2. a* — «* and a* + cfx — aa? — »*. 

3. 6a" + lloa? + 3a;' and 6a" + 7aa; - 3a;". 

4. 15a*+ 10a*&+ 4aV+ 6aV-3a6* and 12a'6"+ 38a"Z^' 
+ 16a5*-106*. 

5. 3a; - 5 - 1 8a;" + 4a?* + 2a;* and - 1 la;" - 3a;" - 1 - 3a; 
+ 6a;* - 4a;*. 

6. 2/" + 5^^ + 4, y" + 2y - 8 and 3/" + 7y + 12. 

7. oa;" — fl?aj + 14a;* + a* and 4aa;" - 2a"a; + 7a;' + o*. 

8. 15a*- 9a" + 47a"- 21a + 28 and 20a6- 12a^ + 16a* 
-15a« + 14a"-15a + 4. 

9. a;* + 2a;2+ 9 ^^ *Iq? -IW + 15a; + 9. 

10. 9a' + i la* + 18a8 + 42a2 - 8 and 1 Sa^ - 6a* - 18a8 
+ 33a«-.4. 

11. a;«+4a;»-3a^-9+12a;+lla;^-16a;3and6a;*-12a;» 
-f 12-.48a? + 20a^+22a:. 

12. a^— ^a;* + (2— l)a;^+^a? — g[ anda;* — 2a;* + (p — l)a? 
+ g'a;— 2?. 

13. 12ai*-40aa;"+28a"a;2^^2a;*-10aa;'+14a"aj"-6a"a;. 

14. a?-7a; + 10and4a:8-25a? + 20a; + 25. 

15. 8a^ - 30a;» + 31a;"-12 and 16a;* - 53a;" + 45a; + 6. 

16. 2a^-llaj"-9and4a;»+lla^+81. 

17. 4acf2 — 42a^ + 24ai — 7g'a^ and Zhcq + 30^2? + 
186c + hmjpq, 

18. a"6" - ft'd* - a"ai" + a;* and 4a"6 - 2aa;» + 2a;" - 4ate 

19.««-£+land|a' + ^lW(a + l)-a-l. 

20. 6aa;*-6a6"- 54a -21a;" + 216"+ 189; 6aa;»+60a 
-.21a;*- 210; and 606" -12a -216" + 42. 



64 LEAST COMMON MULTIPLE. 

6 1. To find the least common multiple of two quantities,— 
Divide their proditct by their highest common divisor. 

Let a and h be the quantities, and x their highest divisor ; 
and let p and q be the quotients arising from dividing a and 

h by this divisor, so that -—P, - = 9.] then, since x is the 

X X 

highest possible divisor, p and q have no common divisor.* 
Hence, pq is the least common multiple of p and g, and 
therefore pqx is the least common multiple of px and qx. 
Now, px = a, and qx = &, therefore cLb = pxxq^.i whence, 

— = pqx. Hence, — ., or — X 5 = ph, is the least common 

X XX 

multiple of a and h; that is, the L. C. M. is the product 
divided by the common divisor ; or, the product of one of 
the quantities by the quotient of the other and the common 
divisor. 

62. It is plain, that the least common multiple of two 
incommensurable quantities is their product 

63. The least common multiple of several quantities will 
be found by finding the least common multiple of the first 
two, the least common multiple of that multiple and the 
third, and so on. 

64. Since dividing quantities by their highest common 
divisors is the same as detaching all the common factors, 
thus leaving results which are prime to one another, it is 



* For, if they had a connnon diyisor, it would enter as a factor into 
the divisor of a and 6, and there would therefore be a divisor greater 

than «; that is, we should have — B.njp, and — «=:n^; whence — =»j?, 

X X nx 

and — = J, which is contrary to the hypothesis. 
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plain that the least common multiple of several quantities 
will be the continued product of the common measures which 
exist between two or more of them-, and the quotients ob- 
tained by dividing them by aU the common factors. Thus, 
if the quantities be 4a, 6a6, 8a&c, we first detach the factor 
2a, the G. C. M., giving 2, Sb, 4&c, then the factor b, giving 
2, 3, 4cj and lastly the factor 2, giving 1, 3, 2c 3 then 2a x 
5x2xlx3x2c = 24cabCy the least common multiple ; the 
continued product of the quantities being 192a*b^c. From 
this the reason of the common arithmetical process is manifest 



EXAMPLES. 

1. Eequixed the L C. M. of the quantities 6a*+ lloa; 
+ 3a;* and 6a^ + 7aa? - 3x\ 

The G. C. M. of these quantities is 2a + 3x (Ex. 3, Art. 
60), hiBnce the quotient of the first quantity and this measure 
is 3a + a? ; then (Ga^ + 7aa? - 3a;*) (3a + a;) = 18a^ + 27a2a; - 
2031? — 3a?' is the L. C. M. required 

2, Eequired the L G. M. of 325 and 455. 

The G. C. M. of these numbers is 65 ; then 325 -^65 = 
5 ; therefore 455 x 5 = 2275 is the L C. M. required. 



EXERCISES. 

Find the least common multiple of the following quan- 
tities : — 

1. SaP, 12a;' and 202?*.^ 

2. a; — 1, a; + 1 and x^ — 1. 

3. 6aa7, 15bx, 27b and 35al)x, 

4. 2a;' - Sa;^ + 5a; - 3 and 8a;«- 10a? - 8. 

F 



6. af--3x*+7ar-21 aiid:i^>49. 

7. rt*-'a^anda*~a*jp-a2^ + jE^. 

8. a^ + aac* + a'a:^ + aV + d*af + a* and aif — m^ + oV 

9. 3a?-lla;+6, 2a?-7ar+3and6a?-7x+3. 

10. a/*-2a? + 2i'-2a;+l, ai*-air + 2a?-l, a!l"-3a? 
+ 3a: — 1 anda? — ar*— z + 1. 



vn. FRAcnoNa 

65. In Algebra, the tenn /ra(;fion is not applied as in 
Arithmetic^ to denote merely the quotient of a less quantity 
by a greater ; but the division of any qnantily by another, 
whether greater than it or noty when the division is indicated 

only, not performed. Thus -- is a fraction, d^ioting that tiie 

o 

quantity a is to be divided by 5, without reference to a being 
greater or less than &, that is, to the quotient being expressed 
in units, or parts of units ; it merely indicates that the £ih 
part of a is to be taken. Now, since a = 1 x a, that is, since 
a \a supposed to be a times greater than 1, the Wcl part of a 
will be a times greater than the &th part of 1 ; that is, 

— is a times greater than - or — = — x a. Hence — denotes 
b h b b 

also that a unit is divided into b equal parts, and a of 
those parts taken. The fraction -may therefore be named 

either, the bth. part of a ; or, a times the &th part of 1. It is 
in this latter view that the dividend a is called the numerator, 
and the divisor b the denominator, as in Arithmetic ; when 
spoken of together, they are called the terms of the fraction. 
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66. il fraction is multiplied by any quantity when its mime- 
rtdoT is mvltipliedy or its denominaior divided^ by that quantity. 

Thus - X c = — ; for, as explamed al)ove, there are c 
tunes as many parts taken in the fraction -7- as in the 
fraction -, the unit being divided into the same number of 

equal parts in both.* Again, r" ^ ^ = r j because in each of 

a a 

the fractions -7- and 7- the numerators are the same, that is, 

the same number of parts is taken, but the parts are c times 
greater in the latter, the unit being divided into h parts only ; 
whereas in the former it is divided into he parts, and each 

part is therefore -th part of - ; that is, — is <; times greater 

a ^ ^ ^ 

than -—, 

06 



67, A fraction is divided hy any quantity when its num^e^ 
rotor is divided, or its denominator mtdtipliedy hy that quantity. 

Let --- be a fraction, and c a whole number ; then -— 
h h 

-f-c = — ; for in both fractions, -- and -, the unit is divided 
h h h 

into the same number of equal parts, namely &, and in the 
former there are c times more of these parts taken than in 

* The qnantitj c is here sapposed to be integral, as are also the 
quantities a and h. But the letters may represent fractions as well as 
whole numbers. It is necessary in all cases, both in following out reason- 
ings, and in presenting results, to use the phraseology which belongs 
to whole numbers — our language hardly admitting of any other ; in con- 
sidering fractions, the terms which we employ, such as multiplication 
and division, require but a slight modification or extension of meaning. 
It is manifest from what we have repeatedly seen already, that the let- 
ters which we employ may represent fractions ; while such expression! 

as ^ , 7 may be integral. 
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the latter; therefore -- is c times less than -— ; that is, the 



fraction is divided by dividing its numerator. 

Again, let the fraction be -- ; then y "^ ^ = t"» lt>6caii8e 

h he 

in this latter, the unit is divided into c times as many parts 
as in the former, and each part is therefore c times less ; but 
the same number of parts in each is taken ; so that the 

fraction -— is c times less than —, and hence to divide a 

DC 

fraction we multiply its denominator. 



68. If the terms of a frajction he multiplied or divided 
hy the same quantity ^ the value of the fractUm is not changed. 

Let — be a fraction, and e a whole number ; then, if the 
h 

numerator is multiplied by c, the fraction is multiplied, and 
becomes — (Art. 66) ; and if the denominator of this be multi- 
plied by c, the fraction is divided by the same quantity (Art 

67), and becomes — ; hence its value is not altered. By the 

he 

multipiication of the numerator, the fraction is multiplied by 
c, and by the multiplication of the denominator the fraction is 

divided by the same quantity, so that — is of the same value 

oc 

as -. Again, let the fraction be — - ; then, if the denomi- 
he 

nator be divided by c, giving — » the fraction is multiplied 

h 

(Art. 66) by c, or increased c times, while if the numerator 
be divided by c, the fraction is divided by c (Art 67), or its 

value is diminished the same number of times ; hence, — ^^ 



of the same value as — , 

he 
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We may take the other view of a fraction, regarding a 
as a dividend, and 5 as a divisor, and the trath of the pro- 
position will equally appear ; for it is a well-known principle 
in division that a quotient is not altered, if the divisor and 
dividend be either both increased or both diminished, the 
same number of times.* 



* Tbe three important principles above stated, on which the whole 
theory of fractions rests, may be otherwise proved as follows : — 

Let ^ be a fraction, and let /express this quotient, so that /«» ^^ 



Then by the nature of division, fh^=^a; whence (Art. 29), mfh = ma, 

and (Art. 30) /=« -y-: wherefore ^= ^^: and thus if we multiply the 

a ma ^ 

terms of =- by m, we obtain — -, while if we divide the terms of ^ by 
o mo mb 

m, we obtain =-; from which the truth of the proposition stated in Art. 
67 appears. Again, from the expression mfh = ma, we have, dividing 

by 6, mf =« ^, or w ^= ^ ; so that, multiplying the numerator multi- 

^ . . \ ma ma 

plies the fraction. Comparing the expressions mf=-T ,andy=~T> 

we see that the former is obtained from the latter by dividing the deno- 
minator and multiplying/ by m ; so that dividing the denominator also 
multiplies the fraction. Lastly, since/& = a, if we divide these equals 

by m6, we find "^ ==*~jl' Comparing this with the expressions /:» ^, 



and f ^ Tt^Q see that it is obtained if, in the first, we divide / and 

the numerator by m; or if, in the second, we divide/ and multiply the 
denominator by m ; so that the value of the fraction /is divided by divid- 
ing the numerator, or multiplying the denominator. 

These and similar proofs are unsatisfactory and misleading, by 
reason of the first assumption, that the fraction has a value expressible by 
a distinct quantity, whether/ j?, or any other. An irreducible fraction 
has no such value, unless we change the unit of measure ; such fractions 
as f » i^) f cannot be expressed by any other number or quantity what- 
ever, and yet the quantity - may stand for such fractions. Hence a 

proof, though having less of an analytical character, founded on our 
first notions of the nature of a fraction, seems preferable. 



70 iiuLcnoNS. 

69. To reduce a fraction to its lowest tenns. Find ihs 
greatest common measure of the terms (Art 58), and divide 
both the terms by it* 

It follows from the nature of the greatest common 
measure, that when both terms of a fraction are divided by 
ity thej are rendered prime to one another, and the fraction 
is therefore irreducible ; the reduced fraction is of the same 
value as the original one (Art. 67). 

Ex. 1. Eeduce ^ , ^ to its lowest terms. 

Here ^aa^ is plainly the highest divisor of both terms ; 
dividing by this quantity, we find. —-^ for the fraction in its 

simplest form. 

2a^ — 16iB — 6 
Ex. 2. Eeduce the fraction —-5 to its lowest 

terms. 

Here, since 2 is a factor of all the terms of the numerator, 
and 3 of those of the denominator, it is plain that 

2a?-16x-6 2 /a?'-8aj-3' 



3ar* - Ux 



-^2 i^ a?' - 8a; - 3 \ 2 

-9~3 V»8_8a.-3/""3' 



Ex. 3. Reduce 15^ + 35^+3^+7 ^ .^ j^^^^ 

27aj* + 63a:»-12a:^-28a? 
terms. 

The greatest common measure must, in this case, be found 
Ijy Art. 58. The work is as follows : 

* Or, find by iDSpection any common divisor of tbe terms, and 
divide them both by it ; tbe fraction is tbns reduced to lower terms ; 
repeat tbe process till no common divisor of tbe terms can be found, and 
the fraction will then be in its lowest terms. 
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27+ 63-12- 
5 



28 



135 + 315-60-140 
-135-315-27- 63 



15+35 + 3 + 7 
-15-35 

-3-7 



d= Odb 0=bO=bO 



-9 
-6-1 



-87-203 
or, dividing by - 29, 3 + 7 

Whence the last divisor, 3x + 7, is the greatest common 
measure ; dividing both terms of the original fraction by it, 
we obtain, for the reduced fraction, 

5a;^+l 

70. To reduce an integer to the form of a fraction, having 
a given denominator, — Multijply the integer by the given de- 
nominator, and under the jproduct, taken as a numerator^ set 
thai denominator. 

This is merely performing a process and indicating its 
reverse : and therefore the value of the quantity is not 
changed. Thus, to express a by a fraction, whose denomi- 
nator shall be & — o^ we perform the multiplication, and 

. J. . ., J' • • J XT- -L ab'-ax aib-^x) 
indicate the division, and thus have — or — ^^ 1 

and to put x — 3 under a fractional form, so that the 

denominator may be the same as that of the expression 

6a 

-, we nave -^ — -: 

»+y 



n+y 



Ijave ^(^+y)-^(^ + ?/) ^ ^^ nx + ny^Sn-Sy 



n + y 



71. By performing the division which is merely indicated^ 
a fractional expression may often be reduced to an integral 
or mixed quantity. 

U^x - iaV - 3a^b . 



Thus, 

o 3a* 

2x^ a— ■—-. 

46 



4:V 



is reduced by actual division to 
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72. Fractions liaving different denominators will be 
reduced to equivalent ones liaving a common denominator^ 
by multiplying both terms of each fraction by aUfhe denomi' 
nators except its own. 

Since both terms of each fraction are multiplied by the 
same quantity, the new fractions are respectiyely equal (Art 
68) to the original ones ; they must all have the same 
denominator, because each denominator is the product of the 
same factors. 

Eeduce --, -, -, to fractions having a common denomi- 
d f 

nator. 

73. When the fractions are such that the denominators 
have a common multiple less than their continued product^ 
the process of finding the common denominator may be 
much simplified, by applying the following rule : — 

Find the least common multiple of the denominators 
(Art. 61), and multiply both terms of each fraction by the 
quotient of the common multiple and the denominator of thai 
fraction, 

Ex. 1. Let it be required to reduce the fractions 

abed 
px* qx* ry^ sy^ 
to equivalent fractions having a common denominator. 

Here, the least common multiple of the denominators is 
pqrsopy, and this, divided by the denominators in succession, 
gives the quotients* 

qrsy, prsy, pqsx, pqrx ; 
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whence, multiplying both terms by these quotients le- 
spectively, we obtain for the reduced fractions 

aqrsy hprsy cpqsx dpqrx 
pqrsxy* pqrsxy^ pqrsxy^ pqrsxy 

With respect to the reason of this, it is plain, that by 
using the least common multiple instead of the continued 
product, those factors are omitted which would be common 
to both terms of all the reduced fractions; and that the 
division of the common multiple by each denominator, and 
the multiplication of both terms by the quotient, will repro- 
duce the common multiple each time for a denominator. 

Ex. 2. Reduce - — , --, — -, to a common denominator. 

Here, the least common multiple is 1 2hd ; and 1 2bd divided 
by each of the denominators gives 3, id, 2b : when both 

terms are multipned by these, we find tttt-t* tkt3 

12bd 12bd 12bd 

for the reduced fractions. In most cases, however, we can 
easily find by inspection the quantity by which both terms 
are to be multiplied. 

74. To add or subtract fractions, — Reduce them, if 
necessary, to equival&iit ones having a common denominator, 
and under the sum or difference of the numerators, place the 
common denominator. 

Let it be required to find the sum and difference of the 

a c 
fractions -• and - . 
b d 

The equivalent fractions are (Art 72) —^ and -— -. Now, 

bd bd 

by the nature of division, the sum or difference of the quo- 
tients of any quantities bv the same divisor, is equal to the 
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quotient of the sum or difference of those quantities by that 
divisor ; and since the reduced fractions are equivalent to the 
original ones, it follows that 

a c ad be ad^be 
h'^d^hd'^M'' bd 

It follows from the very nature of a fraction (Art €5), 
that fractions having different denominators cannot be 
incorporated into one sum ; they can only be combined by 
means of their signa 

75. A mixed quantity is reduced to a fractional form by 
expressing the integral part as a fraction with the same de- 
nominator as the fractional pari (Art 70), and then pro- 
eeeding as directed in the last rule. 

Thus, to reduce a ^ - to a fractional form, we make a = — 

/* *,^x , b ^ ac _^b ac:kb ,,^ , ^ 

(Art 70) : then a± - = — ±- = ; And to reduce 

b-c c c c c ^ 

a — —- — to a fractional form, we have a = --- ; therefore^ 
d d 

6 — c ad b — c ad-^ib — c) ad — b+c 
d d d d d 

76. To multiply fractions, — Multiply the numeraiors 
together for a numerator, and the denominators for a denomi- 
nator. 

A fraction may be multiplied by an integer, either by 
expressing the integer as a fraction (Art 70), and applying 
the above rule, or by applying Art 66. 
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EXAMPLES. 

I 

1. Let it be required to multiply - by -. 

a 

Ttds denotes that the fraction - is to be divided into d 



equal parts, and the quotient repeated c times, or that c such 
parts are to be taken. First, then, dividing by d, we have 

(Art 67) -— for one of the equal parts ; taking c of these 

^ , ac 

parts, or repeating the quotient c times ^Art 66), gives ^ 

The process may often be shortened by suppressing, while 
performing the multiplication, those factors which are common 
to the numerator and denominator : as this is, in fact^ antici- 
pating the reduction of the resulting fraction to its lowest 
terms.* 

2. Multiply together the fractions -— , — , -— • 

op y 2a 

Here, multiplying the three numerators continually 
together, and also the three denominators, and at the same 
time suppressing the common factors 2a and 3, we obtain 
hnx 

'py'' 

3. Multiply -^ by 36. 

Here the denominator is divisible by the integer, there- 
fore (Art. 65) the product is -— , which is irreducible. If we 

* The reason of the role may be shewn otherwise thus: let 
/ » 5^ /' 8» §- ; then maltiplying these by 6 and <2, we have 5f » a and 
df' ■» e. Whence by multiplication we find hdff' «» ae ; and dividing by 
hd, we have for the product of the two fractions, j^' «-■ t-^ 
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had multiplied the numerator, we should have had to reduce 
by dividing both terms by BK If 35 be expressed as a 
fraction (Art 70), we shall have, 

3a Sb 9ab 3a 

X 



1262; 1 I2bx 4a; 
which |s the same as multiplying the numerator by the integer. 

4. Multiply --f.--f--f_ + _ by the least common 
2 3 4 6 8 

multiple of the denominators. 

The multiple is plainly 24 ; multiplying the numerators 
by this number, and performing the actual division by the 
denominators (Art 71), we obtain + 12iB + 8x + 6aj + 4j? 4- 
3a;=33aj. 

77. To divide by a fmcHon,— Invert the divisor, and 
proceed as in multiplication, * 

A fraction may be divided by an integer, either by ex- 
pressing the integer as a fraction (Art 70), and applying the 
above rule, or by applying Art. 67. 

CL C 

Let it be required to divide — by - 

b d 

The fraction - denotes either that the quantity c is di- 
d 

vided into d equal parts, or that unity is divided into d such 
parts, and c of them taken ; that is, it denotes either the c2th 
part of c, or c times the dih part of 1. In either view the 

* If both divisor and dividend be fractions, and if each term of the 
divisor measure the corresponding term of the dividend, the quotient 
may be obtained by dividing the numerator and denominator of the 
dividend by the numerator and denominator of the divisor, respectiTely. 

Thus ,. -i- 2^ = X?. This rule is, however, so seldom applicable, 
that it is of little use. 
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quantity c is c? times greater than the fraction -. Hence if we 

d 

divide — by c, obtaining (Art. 67) —-, we get a quotient 

O DC 

which is d times too little ; this quotient must therefore be 

multipHed by d, which gives ^, (Art 66). Now ?^ = - 
da ^ . be b 

^ -, or -r multiplied by the divisor inverted. * 



78. Hence, unity divided by a fraction is the same as 

that fraction inverted ;forl-7-- = lx- = _ 

a a a' 

79. Unity divided by any quantity is called the reciprocal 

of that quantity : thus - is the reciprocal of osy and - is the 

a ^ ^ 

reciprocal of --. Since an integral quantity may be con- 
sidered as a fraction whose denominator is 1, the reciprocal 
of any quantity, integral as well as fractional, may be con- 
sidered as that quantity inverted. 

80. Hence, to divide by any quantity is the same as to 
multiply by its reciprocal, and vice versa. 

* The same may be proved otherwise, thus: — 1. By the nature of 
division, the quotient must be such, that, when multiplied by the divisor, 
it shall reproduce the dividend. Calling the quotient in this case x, 

we must have t-'='-tXx=^; multiplying these equals by rf, we 

a a 

have ? X <^ = ? X <^ (Art. 29), or ^ = ca: ; then dividing these equals 
o a o 

(Art. 30) by <;, so as to obtain an expression for a;, the quotient, we find 

^ = ». Now ^ = ^ X - ; therefore, &c. 
be be e 

2. Let/=-? and/' =^; then/6 = a, and/'rf=c. Multiply the 
a 

first of these by (2, and the second by 6, and we have/W »= ad and f'bd 

— ■ be. Whence by division sL-. = _. , or i = ^— , as before. 

rbd be J be 
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1. Divide 



EXAMPLES. 



Here inverting the divisor, indicating the multiplicatioiiy 
and then resolving into factors, we have, 

{n + 3){n-3) ^ {x-lf 
x-l n + 3 ' 

Then, cancelling the common factors, we have for the re- 
sult (»- 3) (aj - 1). 

2. Divide a by a; + — . 

c y 

Beducing these to a fractional form (Art. 75), and divid- 
ing, we find, 

{ac^b)y 
{xi/-{'d)c' 

3. Simplify the expression, 

1 



a; + 



1^0^+1 



3-x 



Here the complex denominator is first reduced to a 
fractional form, and then 1 is divided by it ; this gives. 



, 3-a; 

«+ : — 



Which farther reduced in the same manner, gives 



S(x + 1) 



EXEBdSES. 
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EXBBOISES IN FRACTIONS. 



1. 


i"' 


2. 


Tft^Xll 


3. 


iaxxSc 


4. 


iax4t 


6. 


•}*x 4aaj 


6. 


--— xia 
4a 


■ 7. 


y 


8. 


i-^a 


9. 


fn"a;-^3iB 


10. 


fa-5-3& 


11. 


ia-^3a 


12. 





'13. J^x(n^l) 



15. 



19. 



15na; 
a 



c? --06 



X 5» 



5 X (a — aj) 



^ /. ^^ ^^ .^ Q /7 

15abcd 

17. ^^£^,-i-(m + g) 

18. !l^^(n-3) 
n+3 ^ ^ 



1 



5 — a? 
1 



-r(5-a:) 



20. 1-a; 



x(l-») 



Eeduce to lowest terms, 



21, 



22. 



23. 



24. 



25. 



26. 



9ahx 
\2c?hy 

2aV 
5aV6 
4aVy 
U^b 

aoj + a? 
Sbx^cx 
IGftcV 
20ax'c* 



27. 



28. 



29. 



30. 



31. 



32. 



w«-9 



»' - 6» + 9 

{a-hf 

rf - 2n* 
71* — 4« + 4 
14a'-7a& 
lOac — 5ftc 
a^ + 2a; - 3 
aj" + 5aj + 6 



^^ 



80 



FRACnONa 



33. 



34. 



35. 



36. 



a^x + a V + a V + cux^ 

10ai'+lla;--6 
15a;'-.6a?-35j; + U 

Qct — 5aV — 6a;* 
4a' - 6aV - 2c^a;* + 3a:* 



* ar»-3a;-70 

3a»-3a^& + a5'~y 

4a«-5a5 + y 
a;*~3a:^ + a^+3a;- 2 

4a:' - 9ar» + 2a? + 3 
g»-ai'-21a; + 45 
3ar8-2a:-21 



38. 



39. 



40. 



41. 



21a^^6'a;~9g&V 
15aVjr + 3a«6V - 12a5'a: 

^2 10a"ftV-15a* + '6V 
* 20a"+Vc2-5a"&V 

.« g^ - 2a^ - 6a;' + 4a^ ■H3a; -h 6 
3a;*-10a:8 + 15a;+8 

44. Express 3a? as a fraction with the denominator 55 



45. 

46. 
47. 

48. 

49. 



a— a; 
12a«a; 
2a -1 
kJx 

(a-x)" 



n 
n 
n 



»9 



99 



of 



5^ 

a-1 

a 

5 
(a-a:)» 



Eeduce to integral or mixed quantities, 
50. ?^Z^) 



a — a? 



1 



51. ^(8c^+6c + 5) 
2c 

52. i-(66'a5-9a6 + 21) 
oh 

56. ^, (400?- 66V + 2a;'- 106aO 
^a; 



g^ a(6^ + a;^-c 
6 + a; 

54. J_(a;'-y'+a?-2/) 

X "" t/ 

gg l-6*-a(l-6) 



1-6 



Szl 



57. 



3ri* + 1 Qa'h - 33a 6' + 1 4aV; 
a"* -h 7 a(; 
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Eeduce to a common denominator 



,.0 2x+l , 3a-l 

58. — -^ — and 

b^x X 

59. ^ — , -— and — - 
6xy' Sx 2y 

60. d, ^±i and - 

3 m 



61. 



x 



y 



and 



a -f 6' a - ft a^-b^ 

and ^ 



62. «i^and^ 
l^ax oa 



63. 






and 



a-^n 



Find the sum or difference, according to the sign : — 

n n— 1 



6.. I+I 

67. 2*« 

72 g 

68. ^±^ 
n m 

69. l±£±?^lf 
a — a: a + a? 

70. ^=.^ 

-, 5a; 3y 
'*• 7^~T 
_- 3a! 6a! 

73. ^±i? 
5 4 



74. 



■P-fg _. P-g 



75. 



n-l 



n 



76. UUl 
a b c 

77 ^ +_1 + ^ 
^^* TO^IO^^IO' 



78. 
79. 



1 



1 



a — b a-\-b 
1 2 



l-» l-iB^ 






81. 
82. 
83. 



1 



a?— 6 a: — 5 

3(1 =F a:) 3(lrfca; + aO 

_1 1_ 

x — 2 X — 5 



n. 



86. 



3 + 2a? 
2-a; 



84. _!^- + _^^ + 
a; + a^ x + a^ x + a^ 

85. -i !- + _?_ 

2a;+2 a;+2 2(aj+3) 

2-3a; 16a:-ar^ 



2 + a; 

G 



ic»-4 



S2 
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87. i(2a + l) + i(4a + 2) + |a 

88. ^(a-3a:) + i(3a-5ar) + iV(3a-5ar) 

89 g-t-^ . ft-hc c-fg 

(6«c)(c-a) (c-a)(a-6) (a-6)(6-c) 

Bedace to a fractional form and simplify 



90. a^7^Z^^±^ 

a + 7 

91. 5;.-2y'+l5?^ 

By 



92. 2j;--i-a? 
12 



93, a + 5 + 



5a -26* 



26 



94. ic-y- 



a?-3^-5 



aj + y 



95. a . - 

4 



96. 6 + y- 



6»-y^>2 
6-y 



( 



97. I 1 +« + «* + 



i^.)-( 



1 + a? + 



— ^ 



98. 6a» - 3 ^ - ^""''^ - ^"^ 



100. ?L+lby^"^ 



2a; 

101. I by ¥ 
6 •^ 9 

102. iahjib 

103. ^- and- 
c a 



3a 



104. ^5-t?by 



a —05 



105. 



a —a; 
.V-3 



by 



a + x 
10 



Multiply 



2g2 - 4^ 



106. ^by«-^J 
a — 6' a + 6 

107. g^y-^ 

6^-16 a;+l 

108. a + i by a - 1 
a a 

ix ox 

110. i^-3aby f - 6a 

HI. l-?ZL?by 2-f — 
a+a? a— » 
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112. ?LlC..t=l^_ and 2« - ^ 



113. 



4a-2'5" + a;" h*-x* 
a* — a? be + bx c 



c — o;^' a' + oa;' a — x 



X , 3aa; 

and 



^hy 



114. T. — I by - 



115. 1 + 1+1. J- 
p q r pqr 



by pqra 



116. |4.^-^+i^-^+^+^bytlieL.C.M.ofthe 



3 • 12 5 
denominators. 

117. nt.hjP 

n q 



20 4 15 30 



Divide 



118. 



m-^q 



by 



,,g 36aVa ; , 9ah*x 
25x'y*z 5x^yz 

120. ia byi. - 
5 X 

12a n ^o, 
by 



2a-2 " a-1 
122. a'+l + 2bya + l 



a 



a 



123. J + ^by^ + i 

a " o a + 

125. a by its reciprocal 

126. \/x „ 



127. 


a — x 


128. 


1 
a 


129. 


c 


130. 


X 



99 



n 



99 



n 



131. 9a' -28+* by 3a- 4-- 

a a 

a?+3a;+2, a;*+7a; + 12 



132. 



by 



a;*+2a;+l "^ ar' + 5i»+4 

133. aj«+ l^+ic*+ 1 +a;2 + 1,+ 2 bya;' +!+« + ! 
a* a;^ of a? X 



^+1 
134. The sum of and - 



^-1 



t-i 



CL - 



by their difference. 



44 



US. — ?- 



1 



i 

r 



1 *><* 



a 



U3. 



a-l-h. 



1-h 



4-a 



1 



1»7, 



138. 



13d. 



l+» 




1 




1 1 
x — 4 X— 

1 + 1 
a 


S 



140. 



141. 



1^\ 
a 

. \\<fx a* 

" IS " 9 

« aa; 2a 

^ * 3' ■ T 
1 



X 



14a. 



1 



1 + 



1 



1+1 

X 



U4. 



1 + 



1+X + 



i+x4-y 



a + 



145. 



5-a 
I46a 



1-a 



I +6a 



146. 



1+a? l-« 



1-a? l+« 
o 1 • ^ 



147. 



a+ 6 a — & 



a 



148. 



a— 6 a+6 

a + ic a — « 

a — aj a-^x 

a+ic a — aj 

a — a; a+ds 



140. 



(T 







x + ax-^a 
x—a x+a 



ap — a ar-ha 
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+ --,- + 



.j,^ Sabc a h e 



bc + ca^ab 1 1 1 

a b c 



BESOLXmON OF FRACTIONS INTO INFINITE SERIES. 

81. It has been already remarked, that a fraction indicates 
a division which cannot he actually performed ; hut, when an 
algehraic fraction has a compound denominator, whether the 
numerator he simple or compound, an attempt to effect the 
division Indicated will always give rise, not to a complete 
quotient, or one that can he expressed in a finite numher of 
terms, hut to a series of terms which may be continued with- 
out limit. Thus the fraction 

X 

oTb' 
by actual division of the numerator by the denominator, will 

give an infinite series for quotient : 

. i.\ /^ bx b^x b*x p 

a-^-blx ,{ 2+-a- r ^^'9 or 



X + 

a 



bx X 



a 

bx b*x 

a ~of 

Vx , b^x 
a a 



a\ a a a / 



of" 

b^ b^ 

cfi" o^ 
^ bhi . 
a* 



The lemamdeTwin nerer dia^ipea^ and eounqoai^ a 
eompleie qootieiit can nerer 1)e found. The bcv vhick the 
qooftient foIlowBy ia^ howeretj obrioiis ; each s ottoBiiie term 

being found ty mnltipljing the one before it bj — , and the 

a 

mgDB being altematefy plus and mhms 

The process may be yerified in Hhe nsoal manneTy by 
nraltipljing the diviaor by any part of Hhe qootien^ and 
adding in the remainder at that part Thns^ in the aboye 
example, by multiplying the fini four terms by a + d^ and 

adding in the remainder — ;- , the dividend x wiU be lepro- 

dnced. And the same would be found by taking any other 
number of terms, and adding the corresponding remainder: 

2. Divide z + ahj z + b. 

Here, the quotient is readily found to be, 

3. Beduce the fraction into an infinite series by 

1 -fa: 

division. 

Here, proceeding as in the other examples, we find for 
quotient, 1 — a; + a^ — a?*, in which the even terms, containing 
the odd powers of x, are negative, and the others positive. 
The index of a; in any term is one less than the number of 
terms, a? in the 3d term, x* in the 4th term, &c. ; and the re- 
mainder after any term is the next highest power of x Thus, 

the hundredth term with remainder will be — a;** + ; the 

^101 1 -f a? 

hundr^ and first with remainder +x — TT~ '^ *"^^ *^® 

nth, or last term, dba;""'^ :; This wth term is also 

I + X 
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called ihe general teim of the series^ because it will give any 
teim if paiticular Tallies be taken for n. Thusi putting 
n =■ lOy we baye for the tentb term and remainder^ 

^of + ; and if n = 15, we bave for tbe fifteenth tenn, 

1 +45 

+ J^ — and so on. We baye, then, for tbe complete 

1+j: 

series, 

1 



= l-a; + j:*-a;'+ . . . dbx' 



.•—> 



1+a? 1+u? 

Bat if the sign of a; in the divisor be changed, all tbe terms 
will be pofiitiTe, and the series will then be, 

= l + a? + a? + a;'+ . . . +2;^-*+ ^ 



1 — a; 1— X 

4. If the teims of the diyisor, in the two last examples 
be reyersed, the lesolting series will be 

\X X X X X / 



82. In example 3, last Art let a; = -J^ ; then 

l+« 1+i i 4 3 9 27 81 "243 ^ 

If we consider only two terms of this series, the sum will be 
^, which is less than the true sum by •f^' i three terms make 
2-, whicb differs from the true sum by ^ j four terms make 
•ff- which differs only by ^-J-g- : the successive differences for 
five, six, seven, and eight terms will be -5^, -^-fg-, ^ Jig and 
gy ^ ^fl, respectively. Hence we may infer that, if the series 
were continued to infinity, tbe difference would disappear, or 
become less than any assignable quantity, and the sum would 
be exactly •}■. 
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The faction •}■ is thus the limit towazds which the sum 
continoally approaxshes, but whii^ it cannot pas& 

In the series of the first example, let a = 6, &.= 4, a; = 3 ; 
then 

X 3 112 4 8. 



a + & 10 2 3 9 27 8r 

And, if the first two terms be taken, the sum is too small 
by ^ j if three, it is too large by -^ ; if four, it is too small 
by yf^ j if five, it is too great by -^^ \ and so on. At last^ 
therefore, the sum will be -]^ ; i^ ^s therefore the limit to- 
wards which the sum continually approaches. 

83. Similar series sometimes arise in Division : thus, if 
the terms of the dividend of the first example in Art 44 be 
arranged as under, and the arrangement be adhered to, the 
quotient will be an infinite series. See Note, p. 40. 

a 4- x)2ax + a? + a\2x h -»— -^ &c 

^ a a a 

The remainders in the third case of Division may also be 

expanded into series of the same kind. Thus, in example 2, 

2a* 
may be so expanded, giving for quotient, 

z -{• a 

«« «* ^6 ^» 

X X X X 

or 

«* « ^« ^* «4 

qQ /^ CL ^ a ct , or a, \ 
2--(l---+-,--,+ -^&c) 



X XX 



x'^a^ 



The quotient is therefore interminable, whenever there is 
such a remainder See page 40. 
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EXBBOISES. 

Divide 



1. 4 by 1 - a. 

2. ahj a + x. 

3. ahy I +X. 

4. a by 35+ 1. 

5. a — a: by 6 — iB. 

10. What will - become, wben x is changed into x + hi 

X 



6. X.+ 2 by a? -h 3. 

7. 1 by a;' « 2a; + 1. 

8. l-3a:-2a;'by l-4a5. 

9. 1 by 1 - 2a; + x\ 



vm— mvoLUTioK 



Art. 84. Since (Art 41) -?- = a""" = a', and also ^* = 1, 

a a 

it follows that a^ = 1. Hence, that power of any quantity ^ 
whose index is zero, is equal to unity. 

Again, since a* = 1, if we divide each of these equals by 
a", we obtain (Art. 30) 

0— tt '~tt I 

a , 01 a =— r-« 

a 

Hence, any power with a negative index, is equal to the re- 
ciprocal of the same power with a positive index, 

85. It follows from Art 84, 29, 80, that 



a"a; 



X 



1 h -. 5a— 
— =- . « = , 

ax X 



and 



«•& 5 , ft . 1 6 . _, h 

— = -«=--> — =--^« = -=ir^ 
XX X. or X . 



a *x 



that is to say, that a quantity may be taken from the de- 
nominator into the numerator of a fraction, and from the 
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nameratoT into the denominator, by changing the sign of its 
index. 

86. The square root may be expressed as a power, by 
using an index, which, when added to itself will give 1 : 
this index must be -J- ; and then a^ xa^ = c^'^^ = a^ = a: 
hence a^ = \/a. In the same manner, since v^a x \/a x v^a 
=za = a^, and -J- + i- + -J- = 1, we may represent the cube root 
by the index J, then a^ xa^ xa^ = a^-*'^-^^ = a^=:a. And, 

m general, va = a«» for • x a« x a* &c to n terms = air "^ • 
+ - &c., to n terms _ ^^ _. ^1 _. ^ Again, since a quantity is 
squared, when its index is doubled, and since \/a = a^f it 
follows that \/a* = a^; so that a*x a*x at = ai+t+f = af 
= a\ In like manner, Va* = a* ; for a^ xa^ xa^ x a* 

= al + i + i + 1 = aV = a*. And, in general, \/a* = a's, for a^ 

xa^ &c. to w terms =aT + ir + T *c..to«*«nM =a^=a''; 
the wth root of a* being such, that it .produces a* when re- 
peated n times as a factor. 

87. To raise a quantity to any power ; Mtdtiply the 
guantity continually by itself^ urvtU it has been used as a* 
factor as many times as there are units in the index of the 
required power. 

The reason of the rule is manifest from the nature of 
powers (Art 14), involution being merely a succession of 
multiplications. 

r 

EXAMPLES 

1. Eaise — a*6V to the third power. 

By continual multiplication, we have 

- a'6V X - a*6V X - a'ftV = - a%'x'\ 
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2. Inyolye 4a^5^ to the second power. 
Here, 40*^ x 4a*^ = 16a6* = 16a i'h\ 

3. Eaise —-, to the fourth power. 
Multiplying continually, we have 

4a^ 4a^ 4a^ 4a:* 256j;** 

4. Involve a + 5 to the third power. 

Multiplying a + fc by itseU^ and the product a* + 2<ib + h* 
again by a + 5, we obtain 

a* + 3a*6 + 3a6* + 6* 

for the required power. This may be put under the form 
a* + &* + 3a^a + &). 

88. Hence, a quantity may be raised to any power, by 
multiplying its index by the index of the power ; that is, 

a ) =a • 

For the continued product of a"* into itself n times, is 
found by adding the index m (Art. 35) as often as there are 
units in « ; that is, multiplying m by n. 

89. Hence, also, any power of a product is equal to the 
product of the same powers of its factors, that is, (a6)* = a*Z>" ; 
for (aby ^abxabx ab, &c. to n terms = axax a, &c. to n 
terms xbxb xb, &c. to n terms (Art 11) = a*b\ 

90. Hence also it follows that, when the quantity to be 
iiivolved is negative, all the even powers will be positive, and 
all the odd powers negative. 

91. According to the preceding rule, the successive 
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powers of the binomial a + 5, found by continual multipli- 
cation, will be as follows : — 

(a + Vf = a* + 3a'6 + 3aJ' + h\ 
(a + ly = a* + 4a'6 + ^a%* + 4a6' + h\ 
(a + 5)* = a* + 5a'5 + 10a'&' + lOaV + 5a6* + 6*. 
(a + by = «• + 6a*& + I6a*b* + 20aV + 16aV + eah' + ?'•. 
(a + by = a' + 7a'6 + 21aV+ 36aV+ 35aV + 21a'6* + 7ab' 
■ +?>'. 

By comparing these developments it appears that^ 

1. The index of a decreases, and that of b increases, by a 
unit in each successive term ; so that the sum of the indices 
in each term is always equal to the index of the given power. 
Hence, in general, the terms of (a + &)*, without the coefficients, 
will be 

a", a— ^6, a— V, a"" V, a— V, a—V, &c. . . a5"-\ b\* 

2. The number of terms is one greater than the index ; 
for there must be as many powers of a as there are units in 
the index, and one term besides, which does not contain a ; 
so that when the index is even, the number of terms is odd, 
and vice versa, 

3. The coefficients increase as far as the middle term, and 
then diminish, the terms equidistant from it having the same 
coefficient ; thus those of the first and last are unity, of the 
second and last but one, the same as the given index, &c. 
And in general, if we know the coefficient in any term, that 
of the next following will be found by multiplying this 
coefficient by the index of a in that term, and dividing the 
product by the number of terms. Thus, in the case of 
(a + by, the coefficient of the second term is 6, the index of 

* The first and last terms may (Art. 84) be written O'lfif and af>&*. 
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6x5 
a in that term is 5, the number of terms is 2 ; and — — — 

= 15, the coefficient of the third term. In like manner, 

15x4 

— - — = 20, the coefficient of the fourth term ; and on 

examining the coefficients of the other powers, we shall find 
that they may aU be formed in the same manner. 

According to this law, the coefficients of the terms of 
(a + hy will be as follows : — 

The coefficient of the first term 1 

1 X 71 

The coefficient of the second term — - — = n. 

The coefficient of the third term Z 

2 

The coefficient of the fourth term 

n{n — 1) ^ w — 2 n{n — 1) (n — 2), 
2 ~T"" 2 . 3 

The coefficient of the fifth term 

w(n~l)(7^~2) ^ w-3 ^ n(n-l)(7i-2) (n-3) 
2.3 4 2.3.4* 

&c. &c. 

Combining these with the terms of (a + 6)*, already 
given, we have 

/ I r\i» • . n-ii. . n(7i— 1) „_2,2 , n(ri— 1) (7i— 2) 
{a + h) =a +na "6 + — ^- /a b H — ^^— ^-^ — - — ^ 

2 J • 3 

-»5» + n{n'-l){n--2){n-S) ^,^,^4 ^ n{n - 1) (n - 2) 



a" 



2.3.4 2.3 



(^7^)(^"^)a-V + &c +na&-' + Z.-. 

4 . 5 

This is the celebrated binomial theorem, by means of 
which a binomial quantity may be involved to any power 
without the trouble of continual multiplication.* 

* A general demonstration of the binomial theorem will be given 
farther on. It is convenient to introduce the theorem here for practical 
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92. If the second term, h, of the binomial be n^ative, 
its even powers will be positive, and its odd powers n^ative 
(Art 90) ; but the even terms of the expanded power contain 
the odd powers of b, and therefore the powers of a being all 
positive, the odd terms of the powers of a — b will be positive, 
and the even terms negative. In other respects, the powers 
of (a — by will be the same as those of (a + b)\ 

Further, it is plain firom the manner in which the 
developments are generated, that the series will terminate at 
the (n + l)th term, when n is a whole positive number, 
since, on passing that term, n — n or zero would always 
occur as a factor, and therefore every higher term would 
vanish. But assuming that the series holds when n is 
negative or fractional, n will not, in this case, be destroyed 
by any of the numbers successively taken &om it Thus no 
\ factor of the coefficients can become zero, and therefore the 
series will never terminate. 

EXAMPLES. 

1. Eequired the 6th power of 2a;'— 3y. 

In this case we must put 2a;*, — 3y, and 6, for a, &, and 
n, in the general formula Hence, 

The first term is (2x7 = 64a;" 

The second 6 x (2a;y x (- 3y) = -576a;V 

The third 6 xf x (2a;7 x (- 3y)' = 2160a;y. 

The fourth 15 x ^x (2a;yx (- 3y)* = - 4320a;y. 

The fifth 20 X i X (2a;7 X (- 3i/)* =■ 4860a;V*. 

The sixth 15 xf x 2a;'x (-32/)* = - 2916a;V*. 

The seventh 6 x -J- x (2a;7 x (- 3^)' = 729y«. 

purposes ; and the above inductive proof is the less objectionable, as no 
subsequent demonstration is founded upon it, and as it seems to have 
been by a similar process that Newton himself inferred the genenJify of 
this important formula. 



»■ 
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Combining these, we have 

(2a;' - Zyf = 64a;" - 576a;'V + 21 %OxY - 4320xy 
+ 4860a;V - 2916a?2/« + 729/. 

a? 

2. It is required to expand ; -^2 by the binomial 

(a 4- 0) 

theorem. 

Since (Art 85) -^, =i a; (a +&)"*, we shall first expand 

(a + 0) 

(a + &)"*, .and then multiply all the terms by x. Here 
n = — 2, therefore 

The first term is o~*. 

The second .! i — 2a~*6. 

The third - 2 x Z^a-%^ = Za-%\ 

The fourth 3 x^ a'V = - ^a-%\ 

The fifth - 4 X "^ a-'6* = 5a-*5\ 

4 

&C. &c. 

That the series will never terminate may also be shewn by 

actual division ; for (Art 81) (a 4- &)"*, or -^^ may be ex- 
la + 0) 

panded into an infinite series. 

We have therefore 
(a + 6)-« = a-* - 2a-* h + 3a-*6* -^ 4a-*&* + 5a- V &c. 
or (Art 85) 

1 ^1 26 36'__46* 5&* 

Va 4- 0) a' a a a" a 
Hence, 

a; a; ., 2& . 3ft' 4&' , 5ft* . 

(a 4- ») a a a a a 

Precisely the same series would be found by dividing 9 
by cf 4- "^ah 4- 6^ (Art. 81). 
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3. Raise a -f 2> + c to the third power. 

Eegarding a + ^ as a single term, we may express (a + J + c)' 
under the form {{a + i) + c} ' ; then 

The first term is (a + 2>)* = a^ + Sa^ft + 3a6* + i>". 

The second 3{a -\- bfc = 3a^c + Qabc + Sb*c. 

The third l^(a-{-by=3ac'+ SbcK 

The fourth ^.}!l}l ^^c\ 

Therefore, 

[(a + ft) + c]3 = (a + ft + c)3 - a + 3a'ft + 3aft* + ft* + 3a»c + 

6aftc + 3ft2c + 3ac' + 3ftc' + c8 = (a + ft)*+ 3(a 4-ft)'c + 3(a + 

by + c^ = a* + ft' + c" + Sa^ft + c) + 3ft*(a + c) + 3c*(a + ft) 
-f- 6a&c. 

The last but one of these forms is the same as that of the 
cube of a binomial ; the last is the most readily applicable in 
finding the cube of any trinomial. The cubes of polynomials 
have the same form, the products depending on the various 
combinations of which the letters entering into them are 
susceptible. 

From the form of the square of a trinomial (Art 38, 
JVbfe), (a 4- ft + c)' = a' + ft2 + c' + 2aft + ^bc + 2ac, 
we may at once derive that of any polynomial ; it will con- 
sist of ilie square of each, term, together with twice the pro- 
duct of every pair of terras ; that is, 

(rt + ft + c + <i)* = a^ + ft2 + c* + ^ + 2aft + 2ac ^2ad + 2ftc 
+ 26^ + 2cd. 

A different arrangement of the products, thus, 

(aj^h-^c +df = a' + 2a(6 + c + ^) + ft* + 2ft(c + d)-\-c* -¥ 
^cd + cl^ 

shews that the square may also be said to consist of the 
square of each term, togetJier with tmce the product of each 
term by the sum of all the terms which follow it. 
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EXEBOISES. 

1. Multiply 3a-* by 5a\ 

2. Divide a' by a~*. 

3. Express Ca""* + Vx"^ with positive indices, 

4. Express -= — ^ without denominator. 

5. Divide 12&*«-' by 46" V. 

6. Express oa;""^*"*^ as a fraction. 

7. Express -y^^ without denominator. 

a 

8. Divide x^ by a;. 

9. Express — rj- without denominator. 

. X\/X ^ 

10. Divide x"^ by a?. 

11. Multiply i- a"" by a*. 

12. Eaise — 2a*h^ to the 4th power. 

13. Eaise \/c^ to the 6th power. 

14. Eaise ^/(a + ia;) to the 6th power. 

15. Eaise 4a*5 to the nth power. 

16. Express ^1 — a:)(l 4- a*)"* x 2x with a positive in- 

dex. 

17. Eaise a — 6 to the 6th power. 

18. Eaise 5 + 4ic to the 4th power. 

19. Eaise 1 4- « to the nth power. 

X 

20. Expand -r^ by the binomial theorem 

(a 4- h) 

21. Expand -— r-, by the binomial theorem. 

(a 4" 26) 

22. Find the square of the sum of x and its reciprocal 

23. Express a;~* with a positive index. ^ 

24. Eaise aj* + 3y* to the 5th power. 

H 
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25. What are lO"', 2"', -i, and -^ 7 

7 5" 

26. Expand , — ^—5 . 

(a + X) 

27. Eaise 1 + a; to the power whose index is n -r 1. 

28. Eeqnired the 5th term of (a^ - apy\ 

29. Bequired the middle term of (a — x)^^. 

30. Eequired the coefficient of ic^ in the expansion of 

(x + of. 

31. Expand (1 -a?)-". 

32. Eequired the 10th power of a — 1. 

33. Expand j-J—r^ • 

(1 - xf 

34. Expand .^ } ^3 . 

(1 + arf 

35. Divide ^x by x. 

36. Eaise a? to the 4th power. 

37. „ ^x to the 4th power. 

38. „ —g- to the. 5th power. 

39. „ 5 \/a to the 3d power. 

40. „ •!«" to the 4th power. 

41. „ v^ a^ to the 4th power. 

42. „ 4a""*6* to the 3d power. 

43. „ — -Ja* to the 2d power. 

44. „ - aV to the 5th power. 

45. „ ^ ^CL to the 3d power. 

46. „ af to the 6th power. 

47. „ a*6V to the rth power. 

48. „ i/x to the 2d power. 

49. Express — a(l— a;)""* with a positive index. 

Z 

50. „ ctx"* —ab^x'* + hx'^ + a~*~*, with positive 
indices. 
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61. Express --j- + -^ — -h ^^ without denomi- 



a* 2a ah 1 

—J- + — 2 T — 

X X X a 

nators. 

52. Find the cube of v^a*. 

53. „ 6th power of 3x+ 2y, 

54. Express — -, — — ., — -— , and *001 as powers with 

^ 64 225 62? ^ 

negative indices. 
5b, Square a;~* — y"^, both in this form, and with positive 
indices. 

56. Eaise i/{a + h) to the 5th power. 

57. „ — to the wth power. 

x 

58. Square 3a* 4- 2&c + 4aj' by inspection. 

59. Find the square 1 + a? + a?* + a;* in the same manner. 

60. Eaise a;* — 2a; + 1 to the 3d power ; and 1 — 3a: -f 3a;* 
a;' to the 2d power, in the same manner. 



IX. EVOLUTION. 

93. To extract any root of a simple quantity, Find what 
is the qiumtity which, when raised to the corresponding power, 
mil produce tJie given quantity. 

The reason of the rule is manifest from the nature of 
roots (Art 15). 

BXAMPLEa 

1. Eequired the third root of 64a'5". 

Here it is required to tind of what quantity 64a*6** is 
the third power : the quantity is plainly 4aV, because 
(4a'67 = 64a'6''(Art 87); therelore ^(64aV*) = 4a'6*, 
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2. Find the square root of a^^b^x*. 

Since {a'~*lA^/x')* = a'^^t^x'y the required root is 

—•7* / » ^^ 

a 

3. Find the cube root of - 27a'5"" V. 

Here (- 3a'6-"a^)x (-Sa'^-V) x (- 3a'6-"a:«) = 
— 27a*6"" V j and the required root is therefore — 3a*6 ■"*«*. 

4. Find the fourth root of the cube root of as. 

Here, since i/x = a^, the index of the required root must 
be such that, when it is added four times, it will produce -J- : 
it must be -j^, therefore \/( \^x) = (a^)^ = aA = JJ/ai 

So also >/ \/a or (air)^ = a^, because as» involved to 

the nth power, gives ai^ = air. . . . Similarly (a"^)T = 

a»« ; tor (a«j« =(^a«/T =a^. 

94. Hence, any root of a given power is extracted by 
dividing the index of the power by the index of the root, or 

«//-L— !!L*.!!Lo ' 

va* = («*)» =a« ; for a« xa^xa* &c., to n terms =d 



1!? 



= a-» 



\ 



95. Hence also, any root of a product is equal to the 
product of the same root of each of its facton^ that is, 

\/(ah) = Va X J^hf because each of these, by involution, 
produces the quantity ah, 

96. Hence, and from Art. 90, it follows, that the even 
roots of all positive quantities may be either positive or 
negative : and that the odd roots of positive quantities are 

* From this principle we might have derived the method of repre- 
senting roots as powers with fractional indices (Art. 86) ; for v a«a=a-^, 
the denominator expressing the root, and the numerator the power whose 
root is taken. 
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positive, and those of negative quantities negative ; that is to 
say, V + a = ±?/aj '"+,^' + = + '•+4/0 ; and '"+4/ (-a) 
= — '"■*vj/a. But an even root of a negative quantify is not 
assignable by any process of evolution : for we know that 
(+ a) X (+ a) = + o', and that (— a) x (— o) = + a*, and, 
therefore, that \/a* = ± a ; but we know of no quantity 
which, multiplied by itself will produce — a' : and the same 
must hold whenever the index of the root is even : there- 
fore, '9^(— a) is not assignable. 

BXEBOISSa. 

Extract the roots indicated by the several signa 



1. i/{-8a'b") 

2. V(9x'b*) 

3. ^/(a!*) 

4. y(ai*) 

5. (16a")* 

6. (a^)* 

7. -y(-125a»6«) 

9. (a;-*)-* 
*10. ^/(^/y) 

11. r^y' ^* 






12. i/af 

13. !y(a— ') 
U. v'(5a*6-a;«) 
15. ( - 27a*6»ar^)* 

17. V^^a 

,„ / 3"a-'(a+&)'(2+a;)- ''\^ 



16 



19. [{«-)-']-* 



20 



, v 27a!"(a + a:)-- 



86 



21. (»")* 

22. (a;~)* 

23. («*• + *)* 

24. ^/{a + xy 

25. (9aV2/-"/ 

26. (169a;'" + 'a 

27. 4^(a' + a:'/ 



.2li\1 



t 12 15 



28. ^ii^l— . 



29. ^ - 343a'a:- V 
7296V'z 



/32aV\i 

/ 10246'Vz'* 
\10,000,000,000o" 

33. ^(ol)i]* 



30. 
31. 

32. 



) 



A 
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Compound Quantitibs. 

97. From what has been already stated regarding the 
nature of evolution, it is plain that the roots of compound 
quantities will be found by reversing the process of involu- 
tion. The law according to which powers are generated 
being known, we are enabled to construct the steps of a con- 
verse process, by which the terms of the root are evolved one 
by one from the given power. By successive divisions the 
given quantity is diminished by the greatest power contained 
in it, of the same order as the root which is to be extracted. 
Each division gives a new term of the root ; so that we take 
away in succession the greatest power of a monomial (of this 
order), the greatest of a binomial, the greatest of a trinomial, 
and so on ; until at last there is either no remainder — in 
which case all the terms of the given quantity are exhausted, 
and it is of course seen to be a complete power — or else there 
is a remainder, which by a continuation of the process will 
lead, as in Division, to an interminable quotient (Arts. 44, 81). 
It is obvious that the terms of the given quantity must be 
arranged, as in Division, according to the powers of some one 
letter. 

The forms assumed by the squares and cubes of binomials, * 
trinomials, &c., have been already given, and the law of their 
formation stated (Arts. 3 8, 9 1, 9 2, Ex. 3.) From these we shaU 
now derive rules for the extraction of the square root and 
cube root 

Let it be required to find the square root of a* + 2ab + 5*. 

This and the following examples are selected, although we 
know the roots by inspection, because they give the general 
forms of the square of a binomial, and of a trinomial, and 
place in a clear light the reason of the converse process. 

The first term of the root is plainly a ; subtracting the 
square of this, Ihere remains 2ab + b\ Now since 2abf 
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theseoandtennof the square^ a + 6 

istwioetheprodnctofthetwo a + 2ab + ^ 

terms of the root (Art 38, a* 

XoteX that is, the product 2a + 5\ 2a6 + 6' 

of the last term of the root / 2ab + h* 

and twice the firsts if this 

second tenn 2ab be divided by 

2ay twice the fiist, the quotient will be the second term, (, oi 

the root. Then, in order to find whether the two last terms 

of the given quantity will be exactly reproduced, the 

second part^ &, of the root must be joined to the trial divisor 

2a, giving 2a + 5 for the complete divisor. 

Multiplying this by 5, and subtracting, we find that there 
is no remainder ; and a + i^ is therefore the complete root. 

Again, let the quantily whose square root is required, be 

a* + 2a5 + 5* + 2c (a + 6) + c*. 

Here, the first and 
second terms of the root a -t- 5-f c 

are determined as before; a* + 2db + 6 '\-2c{a-\'V)'\'<? 

we then repeat the same ^ 

process upon the re- 2{fi'\-hy^(jLb'\-}? 

mainder, dividing by the ' J^ah + 1? 

double of a + i^, as we 2{a'\'l))'\-c\ 2e (a + 6) -I- c* 

before divided by the / 2c (a + 5) + c 

double of a; we thus 

find c for the quotient ; 

when it is connected to the root, and to the trial divisor, 

2{a + b\ and the product taken, there is no remainder, and 

the root is therefore a-hb -{- c 

In these examples, the given quantity is diminished, first 
by a', the power of a monomial, corresponding to the degree of 
the root ; the second step being complete, it is diminished in 
all by a* + 2ah + h^, the like power of a binomial ; at the close 
of the third step by the same power of a trinomial, and so on. 
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EVOLUTION. 



The third step in this case exhajisfs all the terms, but it is 

obvious that the principle is applicable to all polynomials. 

The formation of the trial divisor is the most important 

part of the process of evolution. An arrangement of its 

terms, slightly different from the above, will better exhibit 

its structure and mode of increase, and thus render its fonnar 
tion more easy in all casesL 

a + b + c 



a 


a' 
a' 


+ 2a5 + y + 2ac -f 2iw + c'' 


a 


— 


2ab + V 
2a5 + 6' 


2a 


2a ^b 
b 




2ac 4- 2&C + <? 

2ac + 2&C + c* 




2a -{'2b 

4-c 





2a-{'2b'{' c 
The root a of the first term is placed on the same line as 
the first term a\ which is taken away ; this first term a of 
the root is then added to itself to obtain the first trial 
divisor 2a^ in the same way as b, c, &c. are successively added 
afterwards to the parts of the root already found. This gives 
a greater uniformity to the process of forming the divisor. 
The horizontal lines are connected by vertical bars, merely 
to vefer more distinctly each trial divisor to its own dividend 
To exhibit the whole process of formation as a succession of 



^ 



additions, we may 
place a cipher to 
the left of the 
given quantity, 
heading the co- 
lumn of the trial 
iyisory and go 




a 
a 
a 
2a 



a* + 2ab + 6' 4- 2ac 4- 2iw 4- c' 



a" 



2ab 4- b\ &c. 



+ ft 



2a + &, &c. 
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thiotiglithefonn of adding a to this, then add to find 2a as 
before, and so on. 

The relation of the two processes, the direct and the 
reveise, will be more clearly seen from the following scheme, 
in which the successive multiplications and additions, by 
which the power is made up under a form similar to the 
preceding, are contrasted with the succession of divisions 
and subtractions in the exhaustive process for finding the 
root. The method, which is synthetic, is plainly derivable 
from an analytical examination of the factors of the com- 
ponent terms of developed powers. Thus we may analyse 
the square of a -f- 6, either into axa + (2a -f- h)b, or into 
bxb + {2b +a)a, and so on, as presented in the annexed 
scheme. 

To find the square of a + b -^ c + d, two columns are 
headed with cipher ; each successive term is added twice in 







+ a 



a 



+ a 



2a 



-\-b 



2a + b 
b 



2a + 2b 



+ c 



2a + 2b -he 
c 







a 



a 



2ab + b^ 



a^ + 2ab + b^ 

2ac + 2bc -f c' 



d^ -f 2ab + &H- 2ac + 2be + c* 

2ad+2bd+2cd+dP 



a^ + 2ab + b^ -\- 2c{a + 6) + c^ 
-I- 2d{a -f ^ + c) + cP 



2a + 26 -f 2c 



•\'d 



2a + 2b + 2c-{-d 



2a + 2b'^2c-\-2d 
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the first column, and before the second addition is peifonned 
each sum is multiplied by the quantity added, and the sum 
placed in the second column, in which it is only added once. 
Thus before the second addition a is multiplied by a to obtain 
fl? ; ^a^h is multiplied by 6 to find 2ai + 6*, which is 
then added iu the second column, and so of the others. 
The spaces marked off by lines refer these products to the 
quantities from which they arise ; 2a6 + 6« from 2a + ft 
and 6, and so on. The generation of the terms is thus more 
distinctly shewn, the only use being to prevent confrision. 
The squares of polynomials may be veiy readily formed by 
this procesa 

EXAMPLES. 

1. Eequired the square root of 9 a^ + 24ic* + 4a;* + 26aj' + 
60a;' - 28a; + 49, 

3a;8 + 4a;» - 2a; + 7 
9a;' + 24a;^ + 4aJ* + 26a;* + BOar* - 28a; + 49 
^0? 9x^ 

24a;^ + 4a^ 
24a;5 + 16a^ 



3^ 




3a? 




ea? 




+ 4a;* 




6a?+ia^ 




4a? 




Ga?-^Sa? 






-2a; 


6a?'4-8ai"- 


'2x 




•2x 



" I2x* + 2^0? -\- eOs? 
- 12a?*- 16a;" + 4a? 



42a;*+56ai*-28a; + 49 
42a;' 4- 56a? -28a; 4- 49 ' 



6a;* 4- 8a?* - 4a; -h 7 
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In order to save room, the column 3a?' 

contaiiiing the successiye divisors may 3x* 

be contracted as on the margin. The Qx* + 4a; 
work may also be much shortened by 4a;* 

using the method of detached co- 6x + Sa? — 2x 
efficients. — 2x 



6a;'+8a;2-4a;4-7 



2 TL» 

2. Eequired the square root of -j + -, — 2. 

a 

■1% 
Here, since -j = i^a"* and 2 = 2a*, 2 is a higher power 

of a than -% is ; the quantity is therefore arranged as under : 



a 
b 




b" ^ a' 


a 




a' 


b 




P 


2a 
b 


_b 
a 


a 



a* \b a 



a 




3. Eequired the square root of 1 + ax 



!+«' A + ^_^Vi_S + &c. 



1 \ V 2 8 16 128 

1 +x 

2 + 1 +a, + f 

2 4 

X _^ 

2 4 



2.._|&c. -^i + e4*"^ 
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The next two steps would giye -— — • 

1 6 1 28 

K the nmnerators and denominators of the two last tenns 
of this root be mnltiplied by 3, the series may be pat under 
the form, 

2 2.4 2.4.6 2.4.6.8 2.4.6.8.10^ 

The law according to which the series is continaed is now 
manifest 

4. Find the value of »J{x* + ax) in a series. 

Here, using detached coefficients, the work will be as 
follows : 

1 I 

JL +1 

2+i" 1+i 



2 + 1-i -jr-i + lfr 



2 + 1-i+TV +i + TV--gV+TtT 

The next two steps in the process would give for quotient 
"^ rfr + tIt' 1^ ^^^ ^^ supply the letters, the root will be 

1,1 • J 2 1 . 1 S 2 5 4 __> , 

X -^---.ax — -.aa; * + ,^-.aa; — --— .ax + 



2 8 16 128 256 

a^x"^* — &c. 



8 2.4' 16 2.4.2 2.4.6' 128 16.8 
1.3.5 7 7 5.7 1.3.5.7 



2.4.6.8' 256 128.2 128.10 2.4.6-8.10* 
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Hence we have for the required value (Art. 85), 
// • . X .1 1 . a . 1 , Sa 1 . 3 . 5a 

1.3.5.ya' _^ 
2.4.6.8.10a;* 

From wliicli the law of the series is obvious. 

5. Find on what condition the expression aV + hx^ + c' 
shall be a complete square. 

Extracting the root by the preceding process, we find 

h h* 

oaf A with a remainder c* — -—5. Now, in order that 

2a 4a/^ 

the expression may have a finite square root there must be 

no remainder, that is, we must have c' = -— * ; this, therefore, 

4a 

is the condition, and the expression in the form of a complete 

square is a V + 6aj' + — ^ . 

4a 

6. Show that ar* + jxb' + g'a?' + nu + «, is a complete 
square, if ^'« = r', and 5^ = j 4- 2 >/«. 

Suppose that it is a perfect square, and that it is repre- 
sented by the square of the trinomisJ, a^ + aa: + 6 : then the 
given expression must be identical with x^ 4- ^cm£ + (a* + 26)a;' 
+ 2a6a? + &* ; so that we must have ;p-^a^ g = a' + 2&, r 
= 2a5, and s = 6*, whence j^s = 4a*6' = /, and j = a* + 26 

= -^ + 2 V*. 

4 

98. The process for the extraction of the cube root is 
derived jfrom the form of the cube of a binomial, and our 
knowledge of the mode of generation of the power, as already 
explained in the case of the second power. The second term 
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of the cube of a binomial is Zcfh ; that is, the product of the 
second term of the root by three times the square of the first 
term ; so that to find h, the second term of the root, 3a', 
that is, three times the square of the first part of th£ rooty 
must be used as the trial divisor. Also, since the cube of 
a + 6 may be put 

under the form c? + a -f & 

(3a2 + ^ab + V^h, a» + Za% + Soft' + &» 

after c? has been c? 

taken away, the full 3a' + Zah + 6' \ Za^ + ^ah^ + &' 

divisor, which, with / 3a'6 + 3a&' + 1? 

b as multipUer, will 

complete the ex- 
haustive process, is 3a' + 3a5 + 6' ; so that to 3a', the trial 
divisor already found, 3a& + 6' = (3a + &)& must be added. 

The mode of generating the power set forth in the fol- 
lowing scheme will shew how these several quantities 3a, 
3a', 3a -h b, &c. are produced by successive additions and 
multiplications, in the form best adapted for establishing the 
steps of the reverse process. 

Three columns are headed with cipher ; in the first there 
are at each step three additions, in the second, two, and in 
the third, ot?^ / the second column is formed from the first, 
and the third from the second, by multiplying by the new 
quantity introduced at each step ; after one addition in the 
first column the siim is multiplied by this new quantity, to find 
the first term to be added in the second column ; and this 
addition being made, the sum is multiplied by the same quan- 
tity to find the term in the third column. Thus, -f a = a ; 
then a X a = a^ ; -f a' = a' ; then a^ x a = a*. Adding 
again on the first column, and multiplying, we have 2a and 
2a' ; a third addition in the first column completes the first 
step, and the three sums are 3a, 3a', and a'. In the same 
way for the next step, after one addition, the sum 3a + b 
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a 
a 
a 
2a 
a 




a' 

2a^ 







da 




+ & 


3a + 6 


h 




3a +26 


h 



3a' 

3a5 + y 
3a' + 3a6 + 6» 
3a& 4- 26' 



a' 



3a' -f 6a6 + 36' 
or, 3(a + Vf 



3a'6 + 3a6' + h* 

cf 4- 3a'6 + 3a6' +"P 

or, (a + Vf 



3a + 36 
or, 3(a + 6) 

is multiplied by 6, giving 3a6 + 6', the quantity to Ido added 
in the second column ; and this being added, the sum multi- 
plied by 6 is put in the third column. The new term 6 is 
again added in the first column, then (3a + 26)6 = 3a6 + 26' 
is the second term to be added in the second column ; a third 
addition in the first column, and the addition of the terms 
already in the other columns, complete the second step, giving 
the three sums 3(a + 6), 3(a + 6)*, and (a + 6)'. K a third 
term c were introduced, we should obviously obtain for the 
result of the third step, 3(a + 6 + c), 3(a + 6 + c)', and 
(a + 6 + c)'. 

The converse process for the discovery of the root from 
the given power is now easily constructed. Let the cube 
root of a^ + 6^ + c* + 3a*(6 + c) + 36'(a + c) + Z^ip. + 6) + 
6a6rT be required. Ordering the terms, and heading two 
columns with cipher, the process will be as follows : — 



U2 
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Here the second column, constructed as above described, 
contains the trial divisors, the first 3a*, and the second, formed 
after two additions, 3a' 4- 6abc + 36*, each being three times 
the square of the part of the root already found ; the complete 
divisors being the quantities found after one addition to each 
of these ; the second and third terms of the root are found 
by dividing the first terms of the two remainders, 3a% and 
3a'c by the first terms of the trial divisors. The most im- 
portant part of the process, and that in which mistakes are 
most likely to occur, is the for^lation of this second column. 
It should be carefully observed that the two products 
successively added in it are found by multiplying the sum in 
the first column by the new term of the root, first, after the 
first addition in that column, and again, after the second. 
There is no remainder, as we take away in succession the 
three component parts of the cube of a 4- & + c. 

2. Eequired the cube root of a* — 6a* + 21a* — 44a* 
+ 63a* -54a +27. 

Here we arrange the given quantity and two ciphers on 
the same line ; and taking a* for the first term of the root 
we place it in the first column, and then form the first and 
second columns in the manner already shewn ; the first trial 
divisor is 3a*, which, with — 6a* gives — 2a for the new 
term of the root ; adding this new term in the first column, 
multiplying the sum by it, and adding in the second column, 
the complete divisor is found to be 3a* — 6a' + 4a*. The 
new trial divisor is 3a* — 12a' + 12a* which gives 3 for the 
next term of the root, and so on, as already described. The 
Joot is a* — 2a + 3. 
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This and similar questions may be very conveniently 
worked by the method of detached coefficients, as follows : — 
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1-2 + 3 

1-6 + 21-44 + 63-54 + 27 

1 i 1 

1 1 -6 + 21-44 

1 2 -6 + 12-8 

2 3 9-36 + 63-54+27 
1 -6 + 4 9-36+63-54 + 27 

3 3-6+4 
-2 -6+8 

3-2 3-12 + 12 

-2 9-18 + 9 

3^^ 3-12 + 21-18 + 9 

-2 
3-6 

+3 

3-6 + 3 

Attaching tlie powers of a the root is af — ^a-\r 3. 

The square roots and the cuhe roots of numbers are 
extracted in the same manner, and the theory of the process 
is the same. Numbers of two places of figures may be 
expressed as binomiali^ those of three places as trinomials, &c. 
Thus 36 = 30 + 6, and 782 = 700 + 80 + 2 ; and their 
squares and cubes may therefore be expressed in the same 
forms as those of binomial and trinomial quantities. Hence 
the powers being given, the converse process for finding the 
root will be the same as that above described. 

99. Since (Art. 86) any root may be expressed as a 
power with a fractional index, we may extend the application 
of the binomial theorem to the extraction of roots, by taking 
for the index w, the fraction which expresses the root to be 
extracted : and it might be shewn that in this case, as in 
Example 2, Art. 92, the series will never terminate. 



116 BvoLimoir. 

1. Expand •i/(cf + ^0 ^7 ^^ binoiuial theoiem. 

Here, since %/(«' + a^ = (af* + a^*, we must put for a, h, 
and n, in the general formula, <^, a^, and ^ : then 

(a' + aO* = (a^ + i (ff)-^^ + i^^ (a*)" »** f- 
i(-i)(-f)(„.)_la,.&c. 



2 . 3 



3^ X* . af 



./(a' + a?) = a+---.+ j^.&c 

This is the same series which would be found by actual 
evolution. See Exercise 7. 



2. Find the value of v^9 in a series. 
Here we have ^9 = (8 + 1)* ; then 

(8 -^ 1)* = 8* + i . 8-* + *t±) 8-* - itillzi^ 8-1 

^i(-i)(-i)(-t)3--V^,' . 
2.3.4 

'v9-2+4 ^ _ 2 1 ^ 2.5 1 

^ ^^(P)' 37372' (py"*'3.3.3.6- (py 
2.5.8 1 „ 

3.3.3.3.6.4" (P)^ ^ 

whence 

^"^"^3.2' 3.6.2* ■*■ 3.6.9.2^ 3.6.9.12.2** *^' 



or. 



EXERCISES. 

Find the square roots of the following quantities :— 

1. 25^2+ 60a 4- 36. 

2. 9a2-h24icy+16y2 
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3. a*-aa5 + ^J»*. 

4. 4a:* -^ I6ar^ + 24jb2 _ ^g^. ^ 4^ 

5. 4a* + 12a'a: + 13aV + 6aaj'+ a:*. 

6. 2+a? + i. 

a; 

7. a»^a?. 

8. 25a;*-30aa;' + 49a*a:'-24a'aj + 16a*. 

9. aj*-2a;' + fa;'-^a; + TV- 

10. a^x*^ + 10ca*^'it** + * - 60*"+ V"* + 2Sc^a^'*a?^'^^ -- 

11. «• - 6aa;* + 15aV - 20aV + 15aV - 6a*a; + a*. 

12. p*^2pqx + (2pr+q*)9f-¥2{p8^qr)x*'^{2qs+f^y+2rsx* 

+ »V. 

13. Find the condition on which the quantity aV + ^ + g* 

shall he a complete square. 

Find the cuhe roots of the following quantities : 

14. 8a:»^ 60a? + 150a;- 125. 

• IE ac «. Sac s , Sah 4^8 

15. --^x — « + — -x — jaj. 

c c 

1 6. (a + 1) V + eca^{a + 1)* V + 1 2c"a*(a + l^a; + 8cV'. 

17. a?* - 6x' + 15a;* - 20a;* + 15a;* - 6a; + 1. 

18. 27a;' - 54a;* + 63a;* - 44a;' + 2laj' - 6x + 1. 

19. 8a;* + 48aa;* + 60aV - 80aV - 90a*a?" + 108a*a; - 27a*. 

20. 1 + 6a; + 21a;2 + 56^ + Ilia?* + l74a;« + 219a;« + 204 
x^ + 144a;8 + 64a;». 

2 1. a** + 1 2a" + "a;- - 8a*a;'* - 6a*"* + V. 

22. 27a^ + 54a;* + 225a;* + 260a;' + 525a;' + 294a; + 343. 

23. a?*-3a;' + 9a;*-13a?'+18a?-12a;-f 8. 

24. Find what c and d must he in order that the quantity 

a^a? -\-ba? + cx + d may he a complete ctihe. 

25. Find the relations which exist among the quantities m, 

», p, q, when ma;' + na;* + j?a; + g' is a complete cuhe. 
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Expand the following quantities into series by the bino- 
mial theorem : — 



26. 


V(6* + x). 


27 


1 


*t * » 


V(6' + x) 


28. 


V2. 


29. 


V(l + x). 


30. 


y{l + «)• 


31. 


^(a + a;)». 


32. 


i/1 oti/\9, 



1). 



33. 



a 



34. (a»-«2)-*. 

35. (l4-«)-i. 

36. ^2. 

37. v/(a-a). 

38. ^(a + a;)*. 



X.— SURDS. 

Art. 100. Any root of a quantity which cannot be 
exactly evolved, is called a mrd^ or radical^ or an irrational 
quantity: all other quantities are called rational Thus, 

\/8, \/^i are irrational quantities; but v^8, \/9, aa-e 
rational : also, ^ (2a), v^(a* + a^, V 6, i/ (106*), &c are 
surds. Surds are distinguished from one another by the 
degree of the root ; thus \/a, \/8, are qiuzdraiic surds, v^9, 

\^2a are cw^ surds, &c. 

101. Tfie sqaare root of a rational quantity cannot he 
partly raMonaly and partly irrational. 

For, if possible, let \/a = 6+ \/c; then (Art. 31), 
a = 6' + 26 >/c + c, and (Art 2S) a-I/ -c = 2b^/c: hence 

(Art 30), — — = \/cy a rational quantity equal to an 

irrational, which is impossibla 

102. In any expression of the form o + is/h = c+ xjd, 
the rational parts are equal to one another, and also the irra- 
tional parts. 

For, if a be not equal to c, let a = c 4- «, then c + a? + ^/h 
= c 4- '^d ; therefore (Art. 28) x ■+■ \/6 = \/c?, which is 
impossible (Art 101). 
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103. If -v/(a+ v^t) = c+ ^d, then wiU ^(a-- ^h) 

- c — \/d. 

Since (Art 31) a + ^t = c* + 2c ^/e? + dT, we have (Art 102) 
a = c*-\'d, and ^b = 2c\/d; whence (Art. 28) a^ j^b = c* 

- 2cy/d + d, and (Art 31, 97), a/(« - a/^') = c- v'^. 

Also if v^(a+ ^b)=x+ ^y, then \/(a - ^b) = x^ 

Suppose \/{a + V&) = « + ^/^, then 

a-h^b = x* +3x^ \/y + 3a:|y + !/ VV ; 
therefore (Art 102), 

a = x' + 3a^, and ^b = 3x*^t/ + yyy ; 
hence 

a - V'^ = «' - 3a;Vy + 3a3^ -y >v/y, 
and therefore 

\/{a - \/6) = a; - ^y. 

104. If the product of two guadratic surds is a rational 
quantity, one of the surds must be a rational multiple of tJi£ 
other. 

Let fs/x X y/y = tw, a rational quantity ; then \/y = 

-7- = — k/x; and since m and a; are rationed, K/y is a 
Va? a; 

rational multiple of \/a;. Hence, if one quadratic aurd is 
not a rational multiple of another, their product cannot he a 
rational quantity. 

1 05. One quadratic surd cannot be made up of two others, 
not having the sam^e irrational part. 

For, if possible, let »Jx = \//n + ^n; then x^m-^-n 



x — m — n I — 

—2 — =^'« 

to an irrational, which is absurd. 



+ 2 \/mn, and = />/mn, a rational quantity equal 
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106. The difference of arty two equal integral powers is 
always divisible by the difference of their roots ; thai is^x*^y* 
is divisible by x—y when nis a positive integer. 

Let x-y^d, therefore (Art 27) a; ==e^ + y ; then a^ - 
y" = (J -f yY — y*. Expanding {d + y)" by the binomial 
theorem, we have 

2 

therefore (Art 28), 

. . +ndy*''\ 
"NoWy d will obviously divide all the terms of this latter 
part; therefore, {d + y)* — y'', or a^ — y"*, is also divisible by 
df that is, by aj — y. See Note, p. 48. 

107. Ths difference of two equal powers is divisible by tlie 
sum of the roots, when the exponent is even. 

Let aj + y = «, therefore (Art 28) a: = «—y; then a^—y" 
= (s —y)* — y* ; and if (« — y)" be expanded, its last term, y", 
will be positive (Art 92, and hyp.) : then subtracting y" as 
before, the remaining terms will be divisible by «; there- 
fore (s — y)* — y", or af — y*, is also divisible by s, that ia^ by 
x+y. 

108. The sum of two equal powers is divisible by the sum 
of the roots, when the index is odd. 

Let x •{- y = s, therefore x^s—y, and a^ -f y" == (^ — y)" 
+ y. In this the last term of the expansion will be 
negative : hence, if y" be added (Art 27), the terms of the 
expansion will be divisible by s; and {s — y)" + y*, or aj* + y", 
will also be divisible by s, that is, by aj + y.* 

* These propositions may also be established as follows : — 
The qaantitj «** — a" may be put under the form 
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109. A latfonal quantity may be reduced to the fonn of 
a given euid by raising the quantiii/ to the potoer expressed 
hy the index of tJie surd, and then indicating the extraction of 
the sams root In the same way, the rational coefficient of a 
surd may be taken under the radical sign. 

Thus, 4a' = v/(64a*) ; a + a: = (a + a;)'=" ; a ^/x = s/<^ 
X »Jx=^ ^/{cfx) Art. 95. 

Introduce the coefficient in the expression 4 >/ 5, under 
the radical sign. 

Here, 4^5= Vl6 x V5 = V80 (Art. 95). 

Express c^ in such a form that it shall have the same 
index as o^. 

Here the index must be such that when multiplied by 
■|, it shall produce \ ; therefore -J- -S- 4 = -J, is the required 
index, and {a^)\ the form required. 

a:* — oaf-' + oc*-* — o*a:*-*-|r a'af~' — . . . 
. . . — o"-*x4- a"~*ar — a", 
in wWch the two first terms are the same as iB*~* {x — a), the next two 
as oaf ~*(a5 — a) ; the two last the same as a*""' (ap^-o), and the two 
before these as a*'~^x[x — a). Since x — ' a is thus shewn to be a 
factor of every term; the above expression, or its equal x** — a*, must 
be divisible \>y x — a. The quotient is 

If we now change the sign of a, putting x + aforx— 'a,a:*— fl^ 
will continue the same when n is even; because (Arts. 90, 92) the nth 
power of a, and the nth power of — a, are then the same ; but the sign 
will change when n is odd ; for an odd power of — a being negative, 
— a" will then become o" and af^ — a", a:"+ a*. Hence, when n is 
odd, re" + <X" is divisible by a; -h a, but the signs of thle terms will differ ; 
and when n is even, af^ — a" is divisible by a: + a as well at by a; — a. 
Galling then the indices 2n and 2n + 1, we have 

x-r-a 

X — a 
But a*" + a"» is not divisible by either « -I- a or x — a. 
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110. To reduce a surd to its simplest form; Resolve U, 
if possible, into two factors, one of which shrill be the greatest 
power contained in it, corresponding to the surd-index, and 
take the root of each factor. If the given surd l)e in a frac- 
tional form, multiply both terms of the fraction by svck a 
quantity as will make the denominator a complete power, cor- 
responding to the root, and take the root of each term. 

Thus, 4/135 = 4/(27 x 5) = 4^27 x ^5 = 3 4^5. 

In reducing 2 \/^ to its simplest form, we multiply both 
terms by v^9, thus making the denominator a complete cube ; 
we thus get 2^/^ = 2 4^1f = 2 i/(-^ x 18) =-| v/18. 

To simplify (4a*6' - 20a'6' + 25a&*)*, we have for factors 
(2a* — 56)* and dl? ; the reduced form therefore is, 
[(2a' - m^ X aft*]* = i2a^ - mbaK 

111. To reduce surds having different indices to equiva- 
lent ones having a common index ; Reduce the indices to a 
common denominator^ involve the quantities to the power 
denoted by the numerator, and indicate the extraction of the 
root eocpressed by the denominator. 

The reason of the rule is manifest from Arts. 71, 86. 

Thus 2* and 4* will be reduced to surds expressing the 
same root by reducing \ and ^ to the same denominator ; 
we thus get 2^ and 4* ; but 2^ = (2')* = 8* and 4^ = (4")* =16* 
so that 8* and 16* are the surds required. 

112. To add or subtract surds; Reduce them, if neces- 
sary^ to their simplest forms, and proceed as in adding or 
subtracting rational quardities. 

The reason of the rule is manifest from Arts. 23, 32, 110. 

Thus, a^iT db 6^aj = (a=fc 6) x/aj; ^/45 ± ^20 = 3 a/5 
±2^/5 = 5 v'5, or .^5 ; (3a'&)* + (48«"&)* = (a + 4a;) s/Zb, 
and 2 .v/48 ± 9 4/108 = 8 v*3 + 27 4/ 4, the terms not 
incorporating^ as the indices of the surds are different 
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113. To multiply or divide surds ; Bedttce them, if neces- 
MT^y to eguivalent ones having a commen indexj and proceed 
as in mvMplying rational quantities. 

Thus, 5 ^a X 3 ^6 = 5a* x 36i = 5aA x 3feA = 5(a*)T^ 
X 3 (6*) A (Art 111) ; hence, Art 95, the product is 
15 (a*6')TV, or 15 }y(a*2;') ; so also (a i- x)^ x (a - «)* = ^a + x^ 
X (a ^ «)*= {(a + «)• (a - «)*} *, or ^ {{a + x)' {a - a;)'} . 
But if the surds have a common index, it is only necessary 
to place it over the product of the surds. Thus (a -r x)^ 
x(a-.«)* = (a'-aj')* 

Again, since (Art 95) \/{ab) = \/a x -!/ 6, it follows from 
the nature of division, that ^{ah) -i- >/a = y/h ; so also 

C^a" -f- -yft' = */ J, and (a'-aj')i-f-(a-.a;)i = (a + a:)* 

But if the surds have not a common index, they must be 
reduced by Art 111. Thus va -r- v ft = a* -=- 6« = a«w» -r-6*'* 

= (a«)i -r- (6")is. = ("-^ V or ^-^. So also, (a + x)^ 

.(»-«)..(,.«),.(»-«,,. {|±|}'»y|±5):. 

114. To extract the square root of a binomial surd. 

Let the binomial surd be a =fc ^h^ and let 

V(a =fc sjh) = x/a; ± \/y : 

hence (Arts. 31, 87), we have 

a ± />Jb = x:h2 tjxy + y. 
Now (Art 102), 

therefore (Arts. 31, 87), 

d = 0^ -\- 2xf/ + y', and b = 4a?y : 
hence (Art 28), 

a* — 6 = »' — 2a^ + y* 
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and (Arta 31, 97), 

But 

therefore (Arts. 27, 28), 

a + V(a* -b) = 2x,a- »J{a* - Z*) =^ 2y ; 
and (Art. 30), 

a -f ^(a^ -h) _ a - V(a' - 6) _ 

2 ^ 2 ^^' 

Hence (Art 31) 

Va:± Vy or V(a± ^&)= yi:^^^> 



y^ 



Eequired the square root of 7 — 2 \/10. 
Assuming j^x — >v/y = \/(7 — 2 \/10), and following the steps 
of tile preceding process, we have 

ic + y-2v^^=7-2v^l0 
hence x+^^7, and 2^^=2.^/10 

whence a? + 2ay + y' = 49 

and 4a?y = 40 ; 

therefore a? — 2ici/ + y* = 9, 

and a? — y - 3 ; 

but a + y = 7 ; 

therefore 2a: = 10, or a? = 6 ; 

and 2y = 4, or y = 2, 

hence the required root is 

^x — ^y =^ /y5 — js/2» 

The square root of 4 + 2 ^3 will be found by substitut- 
ing for a and \/& in the general formula, 4 and 2 \/3 ; we 
thus have 

= v/3 + 1. 
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Bequired the square root of /v/27 + \/24. 
This inay be worked by substitution, as in Ex. 2 ; if after 
the manner of Ex. 1, it may be first simplified, thus : 

V27 + V24 = V9">r3 + v^S'xl = V3(3 + V8); 

therefore V( V27 + V24) = ^3 V(3 + V8). 

Now, V(3 + V8) found as in Ex. 1, is 1 4- V2 ; the root 
therefore is ^3(1 + ^J2)=^^3 +^^12, since V2 =* >^4. 

115. We are sometimes able to extract the square root of 
a quantily of the form 

a + \/& + \/c + A/d, 

Assume >v/(a + \/6 + \/c 4- \/6?) = a^x + ^^y + ^/z 
Squaring we have 

o+ \/6+ n/c 4- \/e? = a?+y + ^ + 2x/(a3^) 4-2^/(^2) + 2^/(aa:). 

If, then, we make 2 \/(ary) = \/6, 2 \/(yz) = \/c, and 2 \/(a») 
= a/^> aiicl find that the values thus given make a = a; 4- ^ 4- 2, 
we shall have the root required. 

Thus, if the square root of 6 4- 2^2 4- 2^/3 4- 2^/6, be 
required, put 

^^(6 + 2^/2 + 2^/3 4 2 v/6)=v'a;+ ^^+ ^/z, 

take the square of both expressions, and make, 

2^/(il3^)=2^/2, 2 ^/(y2) = 2 ^/3, 2 ^(rwr) = 2 ^/6, 
then, 

And if we multiply together the first two of these, and divide 
by the third, we find y=l ; but xy = 2; therefore, a; = 2 ; 
also, z = 3 ; and these three values satisfy the condition, 
x-^^ +z = 6. Hence, the required root is \/2 + ^1 4- /v/3, 

or 1 4- ^^2 + ^^3 (Art. 103). 

116. In certain cases, the cube root of a binomial a ± \/6 
may be found. 
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Suppose v^(a+ v^) = a5+ i^/y. 

Then (Art 103) ^(a - ^/h) = a; - ^/y. 

Taking the product, we haye 4/(fl? — ft) =«* — y. 

ABSume now that a' — & is a perfect cube, and denote it 
by c*: then c = a?— y; but (Art 102) a = a^ + 3«y; and 
y = aj* — c ; wnence a^^ '\' 3x{ix? — c) and a = 4a;' — 3«b, an 
expression &om which a; can only be found by trial The 
method is applicable only when a' — 6 is a perfect cube, as 
it IB upon this assumption that the inyestigation proceeds. 

Thus, let the cube root of 7 + 5 \/2 be required. 

Assume 

^(7 4-5^/2) = a;+ v/y; then >y(7 - 6 ^2) = a; - ^/y ; 
and taking the product, v^(49 — 50) = a? — f/ ; whence 
-l=ai*-y, ana y = a?+ 1. Now (Art. 102) 7=aj*+ 3ay 
e:a;*+ 3qc{x^'{- 1) = 4x*-{-3x; also 4a;' + 3aj = 7, whena;=l; 
and if a? = 1, the expression a?' 4- 3a^ = 7, gives 1 + 3y = 7; 
so that y = 2 ; and hence the required cube root is 1 + ^/2. 
This result may be verified by raising 1 + \/2 to the third 
power. 

117. To find such multipliers as will make binomial surds 
rational Performing the actual division which has been 
proved possible, in Arts. 106, 107, 108, we have 

^^*=a;— * + a;— V + ^'V + «"■"*/ &c- 

^1:1^= a:—* - a;- V + a^"" V - a;— V &c. 
x-hy 

^L±yl^ a;-' - a;- V + ^""7 - ^"'Y &c. 
x-k-y 

And it is plain that the first series will terminate at the nth 
term, whether n be even or odd ; the second only when n is 
even, and the third only when n is odd. 
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Now, let «^ = a, y* = 5 ; therefore x = \/a, y = >/6, a;""** 
= ^a— ^ aj— »= ^a"-^ &c. ; aiid/= ^^Z^', y»= ^d', &a 

Substituting these values in the ahove series, we have 
a — ft 



^a + J:/b 



= ^a— * - >C/a— •& + :ya*- V - i^a— V &c. 



^ + ft »/r««~l ♦•/,.•— *7. _J_ *»/r.»~'7»* »/r.«— *7.» 



Jiya + yft 



= ya"""' -Va— *ft + ya"" V - ^a— *ft' &c. 



Hence, by the nature of division, if each of these irra- 
tional divisors be multiplied by the corresponding irrational 
quotient, the corresponding rational dividend will be repro- 
duced; and, therefore, the first of these quotients is the 
multiplier, which will render rational a surd of the form 
\/a — \/ft ; and the second and third quotients are the multi- 
pliers, which will make a surd of the form ij/a -|- /J/ft rational ; 
the binomial which is produced having its second term negor 
tive or positive^ according as » is even or odd* 

Eequired the multiplier which will make ^^9 +v^lO 
rational. 

Here a = 9, D = 10, n = 3 ; then, since n is odd, and the 
second term positive, the third form applies to this case; 

* In many cases, multipliers may be more readily found than by the 

above general method. Thus, it is plain that a surd of the form va 

will be made rational by the multipher ftv'a*"'*; for \/aX \/a*— * 

^ 's/a^^=sa. Also, since the product of the sum and difference of two 
quantities is the difference of their squares (Note p. 32), it follows that 

V a + V 6 will be made rational by the multiplier va + v ft. Again, 

since (a ^ ft) X (o* +06 + ft') = a* Ijl ft*, a surd of the form \/a +vft 

will be made rational by the multiplier va* + v aft 4- \/ft*. Several 
of the exercises in the text may be worked by this method. 
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therefore we have ;/a""* - ;/a"-»& + ^a— V &c. = ^81 
it/90 + /J/100. The actual multiplicatiou is as under : 

multipUer, .J/Sl --4/90 +>yiOO 

given Bxiid, J/9jhJ/lO 

9->y810 + >C/900 

>y8io- .y900 + 10 



rational product, 9 + 10 = 19 

The multiplier might have been more readily found, by 
applying the principle in the Note. 

3 

Eeduce — 7- 7- to a fraction whose denomihator 

^6- ^/2 

shall be rational. 

Here the multiplier is plainly ^^5 + v/2 ; then multi- 
plying both terms by this, we have 

— 3 

What multiplier will make 3* — 4^ rational ? 

The multiplier, found by the general formula, is 27^ + 
36* + 48* + 64*, but by the principle in the Note, we may 
use the two multipliers, 3* + 4* and 3* 4- 4*, in succession. 
In fact, the above multiplier is the product of these two. 
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Reduce 




1. 


3a;' to the form of the 


square root. 


2. 


2a'b 


cube „ 


3. 


-3a „ 


» » 


4. 


a'bi 


nth „ 


5. 


- 2»' 


5th „ 


6. 


3 s/x 


cube „ 


7. 


xja „ 


3d ^ 
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8. -J- i^Sx to the form of the square root 

9. 2 ^Z „ „ 

10. (a — a;)* „ exponent |-. 

11. ai „ „ T^. 



M 



Introduce 

12. The coefficient a under the exponent in the expression o^ 

13. „ 27 „ 27(a + J)« 



14. 



» 



» 



\/a 



» 



» 



4/(4 + 4 



16. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 

26. 



(9a'a!)» 
4;/(8o'+16a') 
^/76 
^/405 
-^147 
v^l62 



Seeolve; simplify; 



( 



cfx — 4aV + 4a^\ * 



26. 

27. (72ic+108^)* 



8 S 

np 



^®- v^ - ?i ; 

29.?? (108a;'")* 

30. (3a«c + 6a5c + 36»c)* 

31. (2ny* - 4»y + 2n)* 

32. {a^hf 

33. (8a)* 

34. (a« + a'&2)* 

35. (2ary + 6ajV)* 

36. Vi 

37. Vf 

38. i>yi 

OQ /A--2a^J-£^\» 

40. 4^« 



41. a* and a* 

42. 2* and 3i 

43. 2a* and 3a* 

44. c? and 6* 

45. 5*and6t 



Eeduce to a common index, 

46. 2 (/3 and 3 V2. 

47. (a + a:)* and (ft - «)* 

48. aT and yn 

49. Vi and ^/f 

50. ax n and 5^ • 
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Ymd the smn or difference, according to the sign. 



51. V45 + V20 

52. 2;/5 + 5v/6 

53. VV + Vi^ + \/A 

54. 80* +125* 

55. >y48± 4/162 

56. 2v/48 + 9^108 

57. 3 X 32i + 5 X 2i 

58. {3a'b)i -^ {27a%)^ 

59. (18a«6«)* + (50a'6»)* 



60. i^i±i^W 

70. ^/{4c5c^) + V(80c») + ^{5a^c). 

71. 2^/i + iv/60 + ^/15 + v/f. 

72. 7V54 + 3;/16+>y2 + ^(128a«a:«). 

73. (16a«6)* + (4a«6)* + (54a»&^ + (a*6)* 

74. (7 ^54 + 3 ^16 + >y2) -« 5 ^128. 

75. 4/192 + .J/81 -4/"^^^5T2. 

76. 25^* + 144^* - 289a^*. 

77. /^V ^ v/(a»& - 4a«6« + 4a5»). 



61. 6(4a«)* + 2(2a)* + (8<^ 

62. >yi92 ± >y24 

63. (9a*a;)* - (4a*a;)* 
64 i>y81 -^4/375 

65. «<8(i«6)* - a(a»6*)* 

66. i<486)i - i(64)^ 

67. 512i-54i 

68. 4/32-2^40 

69. 4/500 ±4/108 



78. 3 ^/6 hy 5 v/a? 

79. 4*by5i^ 

80. 2 4/3 by 4 4^72 

81. a* by a* 

82. 36* by 4ai 

83. i4/ibyf4^i 

84. 2* by 3* by 5* 

85. 3>v/(4+6 ^/2)by5^/2 

86. aJ* + (a + a;)*by(a + a;)* 

87. (a + «)* by (a - a:)* 

88. _by2- 



Multiply 
89. 



90. 
91. 
92. 
93. 
94. 
95. 
96. 

97. 
98. 



5 v/3 by 7 v/f by ^/2. 
4/4: by7 4/6byi.4/5 
a* by a^ 

4 by 2 4/3 by 4/72 
a* by Ja* by ca^ 
(4 + 2^/2)by(2-^/2) 
^4/18 by 54/20 
(l+a;)*by(l-«)* 

aj« by a;« 
(a+6*)*by(c + ^j* 
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99. 
100. 
101. 
102. 

103. 

104. 

105. 
106. 
107. 
108. 
109. 
110. 

111. 
112. 
113. 
114. 
115. 
116. 
117. 
118. 
119. 
120. 
121. 
122. 
123. 

137. 

138. 
139. 
140. 



5-y4-2>yi6by2^2-3v/4. 

af — aa^ + a^x — a;^ by a 4- a^xi + x, 
hja + V6 + \/c by hja -^-^Jh — f^c by ^a + v^c • v/ J 
by ^h^-ts/c — ^/a, 

3 4- v^5 by 2-^/5. 

7 + 2 V6 by 9 - 5 v/6. 

7^/6 + 2^/3 by >/5 + >/6. 

4/(a» -- a?)2 by >y(a^-a^). 

2 ^/8 + 3 ^/5 - 7 >/2 by ^/72 - 5 v/20 - 2 ^/2. 

;/(a + ,/&)by >C/(a-^/6). 

Divide 
^/40 by ^/2 
6 v/54 by 3 ^/2 
4/135 by 4/5 
^4byi^6 
72* by 3* 
fl^ by a? 
v/48 by 2 

(1 - ic^)* by (1 + «)* 

(n^ — rr?)^ by n — m 

(aft* - 6'a;)* by (a - a;)* 

V72 + ^/32-4by^/8 
ai by a* 



124. 5fv/TiT^y*v/i 

125. a* by a* 

126. 64iby2 

127. 44/12by 2v/3 

128. 10>yi08by5^4 

129. ai-a;^ by «*-«* 

130. (^)ny(^)* 

131. ^xn by ^« 

132. a;i by a;i 

133. 10V27 by 2V3 

134. a:! by a; 

M 

135. xn by X 

136. 4 by a/8 



24^iby34/f 

a* _ aV^*)^ - 2(aV)l + 26H by (ai - h\). 

a»jx-\'tj'bx''aijy''ijly\i^ *Jx — ^/y. 

v/6 + 4 v/18 - 3 - 8 v/6 by V3. 

4a« - 9ai-f- 14a- 19ai+ 4ai by a^^-^afi + 3ai- 4. 
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Extract the roots indicatecL — 

141. Square root of 7 + 4 \/3. 
142. 



99 

99 



143. 

144. 

145. 

146. 

147. 

148. 

149. 

150. 

151. 

152. 

153. 

154. Cube root of 

155. 



w 



6 - 2 v^6. 
17-12 >v/2. 

2 + V3. 
f 4->v/2. 
23 + 8 v^7. 
V32 - v/24. 
11 + ^/72. 
94 - 42 V5. 

3 v/5 + ^40. 
v^27 + 2 a/6. 

4 \/3 + 6. 

8 + 2v^2 + 2a/5 + 2v10. 
10 + V108. 

„ 16 + 8v^5. » 

Convert into rational quantities, 

159. a^b + e\/d 

160. 9 + 2v^l0 



99 
99 
» 
» 
99 
99 
99 
99 
99 
99 
99 
99 



156. a + s/h 

157. -5-v/|- 

158. ^/a+ ^b 

Convert into fractions with rational denominators. 



161. 

162. 
163. 
164. 
165. 



1 



v/3 + 2 
1 +a/2 

v/20 + a/12 



& + a/c 
V2 + 3 v/i 



166 
167. 






s/b 



\/(l-flj) + 



168. 



\/(l + ar) 



1 + 



jgg \/(a; + g) + ^(j; - a) 
V(a? + a) — V(» — a) 

170. Shewthat ^^^(^ + ^) = g -f g? + V(aa; + a?^. 

\/(a + a?) — V ic 
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XL IMAGINARy QUANTITIES. 

118. The even roots of negative quantities, as has been 
already remarked in Art 96, are not assignable hj any pro- 
cess of Evolution; and, hence, expressions involving such 
roots have been called imaginary or impossible quantities. 
In certain cases, however, a real value can be assigned to 
them, but not by ordinary Evolution. 

119. Since (Art. 95) the square root of a product equals 
the product of the square roots of its factors, and since — a^ 

= a* X - 1, it follows that ^Z — a* = \/a' x \/— l=a\/--l; 
so also v^ — 6= \/&X\/— 1 and ij — ct = a^/ — 1, &c. ; 
and thus any imaginary quantity may be resolved into two 
factors, one a real quantity, and the other the imaginary 
expression \/ — 1. Further, from the nature of powers and 
roots it is plain that the square of \/ — 1 is — 1, or that \/.— 1 

X iv/ — 1 = — 1. Attention to this principle, and to the above 
mode of notation, will render all the algebraic operations 
with imaginary quantities very easily performed. 



Thus, the sum of a + 36 v--l and a — 2& \/ — 1 is ^a 
^hij — 1 ; and the product of atj --h by csj ^ d is 
a \/& V — 1 X c ts/d^/— 1 = ac s/hd x — 1 = — oc sihd. Also 

to divide aJ—\ by 6 V — 1, we have :; — === = t* These 

two latter results are real, the imaginary quantities having 
disappeared. The same occurs frequently in operating with 
these quantities ; as in the following example, which is 
besides otherwise interesting. 

Let it be required to multiply a + ft V — 1 bya— &\/— 1. 
The work is as follows : — 
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a + by/^n. 
a - bj^^l 
ff + aby/'^ 

Hence, conyeiselj, it appeals that we can resolve a liino- 
mial whose terms are positiYe into two componnd £EK!tor8, 
which are the sum and difference of a real and an imaginaiy 
quantity. Thus, since 16a* + 9aj* = IGflt' - 9a? x - 1 = 9a:' 
— IGo* X — 1 ; and since the square roots of the terms are 4a 

and 3ar V — 1, the fsictors of the given binomial will he 
4a + 3ar V — 1> and 4a — 3a; V — 1, or 3a; + 4a \/ — 1, and 
3a; ^ 4a V ~ 1* Such expressions as these, which differ only 
in the sign of the coefficient of fj^— \\ are called conjugate. 

1 20. In order to determine the sign of the product of any 
number of imaginary quantities it is not sufficient that we 
know merely the signs which are prefixed to these quantities ; 

it is essential that we know also how often V — 1 is involved ; 
and hence it is of importance to determine the successive 

powers of this expression. Now ( V — 1 )* = 1 (Art 84), 
(./3'iy= -v/^i, (v^"31 )« = -!; therefore (>v/3T)'=: 

-.lx^/^^l--^/^(^/^y = -l x - 1 = 1 ; and in 
the same manner we have, 



1. (/-2 )" = [( V -i)T = 1" - 1- 

3. (>/^ri )*•+« = ( V-irx(v/3l )' = _!. 



4. (,/n)*'+' = (>7^1)*' + 'x V-l=-V-l. 



It is plain that all the powers oi >J —laxei comprehended 
in these four forms, since n being a whole number or zero, 
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all positive integers are of one or other of the forms 4cnj 
4w + 1, 4» + 2, in + 3. Thus, 



if « = these forms are the 0th, 1st, 2d, 3d, powers of \/ — li 
„ « = 1 „ 4th, 5th, 6th, 7th „ 

„ w = 2 „ 8th, 9th, 10th, 11th, „ 

„ n = 3 „ 12th, 13th, 14th, 15th, &c. 

Hence, 

the 0th, 4th, 8th, 12th, 4wth powers of \/— 1 are each 1, 

„ 1st, 5th, 9th, 13th {in + l)th „ \/^ 

„ 2nd, 6th, 10th, 14th(4n+ 2)th „ - 1, 

„ 3rd, 7th, 11th, 15th(4w+3)th „ -x/"^, 

and so on of the others.* 

EXEBGISES. 



1. Find the sum and difference of a -f & V^ — 1 and 
a — &/v/— 1. 

2. Add together a + 6\/ — 1 and c + d\/^ 1. 

3. From 4a + 2&>v/"^ subtract 3a + 46v'"-^- 

4. Multiply v^"^' by ^Z"^. 

5. Multiply fj — xhj »J —y* 



6. Multiply a\/ — 1 by — hsf — 1. 

7. Find the 3rd and 4th powers of a a/— 1. 

* The same may, perhaps, be more easily found by actual multipli- 
cation, after the first four powers are known. Thus, the fifth power is 

V — 1, being the product of the 4th, 1, by the 1st, V — 1 ; the 6th is 
— 1, the product of the 4th, 1, by the 2nd, — 1 ; also multiplying the 

3d power, — v — 1, by the 4th power, 1, we find for the 7th — V — 1 ; 
multiplying the 4th power by itself we find 1 for the 8th ; the 6th power 



— 1, multiplied by the 4th produces v — 1 for the 9th, and so on 
for the 10th, 11th, and all higher powers. 
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8. Eesolye 2 or 1 + 1 into imagiiiaiy fiactors. 

9. Multiply 2^/"^ by 3^/^. 



10. Find the 3d power of a + ft\/— 1. 



11. Multiply a ±6^/-l by c±£?\/^-l. 

12. Eesolye 25a* + 16b' into imaginary factors. See 

Note, p. 32. 

13. Find the sum and difference of the fractions 

> f , : and also of 

a^h^/^^' a + *v^-l 

==. 9 » 

a--&\/— 1 a+6\/— 1 

14. Eesolye a + h into imaginary factor& 

16. Find the cube of -•i- + iv/"^;and-|--iv^ir3r 
16. Diyide ^J^ by 2^/^^. 



17. Simplify the fraction T=^' 

1 "- V "" 1 

18. Eesolve 100 into imaginary factora 

19. Find the continued product of a? + a, a;4-a\/— 1> 

X'-a, and a — a/y/ — 1. 

«^ «, , a + &v/"^ a*-&'+2a&^A^l 

20. Shew that ; — 7== = g , , « • 

21. Of what number are 24 + 7 \/"^, and 24 - 7 \/'^ 
the imaginary factors ? 



22. Diyide 3->/- 2 by 2 + 3>/^. 

23. Multiply e^'^"^ by 6*^^-^- 

24. Eaise e'*'^"" ^ to the nth power. 



25. Of what number are 20 + 15 ^/- land 20-15 ^/-l 
the imaginary feu^tors ? 
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XIL SIMPLE EQUATIONS 

WITH ONE UNKNOWN QUANTITY. 

121. A statement of equality "between two expressions, 
is called an eqiiation; and the expressions are called the 
members or sides of the equation ; thus, 4tb -{■ d = 2a — c is 
an equation, and its sides or members are 45 + ^ and 2a — c. 

122. The chief use of an equation is to enable us to 
express one quantity in terms of others. Hence, if one of 
the quantities in an eqaation be unknown, and the others 
known, by expressing the former in terms of the latter, its 
value is determined. It is customary to denote unknown 
quantities by the last letters of the alphabet ; while known 
quantities, if not expressed in numbers, are denoted by the 
first letters of the alphabet. 

123. A simple equation, or an equation of the Jirst 
degree, is one which contains the first power only of the 
unknown quantity. 

124. Any term may he transposed from one side of an 
equation to the other, if its sign he changed at the same^ time. 

Let x-\-a = h, then a; = 5 — a ; for this is nothing eilse 
than subtracting a from both sides (Art 28). 

Again, let ic — a = 5, then x = h'\-a) for this is nothing 
else than adding a to both sides (Art 27). 

125. An equation may he cleared of fractionSy by mvlti- 
plying all the terms hy the least common multiple of the de- 
nominators (Art 63).* 

* This may also be effected, but not so readily, by multiplying all 
the terms either by each denominator in snccession, by the prodact of 
all the denominators, or by a^v common multiple of them. 
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For, by this means, each numerator is rendered divisible 
by the denominator, (Arts. 46, 48, 54), and (Art 29) the 
two sides are still equal to one another. {8ee Example 4, 

Art 76). Thus, to free the equation, - + -. + - = 1, from 

fractions, multiply each term by 12, the least common 
multiple of the denominators ; then we have 6a; + 4a; + 3:e = 
12, in which the terms are integraL 

126. An equation may he cleared of swrds, by trauBposing 
(Art. 124) the termSy so tJiat each surdy in succession, may 
occupy one side, and the remaining terms the other side, and 
then raising each side to a power corresponding to the index 
of the surd. 

For (Arts. 87, 31) the surds will be made to disappear 
successively, and each result will still be an equation. Thus, 
let ;y{a + a;) + 6 = c ; 

then, by transposition (Art 124), JJ/(a + a;) = c — & ; 

and, by involution, a + « = (c — 5)**, 

which IB free from irrational terms. If there are more surds 
than one, the process must be repeated. ^ 

127. To solve a simple equation. (1) Clear the equation 

of fractions and surds ; * (2) transpose the hnoion terms to 

one side, and the unknown terms to the other, incorporating 

Uhe quantities ; (3) and divide both members (Art. 30) by the 
coefficient of the unknown quantity. 

* That is, of course, when the unknown quantity is contained in the 
fraction or surd. Before commencing the solution, we may sometimes 
simplify an equation, by transposing and incorporating like terms, or by 
division (Art. 30). 



EXAMPLES. 139 

EXAMPLES. 

1. Given 4 — 9a; = 14 — llaj to find the value of as. 

Transposing (part 2 of the Eule, and Art 124), we have 

11a; -9a; =14- 4; 

and collecting the terms, 2a; = 10 ; 

therefore^ by division (part 3), a; = 5, the required value. 

To verify this value of a;, put 5 for a; in the given equa- 
tion, and it becomes 4 — 45 = 14 — 55 ; 
that is, - 41 = - 41 ; 

or, 41 = 41, 

by changing both signs (Art 124), or dividing both sides 
by-1. 

When the two sides thus become identical, the value 
found for the unknown is said to be that which satisfies the 
equation, or for which the equation Jwlds true* 

2. Given, 3ar^ + 4a; - ^ - 46a; + 2ar^ = 0, to find the 

value of OS. 

Here, simplifying before clearing of fractions (Note to the 
Rule), and multiplying both terms by 3, we easily find a; = 9. 

op,. 23^ + 3 11 . , 

3. Given, / _o = -q-» re<li^ii^<i V- 

This equation may be easily solved, by taking the sum 
and difference of the terms, and dividing the former of these 

by the latter. We thus find -J- = — , and therefore y = 1 5. 

* It is of great use to employ this test frequently, in the solution of 
equations. Thus, in the above example, if we had forgotten to change 
the sign of 4, in transposing it to the right side, we should have had 
lias — 9a;ssl8, or 2ar=al8, and x^^9\ and, in attempting to verify 
this, we should have found 4 — 81 = 14 — 99, or 77 = 85, an impossi- 
bility ; which proves that 9 is not the true value of x. 
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4. Given,^:l«^::7:4.tofind* 

Since, in a proportion, fhe product of the means is eqnal 
to the product of the extremes (Eua YL 16), it follows that 

?£±ix4-li:if x7 

whence, we easily find x = 2. 

« ^. 4aj + 3 . 7a;-29 8a; +19 . , 

5. Given,-^+^— ^ = -j^;reqmreda. 

Here we multiply both sides by 18, cancel 8a^ transpose 
6, multiply by 5a;— 12, transpose and divide, and at last 
we find a; = 6. 

6. Given, — ^ ^^ = 10 ; find x. 

Here, in clearing of fractions it is to be carefully observed 
that the signs of the third and fourth terms are both changed 
in virtue of the minuB preceding ; we thus get 9a; -» 3 — 4aj 
+ 8 = 60, anda;=ll. 

7. Given, 3-25a;-5 •007-a;=-2--34a^ 
By transposition, we have 

3 •25a;-a; + -34a; = 6 '207; 
that is, a<3-25-l + -34) = 5 -207; 

whence, 2 • 59a; = 5 '207 

, 5 -207 o AiA>i 

and a: = _____ =2 -0104 . . . 

2-59 

8. Given, aa;-^'-^^-ay = 5a;+^^^-^^'-^-^^-^ 

a 2a 4t 

Here, 4a is the L. C. M. of the denominators : multiply, 
^g ^7 ^% transposing and adding, 
we obtain a<4a' - Sab) = 4a*6* - 1 Oa* ; 



and by division and reduction x = 
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4aZ>'-10a 



4a~36 • 



9. Given, —. = c + — : required the value 

oix. 

In this case, before squaring, the equation may be sim- 
plified. The numerator of the first term is divisible by the 
denominator. Performing the division there is obtained 

By transposition and reduction to a common denominator 

.,. , dJax — V) Jax — h 
tms becomes -^^ '- — -^ = c ; 

c c 

whence, separating the factors, ( njax — &) =• c. 

c 

Dividing by the known coefficient, and then transposing 

6, we obtain ijax = 2> H =- ; 

c — 1 

squaring both sides, and dividing by a, there results 

10. Given \/a + i^x = >yaa;, to find the value of x. 
Transposing ^/a;, and resolving the right member into 

its fectors, we have s/a = 'y/x{s/<^ "" 1 ) > whence, by divi- 
sion and involution, x = r—. ---r, 

(v«-l) 

11. Given, -^ — .; ~ ; = -, required x, 

V a — v(a — X) a 

Employing the same artifice as is used in Ex. 3, we shall 

, f a 1 -fa 

have V = :; . 

a — x 1 — a 
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Squaring this, inverting the terms, and transposing, irs 

... X , 1 — 2a + a* 4a 

obtain — = 1 — 



a 1 -f 2a + a' (1 + a/' 



, 4a* / 2a \* 



The solution will not^ in general, be simplified by the 
use of this artifice^ unless when the unknown occurs only on 
one side. 



12. Given, 1 + - = ^ /-, +'s/(4-2 + -?i ^ ^^ the 
X a \ a \ax x j 

value of iR 

Squaring both sides, and cancelling equal terms, we find 

Q? ax Sj \aV a?V 

Multiply the left member by «, and the right by its 
equal, s/^^ and there will be obtained. 



X a \ \a* a:V ^ 



1^4.4 4^9 
squarmg, 4-— + - = + 

X ax a a x 

1 2 

Hence, _ = _ and x = 2a. 

a X 

1 3. Given, i/{a + a;) + i/{a •-x) = h; required x. 

Since (a + hf = a' + 6* + 3a6(a + h) (Art. 87), we have 
in this case, 

a + a: + a-a;+3 \/{a* -^-i v^a + a; + i/a-x) = Vi 
but s/a + a; + Va — x = J, 

therefore 2a + Zh >{/(a' - o?) = h\ 

and 354/(a*-a;*) = J'-2a; 
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by division, involution, and transposition, 



therefore, 



X 






14. Let (3 + y)n = (10 4- 2/""^, to find y. 
Eaising both members to the 2wth power will give 

(3 + yy = 10+/; 
whence, ^ = i-- 



(2 X 

,? ,x I j required 
rf(aj + 6)/ 



X. 



Involving both members to the 4th power, and clearing 
of fractions, we find (a* + c)t . d{x + 6) = a* + c 

Dividing both terms by a* + c, that is, by \/(a* + cf, we 
find >y(a' 4- c) . rf(ar + &) = 1 : 

hence, x = -r— .-r;-« r — b. 



d^{a' + c) 



EXERCISEa 



I. Numerical Equations, 



1. a: + 4 = 7 

2. a;-6 = l 

3. 2 + iB-3 + 7 = 10 

4. aj - 2 = =fc 8. 

5. y-* = i 

6. 3^+4 = 2^+10 

7. 5^-15 = 23^-6 

8. »+ 15 = 35 -3a; 

9. 19a;+13 = 59-4» 
10. 2-7 = ±5 



-3 



11. 2 + 4 = ±10 

12. 4i; + 26 = 69 -7f; 

13. llt;-14 = 9v-8 

14. 8aj + 12 = 5a; + 30 

15. a;+ 18 = 3a;-5 

16. 2a;- 1 = 5a; -19 

17. 5a; +12 = 2a; + 21 
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19. 
20. 
21. 
22. 

23. 

24. 
25. 
26. 
27. 

28. 

38. 

89. 
40. 
41. 
42. 
43. 

44. 
45. 
46. 
47. 



37 M/ 37 j^ X m 

2~3~4 6" 



5 

??-?4.?-44 = 
5 6 2 

? + 6a7 = li:i^ 
3 5 

-+ --- = 14 
2 3 4 

= ll-5'-4+?? 
10 



5a;-7 2a?4-7 



= 3a;-14 



29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. 
37. 



lO+a? 4a; -9 
x+1 «+ 4 



= 14:5 



2 3 

2a; +2 a; +4 

3 "T" 

a; + 3 



= 1 



+ 3=*- 



+ S = 5 
X" 5 



5 



a? aj + 1 4(a; + 1) 
6a; +7 2a?- 2 2aj+l 



15 7a:- 6 
6a;+13 3a; + 5 



5 
^2x 

15 5x-26 5 
9a? 4- 20 4a;- 12^^ 

4 
6 



36 
2 



5a; — 4 
1 



^X'-Q a? - 3 3a; - 1 



X _^x __a; , 4 _ 3 
2 3 4 3"4 

a; + 4 5--_2 _7 
~3~"^~"2 ^ 

4 + a?-5-2a?4-2 = 5-2a;+6. 

3a; + 6-a: + 3 = 16 4-iB-4. 

7-3a; + 8 + a;=12-3a; + 8. 

-(8 4- 11 a;) = - (18 + 13a;). 

-(10 -9a;) = -(16 -7a;). 

5(5aj - 6) - 4(4a; - 5) + 3(3a; - 2) - 2a; - 1 6 = 0, 

« . 2a;4-6 ^ . lla;-37 
3a; + — - — = + 



12a; -2 18 - 4a; 



6 



3 



= a; + 2. 



K«-^)-KI-')=* 
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48. 



3 4 2( 2 i 3 r 
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S- 



{x-l)(x-2) -) 
X )• 



'49. 
60. 
51. 

I 

52, 
63. 
54. 
55. 
56. 

57. 

58. 
59. 

60. 



7a; +5 9a; -1 

23 "TF" ~J 

25 - ^a; 16a;+H ^ 



a;-9 2a-3__ 



23 



15 

+ 5. 



= 23J. 



x+ I ^3a;+2 x+l 
a?_ i(2a; -3) -:K3a;- 1) ^3 a;' + 2 
2 K^ - 1) 2 ' 3a; - 2* 

2a; + 3j ^_ 13a; --22 , a; _ 7a; a;-f 16 



3a;--Kl+a;) 
4 



36 



17a; -32 3 12 

_L_+ JL_= 37 

a; + 2 a; +3 (a; + 2)(a; + 3)' 

18a;- 19 11a; -f 21 ^ 9a; +15 

28 6a; +14 14 

8a; + 5 7a; -3 __ 16a; + 15 2|- 

14 6a; + 2 28 7'. 

a;— 1 a; — 2 x-5 a; — 6 



a; - 6 a; - 7* 



a;— 2 a; — 3 x — o x- t 

• 15a; + • 2 - • 875a; + • 375 = • 0625a; - 1. 

9a;-8.a; + -2,2 ^ 

l-2a;-'^^^"'Q^ = '4a; + 8'9. 



61. bx = a 



IL Literal Equations, 



62. f^ = 4df 
b 

63 ay-'h^'by^c 



64. 6a;-6a=3c- 2a-4» 
66'. dX'-^ac'^Zbc^x 

66. l + i=c 
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67. !i±f-5-^ = 0. 

X X 

68. 62»+aa;-l = 6 + 7a;+3& 

69. a;4- — x '\- — x = t 



70. 



a 



+ 



a 



= & 



71. ?^ + ^ + ? = /i 
a 6 c 

72. f +^+^-^ 

b d / 

73. a - fta;"' = J + tw;""' 



^A 



74. 



a 



+ 



a 



6+ a; & —a? 



1 -\- X ' 1 —x 

75. 45-3^:5^ + 7 = 4c?y-ay+ 6 + 5J. 

76. ^b+^ac-'i€x = iac+ 2ab'' 6cx. 

"■l(-l)-K^-!)-j(^-|)-«- 

-Qoa; — J.a Ja; bx — a 

t o, + — = — . 

4^32 3 



= c 



79. (a + x) (b + x) -^ a{b-\- c) = ^ + x\ 

Q^ X — a,x — b^x — c x — (a -^ b + c) 

eU. ; — + i = i — ', 

b c a abc 

81. 6a; + a : 4a; + 5 = 3a; — 6 : 2a; — a. 

82. a;4-l :»-l :: a+26 : a- 3b. 

a%^ . (2a + b)b*x __ 



83. -?^ + 



:.+ 



a 4- 6 (a 4- i>)* «(a + «»)' 
oa; aa; ya; to 



Sea; + — . 
a 



III Equations with mrds. 



^5, is/x = a 

86. \/(a;+6) = 3 

87. ^/aJ-7=-3 

88. ^y+5f = ll 

89. ^(y+4) = 5 

90. (3y-5)i*(7-y)* 
01. \/(aj + a) sr %/» + a 



92. >v/ (a; + 5) + 3 = 8 - y dg 

93. Vl+v^(3+x/6i) = 2 

94. (12 + a;)*=2 + a* 

95. 4/(11 +x/5a:)- 3 «=0 

96. ^(a; — a)= ^/a? — i^/a 
gy X'-ax ^ ^x 

»Jx X 
98. v^(a + a?) + x/(a-a?)--A 



EXERCISES. 



147 



99.(7 + .)*+^ = ^ 

00. s/{a + ic) + V- = \/a? 

X 

01. (aj*-5*)i = (a-a;)* 



102 ^^+v^^ - ^^+ '^^^ 

\/aaj — & __ Voi — 2& 

\lax + 3& \/aa;+ 56 
aj* 4- &* a 



103. 
104. 



a^-6* 6 



10 



05. ^(aa; + &) = v^(ca; + rf). 

06. ^/(a;+2)x^/5 = ^/5» + 2. 

07. V(2 + .) + s/a, = -^^. 

08. -^'{-l+.^(V7a;+2)} = l. 

09. /^-Z^ + a; - a = 2» 
V a — « 

'. V [11 + ^- 13 - V20 + 4^(3a! + 25)] = 3 
n. (. + a^)*-(.-a^)» = f(-|^)*. 

12. 3ar-16^^^^3^-4 
>v/3a; + 4 a 

13. {a-\- xf + {a- xf = Z{a^ ^xy. 

14. (a + a;)» = (a;" + 5aaj + 5')^\ 

15. >y(H-ir) + >y(l-a;) = 4^2. 
^(a.+ l)-.^(x-l) 1 

^^- ^(a:+l) + 4^(a:-l)"2* 

1 7 g + a: + >y(2aa; + a;*) _ , , 
a + a; — v (2aaj + a; ) 

18. v^(l-a;) + x/(l-aj + ^TT^)=^x/(l4.A 

19. x/(l + a)' + (1 - a)a; + x/^T-a)' + (1 + a)aj = 2* 

20. (a*-a;')* + a<a'-l)i = a'(l-x')i. 

21. y_L.+ ^_l.=:4/.^ 



a + a5 



a — a: 



a* — a; 
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123. ^{ia + x) = 2^{h + x)'-^/x.* 



XIIL SIMULTAOTIOUS EQUATIONS OF THE 

FIKST DEGEEK 

128. When^ in the expression for one unknown quantity, 
another unknown quantity occurs, it is plain (Art. 122) that 
the value of the former cannot be determined unless that of 
the latter be known. Thus, the equation ax + by=^c being 

solved with respect to x, gives x = — — ^ : where, since a, b, c, 

a 

denote known quantities, x will depend for its value upon y ; 

so that, whatever value is assigned to y, x will assume a 

corresponding value. 

Again, if the equation be solved with respect to y, it will 

f 

c ^ dX 

give y = — - — ; and y being expressed in terms of as, it will 



be dependent upon it, and may have an unlimited number of 
values, corresponding to those assigned to a;. It is plain, 
therefore, that other conditions must be given, in order to 

* Nnmerical equations of sncb general fonns as Ex. 69, 71, 72, 84, 
may readily be solved by substituting particular numbers for the letters, 
in the value of x : thus, if the equation 

^ + 7|^ + l^_36g_o, be given, 

we have by substitution in Ex. 72, 
y ^ (366 + 0) X 360 __ 366 X 860 _ 366 X 20 X 18 _ 366 X 20 __ 
270 + 168+660"* . 1098 "" 61X18 "* 61 "" 
e X 20 « 120. 

^'«'' f + :S +15 +i -87 -Ogives, by Ex. 84. 
y_ 1302 + 1221 __ 2523 ^29 
"* 280 X 87 24360 280* 
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enable us to determine the value of either unknown, and 
consequently that of the other : such conditions are given by 
other equations, which hold true simultaneously with the 
given one, and are hence called simultaneous equations. 

To illustrate this, let us take the equation 

a;4-y=12. 

Here, the only condition laid down is, that the sum of 
the two unknowns must be 12 ; and it is obvious that the 
equation can be satisfied by a great many numbers ; 

If a;=5, y = 7 Ifa?=16, y = -4 

x = 2, y=10 a; = -3, y=15 

a? = 31, y = 8i a; = 8, y = 4 

a? = 2i, y = 9J x=Uf, y = -2f 

&c. &C. 

Let us now introduce another condition, namely, that 

the difference of the same unknown quantities must be 4, or 

that 

a? — y = 4 : 

then X and y become at once determinate, and are respectively 

8 and 4. If the equation a; — y = 4 be considered by itself, 

there is an infinite variety of numbers which would satisfy it 

Thus, 

Ifa; = 20, y = 16 na? = -3, y = -7 

a; = 7, y = 3 a; = - i|.^ y = _ 5^ 

« = i» y^-H « = 8, y = ^ 

&c. &c. 

Among all the above solutions, there is only one, namely 
0? s 8, 2^ 3= 4, which satisfies both equations at once. 

129. When each equation contains a separate condition, 
not fulfilled by another equation, nor derivable &om it, the 
equations are called independent. Thus the equations 
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are independent of one another, as they involve separate 
conditions : the equation 2a; + 2y = 24 does not involve any 
new condition, separate from that given hj x + y=^ 12, and 
is not therefore independent of it 

In like manner, in the following equations, 

« + 2^-32=15 
Sx — Ay + z= 6 
4a. - 2y - 2;s = 20 

the first and second involve separate conditions, hut the 
third is the sum of the other two ; it contains therefore no 
new condition : it is not independent, and consequently is of 
no use in determining the values of the unknown quantities. 
From this we may conclude, that in order to determine 
the values of unknown quantities, tTiere must he as many 
conditions as there are unknoim quantities^ and therefore as 
many equations as there are unknown quantities* 

130. From the principles which have heen abeady stated 
(Art. 128), it will appear that in order to determine the value 
of each of these unknown quantities, we must ohtain in 
some way a single equation in which one only of the 
quantities shall he present ; the unknown will then he 

* If the independent eqnations be fewer in nnmber than the un- 
known quantities, there are too few conditions ; and if they are more 
numerous, they may give conditions which are impossible, or incongruous, 
that is inconsistent with one another ; and, when differently combined, 
may give different values of the unknown ; or, though they should not 
happen to give such conditions, they are not required for the solution, 
and are therefore useless. 

In a series of connected equations, it is not necessary that each 
equation should contain all the unknown quantities which are to be 
determined : but merely that each equation of the series should give a 
separate condition. / 
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expressed in terms of known quantities (Art. 122), and thus 
its value will be ascertained. For this purpose recourse is 
had to various artifices, by means of which, from the series 
of given equations, other equations are deduced, in conformity 
with the established axioms and processes of Algebra, until a 
single equation is found containing but one unknown quantity, 
the rest being made to disappear. Unknowns which are in 
this way excluded, are said to be eliminated. Thus, taking 
our former example, aj + y = 12, a; — y = 4, we see that 
the application of Axiom 1, Art 27, will give us 2a; = 16, 
an equation which does not contain y ; so that y is eliminated, 
and we find that a; = 8. Again, if we apply the second 
Axiom, Art. 28, a; will be eliminated, and we shall have 
2y = 8 ; whence y = 4 ; the values of the unknowns being 
thus 8 and 4, as already found. But these values may be 
otherwise deduced. Since, by our supposition, z stands for 
the same quantity in both equations, find two expressions 
for a?, and put these equal to one another. In this way we 
have 12— y = 4 + y; x is eliminated, and we readily find 
4 = y. K"ow, since a; +y =12, andy = 4, we have a? + 4 = 12, 
and a? = 8. The value of x is thus found by substitution j 
and this may plainly be made in either equation. 

The analytical artifices, to which reference has been made 
above, are embraced in four methods of solution, applied to 
simultaneous equations of the first degree. * Two of these 
have been just illustrated in the simplest cases. We shall 
state the four methods in order, as applied to equations con- 
taining two unknown quantities, and illustrate each by an 
example. It is usual to denote the equations of a series by 
numbers, for the sake of convenience of reference in conducting 
the solution. 

First method j If the coejfficients of one of the urQenown 
gtumtiiies be 7u>t the same in both equations, multiply or divide 
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by such nurnhera as wiU render those coefficients the same ; 
destroy the terms thus rendered identical hy adding or svh- 
tracUng the equations, anc( one of the unknown quantities vnU 
be diminated; the resulting equation will give the value of 
the other unknown; the takte of thai which has been eliminated 
will be found by substitution^ or by repeating a similar process 
on the given equations. 

Let the equations be, 

5a: + 7y = 201 (1), 

8a? -3^ = 137 (2). 

To eliminate y, multiply each equation by the coefficient 
of ^ in the other, and there will be obtained 

15j?+ 21^ = 603, 

56a; -21^ = 959; 
adding 71a; =1562, 

whence x = 22. 

But, jfrom equation (2) y = — ^^ — ; 

3 

and by substitution, y= "^ =13. 

3 

To eliminate a;, we should multiply (1) bjf 8 and (2) by 
5, and subtract; this would give y = 13, as before. 

131. Second method ; Find an expression for either of 
the unknown qtumtities from both equations, equate the expres- 
sions thus found (Euc. Ax. 1), and from tJie resutting equation 
find the value of the unknown which it contains; the value of 
the other unknown will be found by substitution. 

Taking l^e same two equations, we have 

from(l) a; = ^Q^-^y 

5 

from (2) a, = i!I±ly 

^ ^ 8 
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Now X denotes the same number in both, therefore (£uc. 
1), 201-7y ^ l37 + 3y 

5 8~^ 

an equation from which x is eliminated, and which gives 
y = 13y and hence x = 22. 

132. Third method ; Find an ea^ession for either of the 
unknown quantities in one of the equations, and substitute this 
expression for that urUmovm in the other equation; from the 
resulting equation find the value of the unknown quantity which 
it contains, and the value of the other will he determined by 
substitution* 

Taking again the same equations, we have from (1) 

_201-.7y 
X g , 

and substituting this expression in place of a; in (2), we have 

1608-56y_3^^^3y. 
5 

whence y = 13, and therefore x = 22, as before. 

Given x + y==a (1), 

x'^y'^b (2). 

Here, firom (1) x=^a'-yy 

which being put in (2) gives (a — y)' --y^ = b, 
or of'-2ay + y^-if=^b', 

whence y = 



then, by substitution, a; = a — 



2a ' 
a^-b a* + b 
2a " 2a ' 



133. Fourth method; Multiply one of the equations by 
any assumed quantity; from the product subtract the other 
equation, and, in the result, assign such values to the assumed 
quanUty as wUl make first one, and then the other ^ unknown 
quantity vanish. 
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Given 2a; + 3y = 23 (1), 

5a; -2y = 10 (2). 

Multiplying the terms of (1) by an assumed quantity, m, 
we have 2mx + 3my = 23m; 

from this take 5x^2y = 10, 

and there remains (2m — 6)x + (3m + 2)y = 23m — 10. 

# 

NoWf m being arbitrary, we may take it such that x shall 
vanish : we may therefore put 2m — 5 = 0; whence, 2m = 5, 
and m^2^: we shall therefore have 

(5 - S)x + (3 X 2^ + 2)y = 23 x 2^ - 10 ; 
whence 9 Jy = 47^, and y = 5. 

Again, to make y disappear &om the same equation, we 
must have 3m + 2 = 0; therefore 171 = — ^: hence, 

(_^_5)a; = - y -10, anda; = 4. 

134. With respect to the comparative advantages of these 
different methods, it may be observed that the first is in ge- 
neral the most convenient : the second and third almost 
always give rise to fractions, &om which the reduced equation 
must be afterwards cleared. In the first method, also, the 
addition and subtraction can be performed, when the coeffi- 
cients are not large numbers, at the same time with the mul- 
tipUcation or division, which shortens the process consider- 
ably. The fourth method will often be found the most ex- 
peditious. 

135. The same methods are applicable if there be three 
equations and three unknown quantities. Eliminate, by the 
preceding methods, one unknoum qmntity from two of the 
equations ; and then the same uvknovm from the third equa- 
tion, and either of the other two ; and from the two resulting 
equations, find the values of the two unknown quantities which 
they contain. 
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Given 5a;— 6y4-42=15 (1) 

7a;+4y-32=19 (2) 

2x+ y + 62 = 46 (3) 

Here z will be most easily eliminated : to effect this, mul- 
tiply (1) by 3, (2) by 4, add the results, and there is obtained 

43a;-2y = 121 (4) 

Again, doubling (2), and adding the result to (3), we find 

16a;+9y = 84 (5). 

Solving (4) and (5) by any of the preceding Eules we find 

a; = 3,y = 4; 
and hence, by substitution in (3), 2 = 6. 

136. The following general method, called the method of 
indeterminate multipliers, may be employed with advantage 
in some cases. The objiBct is to deduce formulaa to be used 
in particular cases by substituting numbers for the letters. 
MvlUjply two of the equations by any two assumed quantities ; 
from tTiese products subtract the remaining ^equation ; in the 
resuUj assign successively such values to the assumed quan- 
tities as will make two of the unknowns vanish at once ; in 
the exjpressions for the unhnawn quantities^ deduced from the 
three equations thus found, substitute the values of the assumed 
quantities, determined from the condition that the coefficients 
must vanish ; and the values of the unknowns will be exhibited 
in known terms. 

Given ax + by -\' cz = d (1) 

a'x -yVy •\-cz = d' (2) 

d'x + b"y 4- c'z = d" (3) 

Multiply the first by any assumed quantity, m : the second 
by any other quantity, n :* then adding the results, and sub- 
tracting the third equation, we find 

{am -f an - a'')x + {bm + Vn - b")y + (cm -f c'n - c")« = 
dm + d'n - <i\ (4) 
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Since m and n are arbitrary, they may be taken of such 
value that x and y shall vanish from this equation. Now 
in ord^ that this may take place, their coefficients must 
become zero ; that is, we must have, 

am -\- an=-a" (5) 

hm^-Hn^lf' (6> 

On this hypothesis, equation (4) will become 
{cm + en — c")z = dm + d!n — d!'\ 
dm 4- a 71 — a 



whence, z = 



cm-Vcn^c 



From equations (5) and (6) m and n can be readily 
determined by any of the preceding Eules : these values are 

a -- ab 



m- 



n = 



ah' — db 

ah" — a"b 
ab' — ah 



By substituling these values for m and n in that of z^ and 
then reducing, the latter becomes 

_ d{h'd' - dh") + dl(a}}' - W) ^ a\db' - hd) 
^ dfi'd' ^dh'')+c\db" ^hd')^c'\aV'-hd) 
Again, to make x and z vanish, we must have 

am + dn = d% 
cm -h cfi = 6 . 

On this supposition we find, from equation (4), 
{bm + h'n — b'')y = dm + cZ n — ei" j 
1 dm + a 71 — a 

the values of m and 72^ in this case, are 

a c —ac ^ ac --a c 



m = — s ;— • n = 



/ ft" / f 
ac ^ac ac —ac 



Substituting these as before in the value of y, and reduc- 
ing the compound fraction, that value becomes 
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_ ef(c V — a V) 4- ^(«c" — ca') — d'\ac — ca) 

y -1/ / // / //\ I iTT J} 77\ 7/// 7 7\* 

6(<5 a — a c ) + (ac — ca ) — o (ac — ca ) 

Lastly, to make y and ar disappear^ we require the con- 
ditions, 5m + &'» = h", cm-^-cn^ c\ 

Proceeding as before, we shall find 

dm + an — d 
awi + a » — a 

and by substitution of the values which m and n have in 
this case 

''^ a(cT - & V ) + a\hc'' - eft") - a"( &c' - eft')' 

137. These three formulae may be put under more sym- 
metrical forms, by performing the actual multiplications, 
arranging the terms with respect to the accents upon a, and 
80 as to make the terms alternately positive and negative, 
and by changing all the signs in the numerator and denomi- 
nator Of the values of x and z, which will not alter those 
values : the forms thus deduced are 



// 



_ c?6'c" — del/' -f- cd%'' — 6dV' + hcd" — cHd 
abc — aoo + cab —oac -\- oca ^coa 
_ ad'c' — acd!' + ca'c?" — ddc" + dca" — cd'd' 

y 7 / // 7777 ; 7777 7 7~77 j 7 / // 7 / // • 

a6 c — aco + cab --bac -\- bca — cba 
ab'd"-- ad!b" -H dab" - bad'' + bd'd' - db'd' 
a6c —acb +cab —bac -\-bca --cba 



z = 



Given 7x+6y + 2z = 79 .... (1) 

8a;+ 7^+92 = 122 .... (2) 

« + 4^+ 52 = 55 .... (3) 
to find osy yy z. 

Comparing these with the three general equations at the 
beginning of the last Art., we perceive that in this case 
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a = 7, b = 5, c = 2, d=70; 
a' = 8, y = 7, c' = 9, d'=122; 

Substituting these numbeis in the general foriualas, and 
actually multiplying, we have 

_ 2765 - 2844 4- 976 - 3050 + 2475 - 770 ^ - 448 ^ . 
* 245 - 252 + 64 - 200 + 45 - 14 "'-112"' * 
The values of the two other unknowns, having the same 
denominator as that of a^ are found more readily : they are 

y = 9, 2 = 3. 

When one imknown has been determined in this way, 
the others may be found by the Rules of Arts. 130-134. 

138. Either of the Rules of Arts. 135, 136, may be 
applied, with slight modifications, to equations containing 
four or more unknown quantities Thus, by Art 136, each 
of the given equations, except the last^ may be multiplied by 
an assumed quantity, as m, n, ^, &e. ; and from the sum, the 
last being subtracted, m, n, jp, &c. may be determined so as 
to make all the unknowns but one vanish. The value of 
each may be thus found ; or, according to Art 135, the 
unknowns may be eliminat-ed one by one. This latter method 
is generally to be preferred to any other, in solving particular 
examples. 

Given 7x-2z + Bu=l7 (1) 

4y~22 + ^=ll (2) 

52/-3a;-2t4 = 8 (3) 

4y-3tt + 2^=9 (4) 

32+ 8m = 33 (5) 

Hero, eliminating z tram equations (1) and (5^, we find 

21a; + 25t« = 117; 

, V J- • • 117 -25«« 
whence, by division, x = — . 
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Siibstitating this value of a; in equation (3), we obtain 
. 117 -25w ^ Q 

which becomes, by reduction, 

36t/+Uu=^ 173. . . (6) 

Again, in order to find another equation which may be 
combined with this one, so as to determine either u or y, 
substitute in equation (2) the value of z, deduced from equa- 
tion (5) ; and, after reduction, there will be obtained 

I2y+l6u + 3t = 99. 

Combining this with equation (4), and eliminating t, 
there is obtained I2y + 41tt =171. . . (7) 

From this last equation and (6), we readily find the 
value of M to be w = 3 ; 

whence, fix)m (G), ^ = 4 ; 

also, from equation (5), z = -J{33 — 24) = 3 ; 
from equation (2) or (4), i=l I 
and from (1) or (3), x = 2. 



EXERCISES. 



1. ic + y = 5, 
a — y = 1. 

2. x + y=^l9, 
y-a;= 5. 

3. 3a;-2y=14, 

«+ y = 13. 

4. 4a; + 22^ = 26, 
2a;- y= 3. 

5. 35^+6a;=15, 
6a;- 3^^= 9. 

6. 5y — 5a; = 15, 
3a?+ 5y = 71. 



7. -4a;+3y=13, 

22/ - 6a; = - 8. 

8. 5a;-22/ + 4 = 0, 
4a; + 2/-28 = 0. 

9. I0x = 2 + 2y, 

4,y = 20 —4a;. 

10. ax + by=^e, 
dx+fy = h, 

11. x + y = s, 
x—y = d. 

12. 3a;+22/ = 4, 
4y-3a; + l=0. 
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13. ax = hy, 

x + y = c. 

14. 5v-22 = i, 

15. aj + wy=i?, 
y + nx = q. 

16. 1+^ = 7. 

2 4 

3 3 

17. 3a;- 7 = 4 + a;H-y, 
2y + 79 = 5a;. 

18. jpa; + y = l, 

19. 2a;+-4y = l-2, 
3 'ix - '02t/ = -01. 

20. ax+hy = n, 
46y — 2aa? = m. 

21. x+l = ^/(x*+2y-l) 
y + l^^/'{3x+y^) 

,,^ 100 -a? 100 + y 

22. _^_=— J— 

50 -a; 50 +y 



23. I +81/ = 194, 

o 

y +8a; = 131. 
8 

24. h - = «> 

X y 

— + — = 0, 
X y 



25. ^ + - = m, 
« y 

— + — = w* 
a; y 

26. a; + y + 'A- = 'l> 
2-5i;+10a; = 0. 

La 

27. 2a; + 3y = ^, 

9 



2/-« = 



a 



126 



28. i+ --7 = 3, 
X y 

29. x-Y V(a;'+2/) = a, 
3a;- 1 



30. 



31. 



5 

3y-g 
6 

a 



+ 3y-4 = 15, 

+ 2a;- 8 = 7*. 
I 



b + y 3a + a; 
oa; 4- 2 Jg^ - c. 
32. x + y :a : : a;-y : &, 
a;*-/ = <5. 



33. ?i+| = l-* 
a c 



34. 



aft c 

llx_-^5^ ^3x + y 

22 32 

8a; -5y = l 
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35. (a; + 5)(y + 7) = (a:+l)(2/-9)+112, 
2a;+ 10 = 32^+1. 

g^ 4a?-- 8y + 5 ^ 10a?' - 12y' - Uxy + 2a ? ^ 
2 dx+3y + B ' 

\/(6+a;) :\/(6-y)::3:2. 

37. 6. + 3y = <«^;i?^*, 

a — o 

oV - -^.+ (o + 6 + c)ix = 6V + (a + 26H 
a + 6 

88. ?lz^-2-^i:^^ 

| + |+li:4a?-|-24::3i:3j. 

39. a; + y= 18-73, 
0-56a;+13-8121y = 763-4. 

40. &ca; = cy — 2&, 

oc c 

11 ^ 3 2 5 * 

3a; + 4:2y-3: :5 :3. 

4 -^ 5 10 . « 

43. 5~ 8 ~^~16 

3a! , 2w , „, X y , 1 ,«, •,, 

M 
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44. 4 + 



122^- 



62/ +2 



X 



11 



=y + 



3^r-31 + l0;«+13, 
3x 



45. 



2£ 3x-6 ia^ + ^i^ 
T"y+7 ■" 6y+27 ' 

4a; - 2y + 3 18-a;4-5y a; 2/ 1 
3 " 7 ~4"5"7 



7A- 



i6. ^/^^^/{20''x) = ^/{y-x)r 

^{y -x) + v/(20 - a:) : v/(2/ - a?) = 5 : 3. 
47. a? + 2/ -2 = 23, 54. 2y + 4m - 3w; = 22, 

.4v-2m + 5w;=18, 
6t; 4- 7w — «r =- 63. 

55. a; + 5^=10, 
a; + 2; = 19, 
y + 2! = 23. 

56. a: — 2r= 1, 
2j/+ z=U, 
2a; +3y = 23. 

57. a;+ y+ « = 30, 
8a; + 4y + 22; = 50, 
27a;+9y + 32;=64. 

58. 4-?+12y+7a; = 128, 
1z+ 32^ + 3a; = 60, 
5z + y + 6a; = 68. 

59. 4«-5y=35, • 
-7a;-2y = 22, 

2z+ a? = 68. 

60. 3a;-41-9y + 8z = 
- 5a;+ 4y+ 20 +2z = 

llaj-7y-37-6z = 



a;-2^ + 2 = 17, 
a; + y + 2 = 47. 

48. a; + 5^ + 2 = 33, 
y - a; + 2 = 23, 

2 — a;— y= 1. 

49. a; + y + 2 = 31, 
a; + 2^ - 2 = 25, 

a; -- 2/ ~ ^ = ^' 

50. a; + 5^ + 2 = 29|^, 

a; 4- y — 2 = 1 8|-, 
a; — y + 2= 13f. 

51. a; + y + 2 = 53, 
a;+25^+32=107, 
a;+3y + 42=137. 

52. a;+ 25^ + 2= 16, 

^+^ + ^ = 4, 

3 2 5 ' 

2« + 4y-3z = 7. 

53. t;+4M+3tt; = 18, 
3t;-2t4+4«r=ll, 
4v + 6w — 5tt; = 1. 



0, 
0, 

0. 



EXEBdSES. 



163 



61. 3^ = 2a;, 

2iB + y=34, 

y + « = 18. 

62. ?-±i^ + 2^ = 21, 

^^-3a; = ~65, 

3^ + y-^ = 38. 
2 

63. i + i = a 



1 + 1=^ 

a; z 



z 
_ 4- _ = c. 

64.1 + 1 = 1, 
a? y 4 

1+1 = 2 
35 2; 3 

y ^ 12* 

65. aj + ^y + i2; = 32, 
i« + i^ + i'2^=15, 

66. my^TiXy 
pz = qx, 

x + y +z = a. 

67. ojc + 6y = c, 
dx-^-ey =/, 
gy-Vliz^ I 



68. a; 4- y = «, 
a; + z = ft, 

y + ar = c. f 

69. a;-9y + 32;-10t4 

2a; + 7y — « — u 

3a; + y + 5z4- 2m 
4a;-6y-2«-9M 

70. a;-y = 2, 
a; — ar = 3, 
y + -2 = 9. 

71. ^L = l, 

xz 



21, 
683, 

195, 
516. 



x + z 



= 2. 



y2r 



= 3. 



y-^-z 

72. 5a;-lV2/+13v^ir 
4a;+ 6/^2^+ bi/z 

73. 9a?-2« + w = 41, 
7y-52r-^=12, 
4y-3a;+2M = 5, 
3y-4t4+3^=7, 

72-5^=11. 

74. xy = a(x + y), 
acz = h(x + z), 
yz^c^y-V z). 



22, 

31, 

2, 



* This eqaation mAjr also be solved by snbstitating for a, ft, &c. ic 
the last eqaation, their namerical values in this one. 

f This eqaation is most easily solved, by sabtracting each eqaation 
Mverally from the half-sam of the three. 
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75. a^a; + y + «) = a*, 
y{x-{-y + z) = b\ 
z{x+y + z) = c'. 



76. xyz^ 231, 
apyto = 420, 
i/zw= 1540, 
xzw= 660. 



77. Shew that the following equations are not sufficient 
to detennine the unknown quantities contained in them, 
either from being incongruous, or not independent 



1. 8a; -23^ = 14, 
6a; - 4y = 28. 

2. a;-f-y = 7, 

Bx + 3y = 30. 

3. ^x+ 9y = 27, 
8a; +122^ = 36. 

4. a; + y = 7, 
3a;-y = l, 
a;+2y = 10. 



5. aj+3y + 4«=9, 
3a;-22/ + 17« = 25, 
a;+14y — «=11. 

6. 2a;+3y-2 = 16. 
5a;- 2y + 72 = 21. 
3a;-5y + 82=12. 

7. 3a;-2y + 52=14, 
2a; + y-82=10, 
8a; - 3y +22 = 38. 



^ 



XIV.— QUADEATIC EQUATIONS, 

CONTAINING ONE UNKNOWN QUANTITY. 

139. A quadratic equation, or an equation of the second 
degree, is one in which the unknown quantity is in the 
second power. « 

140. A quadratic which contains the second power only 
of the unknown quantity, is called a pure quadratic ; while 
one that contains both its second and first powers, is called 
a compound or adfected quadratic. Thus, a pure quadratic 
is of the form oa;' = =fc 6 ; while a compound quadratic is of 
the form ao^ ± &a; = ± c. 

141. It is usual to regard as a compound quadratic, any 
equation which contains two such powers* of the unknown 
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quantity, that the index of one of them is double that of 
the other; that is to say, any equation of the fonn 
oa^ db fto^ = ds c * 

1 42. That quantity which is independent of the unknown, 
is called the absolute term of the equation; thus, in the 
above equations, c is the absolute term. 

143. To solve a pure quadratic; Amplify the equation 
hy applyirig Art, 127, and extract the square root of both 
members. 

For, the general form being cat? = ::kc, 
where c represents the aggregate of all the known terms, we 
have by division, 



a;' = ± - and x 
a 



"^V "^a 



Given 7a;' + 11 = 56 + 2a;' to find x. 

By transposition 53? = 45, 

whence, a? = 9, 

and a; = ± 3. 

It is unnecessary to use the double sign on the left mem- 
ber ; for if we put ± a; = ± 3, we shall have no more than 
two values, since — a; = + 3 is the same as + a? = — 3, and — x 
= — 3isa;=3; so that the double sign need only be used 
on one side. 

144. To solve a compound quadratic. First method; 
Simplify the equationy by applying Art. 127; divide bpth 

* A simple equation is often defined to be one wbich contains only 
one power of the nnknown quantity ; and hence those equations which 
contain more tban one power are called compound. In this yiew, all 
pure equations of the second, third, &c. degrees, are considered simple 
equations, and solved as such. We have, however, considered them as 
belonging more properly to another class of equations. 
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members by the coefficient of the higher power of the unknown 
quantity ; add to both sides the square of half the coefficient 
of the lower power of the uvknoicn quantity ; extract the square 
root of hath sides; and, from the resulting simple equation, 
determine the values of the unhnoum quantity. 

The reason of this rale may be explained as follows : 
dividing both members of the general equation 

ax =b 5a; = ± c,* 

h c 

by a, and putting for brevity, - =p, -^q, 

a a 

we obtain «' :kpx =^q, 

Kow, the terms of the left member are plainly the two 
first terms of the square of a binomial, whose first term is x 
(Art. 97) ; and since px is tvsice the product of the two terms 
of the binomial, the second term must be the quantity of 
which p is double, that is, it must be ^ : the square of this 
is -J^p*, which, being added to both sides, gives 

a;* iipx + -1:2?' = ± g' + -J^*. 

The left member is now a complete square ; therefore, 
by evolution and Art. 96, we have 

a;±^ = ± V(±g + ip'); 

and by transposition, 

x = ^^p^ \/(± q + ip*).f 

* The equation as^ + 6x = + c, is no less general than ± ox* + hx 
3» ^ e ; hecause, if the first term be negative, it can be rendered positive 
by changing the signs of all the terms. 

f This formula, expressed in words, gives the following rale : 

Having prepared the equation by reduction, as in the rule in the 
text : to the half coefiBcient of the lower power of the unknown, with its 
sign changed, annex by the signs ± the square root of the sum of the 
absolute term, and the square of the half coefficient. 

Thus, to find x from the equation a^ — lOx »» 24, we have p •"= 10 
and q » 24, and therefore x » 5 ^1= V(24 + 25) «« 12, or — 2. 
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Since ip, and the quantity under the radical sign, are 
both affected by the double sign, it is plain that the aboye 
general formula includes the following cases : 

1. When X* + px = + q, x=' ■{ or 

l-ip-'Jiq+ip')- 

f h> + -^(3 + iP*}, 

2, Whenx' — px = + g, «= ■{ or 



3. When x^ + px = -^ q, x= ^ 



or 



4. When a? ^ px = — q, x= ^ 



4P + >/(-g+iz>*), 

or 
ip-s/i-q + ip")^ 



In the third and fourth of these general values, if -J-j?' <q, 
the quantity within the yinculum will be negative, and 
therefore (Art. 96) the values of x will be impossible, or 
imaginary. The first and second forms will always give 
real values. 

Given - — hx«+ 6i = la; + 20 — — — ,tofindthevalue 
12 3 * * 3 

of OS. 

Here by reduction, a;' + 8a; = 33 ; 

then the square will be completed by adding to both 

sides the square of the half coefficient of oc, that is 16 ; we 

thus get ai?+8x-]' 16 = 33 + 16, 

or, a;' + 8a; + 16 = 49; 

hence a; + 4 — ± 7 

and a; = ± 7 — 4 ; 

therefore, a; = 3, or — 1 1. 
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Applying the role in the note^ we have, 
a? = -4±^/(33 + 16) = -4db^/49=-4±7 = 3, or-11. 

Yerifying this eqaation, we find, 9 + 24 = 33, 
and 121-88 = 33. 

145. Second Method ; SimpUfy the equcdion^ by applying 
Art, 127 / muUiply both members by four Umes the coefficient 
of the higher power of the unknown quantity ; add to both 
members the square of the coefficient of the lower power of the 
unknown quantity in the original equation; extract the 
square root of both sides ; afid, from the resulting simple 
equation, find the values of the unknown quantity. 

Sesoming the general equation aa? :^ bx = :h e, 
and mtdtLplying both members by 4a, we obtain 

4aV ± iabx = ± 4ac. 

Kow, M>x must be the product of the first term of the 
root, 2ax, by twice the second ; hence the second must be & ; 
and if 5' be added to both sides, the left will be a complete 
square; we thus get 4aV db iabx + b^ = ds iac + b*; 

by evolution, 2ax ± ft = db \/(db iac + 6') ; 

transposing and dividing, we find 

_= F&:fe\/(:fe4gg-|- ft*) » 

X — - • % 

2a 

It is easy to see that if in the general equation the second 
term be even, that is, if aa? + 2bx = c be the form, it will 
be sufficient to multiply by a, since we shall then have 
a^T? + 2abx + ft* = oc + 6*, where the left member is a com- 
plete square r.x = ^^^^'(^ + ^"), 

a 
* This method of solving quadratics is taken from the " Bijar 

Ganita,'* a Hindoo Treatise on Algebra, of the date of ahoat the beginning 
of the thirteenth centnrj, and made known in Europe, through a trans- 
lation from a Persian copji by Mr. Edward Strachey, of the Bengal Civil 
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Given a? + ^x — 3 =^ 25^, to find the values at x. 

Simplifying, we have 

3aP + 2x^S6; 
then multiplying hy 4 x 3, or 12, we find 

36a;2 + 24a; =1020, 
and 36a? + 24aj + 4 = 1024 ; 

hence by evolution 6a5 + 2 = db 32 ; 

therefore, 6a; = 30, or — 34, 

and x = 5, or — 5|-. 



Service. An account of this cnrions work, and of another treatise on 
collateral sabjects, called "The Leelawuttee/' will be found in Dr. 
Hntton's Mathematical Tracts, vol. ii., pp. 151-179. 

Subsequently, the late Dr. Thomson, Professor of Mathematics in the 
University of Glasgow, not having seen or heard of the Hindoo mode of 
solution, published, in a Belfast periodical, the following rule, which, 
though the demonstration of it is the same as that in the text, is yet, in 
a practical point of view, quite different from the Hindoo rule, as it gives 
the values of x without any intermediate work, such as completing the 
square, extracting the root, &c. It was not till several years after that 
Dr. Thomson became acquainted with the Hindoo method. 

*' Reduce the given equation to the form aa^ + &r^c ; then, to find 
or, to the coefficient of the second term with its sign changed, annex by 
the double sign :b , the square root of the quantity obtained, by adding 
together the square of that coefficient and four times the product of the 
absolute term and the coefficient of the first term ; and divide the whole 
expression thus obtained by twice this last-mentioned coefficient." 

Applying this rule to the equation 3a^ + 5x^= 42, we have at once 

— 6 J= V(25 + 604) — 6±V529 —5 ±23 « «. ^ 
x^ ^d,or~4f. 

The second rule may also be immediately derived from the first. 
Putting the original equation under the form 

a a 

and completing tie square, by adding to both sides the square oi 

the half coefficient of x, that is — , we obtain 

2a 

a Aar a 4a' 
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Applying the SuIq in the Kote, we should have 
-2±v/(1020 + 4) -2db32 . ., 

146. By employing the first of the two preceding Eules^ 
fractions will be introduced into the operation, whenever, in 
equations reduced to the form a?±px = ±qy the coefficient 
p is odd or fractional In such cases the second Eule 

should be used, as fractions will not occur till the last The 
first Eule is preferable when, in equations of the form 
aaP db^ = dbc, aisa large number, as the operation by the 
second Eule is then tedious and troublesome. 



hence, by evolution, 

Adding tbe fractions under the radical sign, extracting the root of the 
denominator, and then transposing, we find 

The following method of deriving the same formula, will be a useful 
exercise in managing surds. InHhe original equation ox" rt ^ ^ db c, 
it is plain that eui^ «= (x V^)' ; so that the first term of the bino- 
mial is xy/a : also that hx «» (x^/a X ^r— 7- ) X 2 ; so that the second 

2 v^ 

term of the binomial is - — r- ' hence, — will complete the square ; "we 

2 V « 4a 

therefore have 

2 \a 4a 4a 

hence, by evolution, 

2v<* 4a 

Transposing, and dividing by Vo» ^^ fiod 

and by reduction, 

^_ T h± V(:fe4oc-f y) 

"^ 2a 

the same as by the two former methods. 
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EXAMPLES. 

1. Given 6a;— 30 = 3ic*, to find the values of ax 

By transposition and division, 

«2«2a;=-10; 

therefore hy Rule 1. 

a2-2a!+l=-9. 

By evolution, a;— l=±\/( — 9); 

whence a5=l±3\/— 1; 

both of which values are imaginary, as is obvious from the 
general values 3 and 4, Art 144. 

2. Given 5a? -Y 4aj = 25 ; required x. 

Here Rule IL is to be preferred ; therefore, 

100aj" + 80»-|-16 = 516. 
Evolving, transposing, and dividing, we have 

^^-4±V^ ^ 1 -87516 . . or- 2-67156 .... 

# 

3. Given >s/(x + 21) + ^{x + 21) = 12, to find the 
values of x. 

Completing the square, we have 

^(a;-|.21) + 4/(a;+21) + i=12i.= V; 
by evolution, ^/(x + 21) + 1- = ± f 

whence \/(x + 21) = 3, or - 4 ; 

whence x = 60, or 235. 

4. Given 3a5 — ^ "^ — = 2 4- ^ "" ^ , to determine x. 

d-2x 2»-l 

Multiplying by 2aj — 1, and simplifying, and again by 
9 — 2x, and simplifying, we find 

8a?-124aj= -368; 
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13. ax = byy 

x + y = c, 

14. 5«;-22 = ^, 
62J — 6t; = 5. 

15. x-{-ny=p, 
y + nx = q. 

16. 1+1 = 7. 

3 3 

17. 3»- 7 = 4 + aj + 2^, 

2y + 79 = 5x, 

18. 2>« + y = l, 

19. 2a;+-4y = l-2, 
3 •4a: --023^ = -01. 

20. ax-{-hy = n, 
\:hy — 2ttx = m. 

21. a;+l=>v/(aj'+ 22^-1) 

y + l«V(3a:+2/') 

«« 100 ~ a? 100+^ 

22. _^_=__ 

50 -a; 50 +y 



23. I +82/ = 194, 

o 

|+8d;=131. 

o 

24. 1 — = a, 

» y 

— + — = 0, 

« y 



25. ^ + ^ = m, 

a? y 

- + - = n. 
a y 

26. aj + y+T%-=l» 
2-5i,-+10aj = 0. 

27. 2aj+3y = :^, 



y-« = 



a 



126 



28. 1+1-7 = 3, 
X y 

29. x-^ f^ix^ -i- y) = €h 
x + \/{x* -y) = ^- 

30. :?^;J:+3y-4 = 15, 

5 

?l^+ 20,-8 = 7*. 





31. 



a 



b + y 3a + a; 
ax + 26y — c. 
32. x + y :a : : x — y :bf 
x^ ^t^ = c. 

3.3. ?i+y=l-^, 

a b c 

04 lla;-5^_3a; + y 

^^' "22^ 32~ 

8a;- 5v = l 
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35. {x+5)(y + 7) = (x+l)(y^9)+lU, 
2a:+10 = 3y+l. 

gg 4fl;- 8y + 5 ^ 10a;' - 12y' ~ Ua^ "^ ^^ + 2 
2 5a:+3y + 3 ' 

\/(6+a;):\/(6-y)::3:2. 

a — 
a'y - -^ + (a + 6 +c)Sa!= JV + (o + 26H 
33 3^.2^-^9^^^^^^ 

|+|+lj:4a;-|-24::3i:3f 

39. a; + y=18-73, 
0-56»+13-8121y = 763-4. 

40. hcx = cy-'2h, 

be c 

41. 4;«-34i-%±^ = 12^8 

27 -6y 3 

4a;-10 6 ^ 

f 

7^+6 4y-9^ 13-5 3y-« 

11 3 2 5 ' 

3a; + 4:2j/-3: :5 :3. 
7a; , „ 3j/ + 6 3a; - 2 
* 5 10 _g_Jf. 



43. 5 8 """16 

M 
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44. 4 + 

2x 

T 



122/- 



6y+ 2 



X 



11 



= y + 



3« 



3a;-5 4a^ + ^^o 
y + 7 " 6y+27 



45. 



46. 



4a? -- 2y + 3 18-a? + 5y « ^ 1 ir r 
3 - 7 =4 "5" 7"^^' 

2aj-y+15:y-2a? + 15::|«|+f:|«| + ±. 

\/y-\/(20-a;) = v/(y-a;). 

V(y - «) + \/(20 - «) : v/(2/ - a?) = 5 : 3. 

54. 2y + 4t* - 3w; = 22, 
4«;-2t* + 5w;=18, 
6v + 7«^ - W7 =■ 63. 

55. a; + j^=10, 
a; + ;5 = 19, 
y + 2^ = 23. 

56. 05 — ;r= 1, 



47. 05 + ^-2 = 23, 
a;--2/ + «=17, 
a: + y + 2 = 47. 

48. a; 4-^ + 2 = 33, 
y — a; + 2 = 23, 
2 — a; — y= 1. 

49. aj + y + 2 = 31, 
05 + y - 2 = 25, 
x — y — z^ 9. 

50. a; + y + 2 = 29|^, 
a; + y-2^ = 18|-, 
a:— y + 2= 13f. 

51. aj + y + 2 = 53, 
aj+2y+32=107, 
a;+3y + 42= 137. 

52. « + 23^ + 2=16, 

2»+4y-32 = 7. 

53. v+4t*+3w? = 18, 
3i;^2M + 4tt;=ll, 
4v + 6m — 5t(; = 1. 



2y+ 2=11, 

2a; +33^ = 23. 

57. a;+ y+ 2 = 30, 
8aj + 4y + 22 = 50, 
27aj+9y + 32=64. 

58. 42+12y+7aj=128, 
72+ 3y + 3aj = 60, 
^z-^- y+6a; = 68. 

59. 42-53^=35, • 
-7a.-2y = 22, 

22 + 05 = 68. 

60. 3aj-41-9y + 82 = 0, 
-5aj+4j^+20+22 = 0, 

lla;-7y-37-62 = 0. 
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61. 3xf = 2a?, 

2aj + y = 34, 
y + «=18. 

62. ?-±^ + 2^ = 21, 

^^-3. = . 65, 

^-^±^=38. 
2 

63. l + l = a 
a? y 

1 .1 

- + - = <?. 

64. UI4 
« y 4 

1 + 1 = 2 
l + l = A* 

y z 12' 

65. ajH-|y + i2: = 32, 

66. my = na^ 

« + y + « = a. 

67. oaj + 6y = c, 
^ + ey =/, 
^ + 7ijs = Z. 



68. aj 4. y = a, 
aj + ;» = ft, 
y + xf = c. f 

69. a;-9y + 3z-10M 

2a; + 7y — ;? — t* 

3a; + y + 5z + 2t* 
4a. - 6y - 22; - 9i* 

70. a;-y = 2, 
a; — ;» = 3, 
y + if = 9. 

71. -^L = i, 

« + y 

a» 



21, 
683, 

195, 
516. 



x-V z 



= 2. 



yz 



= 3. 



y + « 

72. 5a;-.lVyH-13^x: 
4a;+ 6/^2/+ 5\/;» 

« - \/y + Vz 

73. 9a:-22 + t* = 41, 
7y-5;8f-^=12, 
4y-3a;+2t« = 5, 
3y-4i*+3^ = 7, 

7«-5tt=ll. 

74. xy = a{x + y\ 

XZ = MQi-\' 2), 

yz = c{y + z). 



22, 
31, 

2, 



* This equation may also be Bolyed by Bnbstitating for a, &, &c. ic 
the last equation, their nnmerical yalnes in this one. 

t This equation ie most easily solved, by snbtractiDg each equation 
MTerally from the half-sum of the three. 
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45. 2ar'+15 = 3a; 

46. iB*-6aj+19 = 13 
36 "X 



47. 4a;- 



-46 = 



X 



48. 

49. 
50. 

51. 

52. 

53. 
54. 

55. 

56. 
57. 

58. 
59. 
60. 
61. 
62. 
63. 

64. 
65. 
66. 



4a; , X — 5 _ 4a; 4- 7 
"9" a;+ 3~ 19 



16 100 -9a; 



X 



3 



-3 = 
"18 



a;-3 x + 5 

2a;- 3 3a; -5 _ 5 
3a; -5 2a; - 3 "" 2 
a; 4-2 N/a;=24 

2a;* - 7a;' - 99 = 
V'a;* + Va;* = 6 ^x 
> jAx + 2 _ 4 - x/y 

4 4- \/i» ~ \/a; 
v/a;* — 2 \/a; = a; 

X xt 

i/x-hVx'^rQ 

(aj-5)»„3(a;_ 5)^ = 40 
a;' 4- 3a;* = 810 
5a;' -90a;* -270 = 945 
a;* -74a;' 4- 1225 = 
a;*4-a;'-4a;'4-a;4- 1=0 

^+^-2^0 
a X a 

2x(a — x)_a 
3a -2a; ^4 

3a; ^ 



67. 
68. 

69. 

70. 
71. 
72. 

73. 

74. 

75. 

76. 

77. 

78. 
79. 

80. 

81. 

82. 
83. 
84. 
85. 
86. 
87. 
88. 
89. 

90. 



a;'-7a;' = 8 
^-2 



a;— 5 



20 



12 



3a;' - a* = 3104a;* 
a;*-3a; = 2 

a;*4-a;~" = a 

(«+2>K-«; = -^ 

a -jr o 



•-1=0 



X 

ax"^ — 6a;"^ =c 
a;* 4- 1 = 

a;*-3a;'4-3a;4-l=^ 

2aj-v/(l-a;*) = «a4-a;*) 
8a;- 20 7- 3a? 14 
2a; 4- 10 - x ~ 4 
11 9 



a;*- 3a; 



4- 



a;* 4- 4a; 8a: 
2x 3a; 4- 50 _ 12a;- 70 
15 3(10 -a;)" 190 

a;' - 1 = 
a;' — 22)a; — <? = 
(a;4-3a)(a;4-4a) = 72a' 
a;"'4-a;"* = 6 

\/a; 4- \/(a — a;) = \/6 
3a;' - 96' = 24aa; 
X* — x* -a 

i/{x'''a') = x-h 

a + b-hx a h x 
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91. vfup} — minx + jpqx — np, . 

Qo 5a<a;4-l) 2a;' + a; - 1 4(a; + 1) 
^^- -^I 7 = —36 

g^ 18 H- a; 65 _ 20a; + 9 

6(3 -a;) 4(3 -a;) ""19 -7a;* 

95. (a;-i)(a;-i) + (a:-i)(a;^i) = (a;-i)(a;-i> 

96. a? + 13 + ^/(a;' + 13) = 56. 

97. a?-2a?+6^/(ai?*-2a?+5) = ll. 

Oft «^ 4.^= /(^^^\^1 
85" 3 V \3a 4 / 2 ' 



" V a;*- 1 



99. 1 + —. -^ 

\/(a; + 1) 

100. (a;- ^y^x^ {x- 2)' -a?= 90. 

101. a-\-X'\' s/{2ax + a?*) = \/(aa; - a;') + v^(2a' - ob - a;'). 

102. (a;4-iy4-(a;-l)' = 19{(a;+iy + (a;-.l)'}. 
, Qo (27a -f- 8a;)i 8a; i^ _ 8 

15a;« 3 y(27a + 8a;) "" 5 4/aj ' 

104. _^ + -l.^ + -^=-l^ + -i^4- '' 



a?— 1 a; + 2 a;— 3 a? + l a; — 2 »+ 3 
105. a:' - a; + 5 ^/(2ai* - 5aj + 6) = i(3a; + 33> 

■»«V('%-)VO-s)-' 

107. ^(1 + xf - ^(1 - xf = :y(i - «'). 

a; - \/{2 - a?') a; + V(2 - a?*) 
109. a;- 2 v/(a; + 2) = 1 + >y(a;"- 3a; + 2). 

110.*?/a;'+'-l. ?^(^a;+;/a;)-0. 

2 a' + i ^ ^ 



N 
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XV. SIMULTANEOUS QUADKATIC EQUATIONS. 

147. The following form is the most general undei 
which quadratics with two unknown quantities can appear. 

aai* 4- ^ + ^ + da; + 6|y =/, 
ax + h'xy + cy* 4- d'x + ey —f. 

Now, if we eliminate a?" from these equations, and deduce 
an expression for a;, that expression will contain ^ and y ; 
and, therefore, when this expression is suhstituted in either 
of the original equations, the resulting equation will contain 
y*, y*, and y ; hence, the solution of the two given equations 
implies the solution of an equation of the fourth degree. 
But when the first powers of the unknowns are wanting, and 
the equations have the form 

a£^ + hxy + cy^ — d, 
aV 4- Vxy + cV = ^>* 

they can he solved as equations of the second degree. 
Besides these, there are equations of various forms which can 
he solved hy applying the general rules of elimination already 
laid down. There is not, however, any general method of 
solution which will apply to all equations of this class ; 
their solution is effected hy adopting various artifices of 
analysis, which will be best illustrated by particular 
examples. 

* Such equations are called hmogeneom, each term on the left side 
being of two dimensions with respect to the unknown quantities (Art. 
17). It is worthy of remark, that if equations be given homogeneous, 
every step in the process of solution, if it be correct, will give a homo- 
geneous equation ; and thus a simple test is afforded of the accuracy of 
the various operations. 
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EXAMPLES. 

1. Equations of the form 

oaj* + hxy + cy^ = d, 

aV + h'xy + c V = ^j 

in which the unknowns are similarly involved, will be best 

resolved by putting x = zy, deducing two expressions for y*, 

equating them, and clearing of fractions ; in this way we get 

dd^ 4- h'dz + cd = ad'^ + hd!z + ccT, 
or (ad — a^(y? 4- {b'd — &(i')2; = ccT — c'd 

This quadratic will give 2; ; ^ and x can then be de- 
termined. 

2. Equations of the form 

«" + / = « (1) 

xy--b (2) 

may be solved as follows : 

From the square of (1), subtract four times the nth 
power of (2), extract the square root of the remainder, and 
there is obtained 

combining this with equation (1), we find 

3. Equations such as 

x + y = a (1) 

x'^y'=^h (2) 

may be resolved by either of the following methods : 

From the cube of (1) subtract (2), and there remains 

3a;'y + Zxt^ = a*-b^ 
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or 3(aj -f y)xy = Zaxfy ^cf^hy 

hence, aj = : 

Zay 

and by substitution, transposition, and division by 3a, 

• 6 -a* 

therefore (Art \^i\ 

a^ Ub-cf 

, a /4& — a* 

nence, x = -^ I —z-z — • 

2 V 12a 

Otherwise put x-13 '\- z^y^v -^ %) then, substituting 
these in (2), we find 

. 5-2t;'' 

therefore, 

'5 - 2t;' 



_^ /6 - 2t;' /I 



6t; 

Now, aj + y = 2i; = a; 

therefore, « = - : 

2 

hence we have 

-«j. /"t' g^ / 45 - g' 
''^2 V 3a ""2 V "12^' 
a /4&-a' 

^2 V 12a 

This mode of solution is not applicable to powers above 
the fifth, as a cubic equation would be produced. 

4. Given, x-^-yix^ y : : 13:5, 

y + a; = 25. 



EXAMPLES. 18i 

By a well known property of proportionaliE^ 

2» : 2y : : 18 : 8, 
or a? : y : : 9 : 4 ; 

therefore, 4a: = 9y, and a? = -ll . 

4 

Substituting this in the second equation, we have 

whence (Art 144), 

2^ = 4, or - 6^ ; a? = 9, or - I4r^. 

5. Given, 12^+^ = 3 . . , . . (1) 

ay 

9aj-9y=-.18 (2) 

From (1), 10a; + 2/ = 3«y, 

and from (2), y = aj + 2 ; 

then, by substitution and transposition, we have 

3a;' - 5aj = 2 ; 

whence (Art. 145), 

a; = 2, or - J ; y = 4, or g. 

6. Given, a;* - 2a?V + 2/' = 49 (1) 

ar*-2a;V + /-a;» + y'^20 .... (2) 

Equation (2) may be put under the form 

Solving this quadratic, we find 

a:* - y' = 6, or — 4 ; 
also from (1), a;'' — ^ = ± 7 : 

by subtraction, 

/-y = 2, or-12; 11, or -3. 

Solving this quadratic for these four values, we find 
y = 2, or — 1 j a; = ± 3, or sfc \/6. 
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l±^/-47 . /-13=fcv^-47 



^^==*=y 



2 ' V 2 

l=b3v/5 ^ /15=fc3>v/5 



>^-^j'- 



'.X^^J- 



l=fc^/-^:l . /-13=fcN/-ll 

y = ^i — 



7. Given, a;' + y' + aj+ y = 18 . . . . (1) 

2a^ = 12 . . . . (2) 

Adding the two equations, and solving the quadratic 
which results, we find 

« + y = 5, or-6j (3) 

hence, from (1) a;' 4- y* = 13, or 24 ; 
from this taking (2), and evolving, we have 

a? - y = ± 1, or ± 2 >v/3 ; . . . (4) 
combining (4) with (3), we find 

a; = 3, or 2, or - 3 ± \/3 ; 
and y = 2, or 3, or — 3 =F \/3. 

8. Given, icy + icy* = 12, 

a;4-icy* = 18. 
Equating the expressions for a;, deduced &om these two 

equations, dividing by , and then reducing and trans- 
posing, we find 2y' — 5^ = — 2 ; 
whence, y = 2, or -J- j 
and therefore, a? = 2, or 16. 

9. Given a;f+y* = 3aj (1) 

aji + yi = a; (2) 

From the square of (2) subtract (1), and in the remainder 
substitute for y* an expression deduced from (2), and by 
transposing and dividing, we shall obtain 

a.-a^ = 2j 
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which gives a; = 4, or 1 ; 

and therefore, y = 8, or 0. 

10. Given, s/y + ^^/^ : t^y — tjx : : y/x -{- 2 : 1, (1) 

yZ+2-l = V£. . . (2) 

v« js/y 

From (1) \/y : \/x : : \/x 4- 3 : \/x 4- 1 ; 
therefore, \/ary + \/y = a + 3 >/« .... (3) 

and from (2), 

y + 2y/y •- fjxy = 3a; + \/aj •¥ \/y ) 
by transposition, 

y+ \/y-\/a^ = 3aj + \/a; (4) 

The addition of (3) and (4) gives a quadratic ; solving 
it, we have \/y + 1 = ± (2 ^x + 1) j 

whence, /y/y = 2 ^/a:, and \/y = — 2 »Jx — 2. 

From the first of these values, and hom (3), we find 

X= isjx\ 

whence a; = 1, 

and therefore ^ = 4. 

From the second value, and (1), we obtain 

- V'a; - 2 : - 3 N/a; - 2 : : ^/a; + 2 : 1, 
or -v/a- + 2 : 3 -v/a; + 2 : : V^a; + 2: 1 ; 

hence, • 3 s/x + 2 = 1, 

and therefore ^-\\ 

whence \/y = — !•> 

and y = V- 

11. Given a;-f y = «, and xy=p, to find the values of 
^ + 3^, a;* + /, a* + 2^*, &c. 

From the square of the first equation subtract twice the 
second, and there is obtained a;* + y' = «^ — 2/?. 
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Now 
and 
therefore, 

Again, 
and 
therefore, 



xy{x + y) =p8 ; 

xy{x^ + f)=p8^--2p*y 
X* ■{- y^ ^ s" -' ^ps"" + 2p\ 



In the same maI^le^ we should have, 

«* + y* = «* — 5p8* + 5p\ 

a formula which we may employ, as well as the method of 
example 3, in solving such equations as those of Ex. 26. 

The general formula would be found, by a continuation 
of the process, to be 

n , jt n n-» . w(n — 3) j «_4 n(n — i)(n — 5) 
X + y^==8 — nps -I- -i ^ps i ^-^ ^ 



2. 3 



i?V-' + &c. 



EXEBCISE& 



1. a + 2^ = 3a?-3y, 

2. xy-^y^ =^126, 
5y = 2QG, 

3. a;'+y':«'-2/?::l7:8, 
ocy* = 45. 

4. a; — y : \/aj — Vy : : 8 : 1, 
\/a;y=15. 

5 a^ + gy + y' ^y 

a?'-ay + y' ,g 

«-y 

6. 4a:2/ = 96-»V, 
« -h y = 6. 



« - 2^ = 2. 
8. .-ifi-.*. 



y- 



aj+*3y 



1. 



a; + 2 
9. aj + 4y = 14, 
4a;-22/+/-ll. 

10. a; + y==a, 
xy = b, 

11. aj + 3/ = a, 
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12. 6a^'-5j^ + 2/ = 12, 22. 
3a? + 2»2^-3/ = -3. 

13. a? + 23^=12, 
a3(-2/=l. 

U. (x + y)x=^lU, 
(aj-.y)2^ = 14. 

15. a?+^ = cuct/y 
x-\- y = 2b, 

16. aJ*+y* = 97, 

17. aj + y = 20, 
a:» + y8 = 2060. 

18. a;'+3^^ = 306, 
aj + 2/ = 24. 

19. a? + 3^=7, 
a^+/ = 641. 

20. a* + 2/« = 85, 
icy = 42. 

21. a:8+2^ = 152, 
ajSy + a^« = 120. 

31. a; - 2 Vay + 2/ - \/a; + n/^ = 
\/x + ^/y = 5. 

32. (aj* + 2/')(«' + y") = 280, 
« + y = 4. 

33. « + j,-^^±l) = _i_, 

V (» - y; a? - y 

a^+2^' = 41. 
3^^ N/(yVl)'H _ x/(a? + 9)-f 

a<y+l)' = 36(y'+^). 

35. 2/-4a3^ + 3aj'=17, 
^••-.aj' = 16. 



23. 
24. 
25. 
26. 

27. 
28. 
29. 
30. 



a; + y + 2=21, 
ica+y2 + «*=189, 

of -\-y^ = 17050, 
a; + y=10. 
ar+«'=/-, 

2ar^ - 3a:y + 3^^ = 5, 
3ar» + a:y-.2^2 = 12. 
a + 2^ = a, 
of-{^y^ = b. 

x + y = <z, 
a^ + y^ = b. 
^ + ^^ = 65, 
a|y = 28. 
a; +y=18, 
a8 + y8-=4914. 
»«-/=30»3, 
a; -3^ = 3. 

0, 
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XVL THEORY OF QUADRATIC EQUATIONS. 

148. Any number which, being substituted for the 
unknown quantity in an equation, renders its two sides 
identical, is called a root of the equation. 

149. We haye seen in Art 144 that one general form 
of a quadratic equation is 

sf •\'px = g, or «^ 4-i»J — S' = 0. 

Now, if r be a root of this equation, that is, a value of Xf 
we shall have by substitution, 

whence, s^ -\-px=^r^ -\-pr, 

or, a? — 7*' -\-px ^pr = ; 

hence, (» + r){x — r) +^(aj — r) = ; 
that is, {z — r)(x + r + 2?) = : 

from which last equation it follows, that, if i he a root of the 
equation x* + px = q, the left member is divisible by tl — x ; 
and conversely, (^ x — r divide the left member without 
remainder, lia a root of the equation. 

150. Since a product becomes zero when either of its 
factors becomes zero, {x — r){x + r + j^) = both when x^r 
m 0, which gives x=^r; and when x + r +p = 0, which gives 
jP B -. r — jp ; hence, r being one root^ — r — jp is the other ; 
and heiiee a quadratic has two roots, 

151. Since a;* + jwc — g = (aj — r)(x + f + 2>X ^* follows 
that a quadratic equation is the product of two factors, which 
are <if the find deqree tcith respect to x. 

153. Adding together the two roots we have 

r+(-r-j»)--p; 
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hence^ tJie sum of the roots of a quadratic eguaUon is equal 
to the coefficient of the first power of the unknown vnth its 
sign changed, 

153. Since r* +pr — q = 0, transposing and changing all 
the signs we have 

— r^^pr^ — q, or r{—r'-p) = — q ; 

and, therefore, the product of the roots of a quadratic equation 
is equal to the absolute term unth its sign changed J^ 

154. The general value of x (Art 145), 

2a 
includes the four following forms : 



\^ax* 



=fc 6a; =s + c 



• • • • 



1} 



oar^ ± 5a; = — 





- 6 ± V(6'' + 4ac) 


X= " 


2a 

or 
b =fc s/{b' + iac). 




2a 


x= - 


2a ' 

or 
b =fc v^(&» - 4ac). 



2a 



In the four values of the first two of these forms, since 
the quantities under the radical sign are both positive, the 
square root can be extracted either exactly or approximately, 
and therefore the roots of the equation are real ; and since 

* We might also deduce these properties immediately from the 
general valaes in Art. 144. The work is left as an exercise for the 
student. 
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\/(6' + Aac) is necessarily a greater number than 5, the roots 
will be positive when the sign of the radical is +, and 
negative when the sign of the radical is — . 

Again, in the four values of the last two of these forms, 
in order to render the evolution possible, and the roots real, 
we must have ^ > iac ; but if 6^ < 4ac, the roots are both 
imaginary ; and since j^{b^ — ^ac) is a less number than b, 
the roots will be negative when b is positive in the equation, 
and positive when b is negative. 

ft* 
If we suppose 6* = 4ac, or c = — , in the equation oa? 

=t ^ = ~ c, the radical quantity vanishes, and the two values 
of X are, in the one case — — -, and in the other -— - : the 

roots are then equal to one another, and the equation is the 
square of a binomiaL 

155. We might deduce these results from the principles 
established in Arta 152, 153 ; for if r, r, are the roots of 
the equation a? + j?a5 = q, we have 

r + r = —J?, rr =— q; 
or i? = — (r 4- r), and q^ — rr ; 

the roots have therefore different signs, since their product is 
negative. Also, since the sum of the roots is negative when 
p is positive, and positive when jp is negative (Art 151), it 
follows that the root which is the greater number has a 
different sign from p. 

Again, in the equation oi^±px^^q, q being negative, 
the two roots will have the same sign, since their product is 
positive, or has an opposite sign to the absolute term (Art 
153) ; but as their sum has always a different sign from 2^9 
they are, under these two forms, both negative when p is 
positive, and both positive when p is negative. But under 
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the two forms a?^px = q, q l)eing positive, the roots wDl 
have opposite signs ; that which is the greater number being 
poaitiYe when p is negative, and negative yrhenp is positive. 
These results, as regards, the signs of the roots will be 
more easily remembered, if the equations are presented under 
the form in which all the quantities are transposed to one 
side. These forms and the characters of the roots are as 
follows : — 



Equations. 

1. a? +jpx + q 

2. a? — jwj + q 

3. a^ — jpx — q 

4. a? -^px-^q 

Equations. 

1. aj'+16a; + 43 = 

2. aj'-16a;+48 = 

3. ^ - 8aj - 48 = 

4. aj' + 8a? - 48 = 



Character of roots. 
Both negativa 
Both positive. 

Greater, positive; less, negative. 
Greater, negative; less, positive* 

Eoota 



- 12, and - 4 
+ 12, and +4 
+ 12, and -4 



Both- 
Both + 

Gr., -h ; less, - 
Gr., — ; less, -f 



-12, and 4- 4 

The absolute term has under these forms the same sign 
as the product of the roots ; while that of the coefficient p, 
not altered by transposition, has still a sign opposite to that 
of the sum of the roots. 



156. If we compare the results to which we have arrived 
in the last Article with the signs of the terms of the general 
equation, we shall perceive that there is always a connection 
between the number of positive roots, and the number of 
changes of the signs from + to — , or from — to +, Thus, in 
th^ equation a? 4-iWJ + g' = 0, since the root that is the greater 
number is always of a different sign from p, and since in this 
case the product of the roots is positive, the other root also 
must be negative; thus, there is no positive root, and no 
change in the signs of the terms of the equation. 
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Again, in the equation x* —px + q = 0, the root that is 
the greater number must be positive ; but the product is 
positive, and therefore also the other root ; there are then, 
two positive roots, and two changes of sign in the equation. 
And in the same manner it may be shewn, that of the equa- 
tions a? -{-px — 2 = 0, and x^ —px — q = 0, having but one 
change of sign, there i$ one root jpositive, and the ptJier 
negative. 

157. From the general principles established in the 
preceding Articles, it follows, 

1st. That when a quadratic is reduced to the form 
aj* =fc pa; = =fc 2, its roots may be found by inspection, whenever 
they are such as can be determined in finite terms. 

2d. That when the roots of a quadratic are given, the 
equation will be formed by putting the difference between 
the unknown quantity and these roots equal to zero, trans- 
posing all the terms to one side, and finding the product of 
the results. 

3d. That the factors of a quadratic expression wiU be 
found by putting it equal to zero, and solving the equation 
that results. 

EXAMPLES. 

1. Find, by inspection, the roots of the equation 

a? — 7a; = 44, or a?— 7a;- 44 = 0. 

Here it is required to find two numbers, whose product 
shall be — 44, sind sum -h 7 ; the numbers plainly are 1 1 
and — 4. "We know from the last Art also, that one root 
only is positive; and from Art 154, that that is the 
greater root 

2. Eequired the quadratic equation whose roots are 5 
and — 7. 
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Here « = 5, au = — 7 j therefore, transposing, we have 
x — 5 = 0, and « 4- 7 = : multiplying, we find a* + 2aj — 35 
SB 0, or a? + 2aj = 35 j which is the required quadratic. 

3. Find the factors of 2a; - 1 5 + a' + a(3 - x). 

The roots are here found to be a — 5, and 3 ; hence the 
factors are a? — a + 5, and 05 — 3. 



EXERCISES. 



^ .« ^a 



1. Eequired the factors of ^" + 2mq. 

P 

2. Eequired the factors of (a + &)« + aj^ — 9a; + (6 — i)a 

+ (4 - &)5. 

3. Eequired the factors of the expression 

a _ a-9 _ 9 
a+2 3a- 20 13* 

4. Eequired the factors of x^ — 5a; — 6000. 

5. Eequired the quadratic whose roots are 10 and — 9. 

6. Eequired the quadratic whose roots are -J- and -J^. 

7. Eequired the factors of a^ + 3a — 28. 

8. Eequired the factors of 2a^c — Zca? — b^c — 2aca?+ 4ca^ 

9. Eequired the quadratic whose roots are 7 and — -J^. 

10. Eequired the factors of 3400 + 1 Ila; - x\ 

11. Solve by inspection the equation a;'* = 18a; — 77. 

12. Solve by inspection the equation llOa;^ — 21a; -h 1=0. 

13. Solve the equation a;' — 16a; = 36 by inspection. 

14. Solve the equation a;^ + 4a; = 320 by inspection. 

15. Shew that in the equations 2x — \i)f = 10 ; 3a;'=fc 8a; 

= — 6 ; 2aj* + 15 = 3a;, the roots are imaginary. 

16. Shew that in the equation 23^ — 31a; = — 15, the roots 

aie reaL 
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XVn. PROBLEMS PEODUCING EQUATI02?S 

OF THE 

FIRST AND SECOND DEGREEa 

158. The object of an algebraical problem is to find the 
value of some unknown quantity, by means of the relations 
which it bears to others that are known : and since equations 
have the same object (Art. 122), it is plain that problems 
may be expressed by equation& In order to effect this, the 
data of the problem, or the known quantities, and the 
required or unknown quantities, are denoted as is explained 
in Art 122 ; and the same operations are then performed on 
these quantities, as are described by the conditions of the 
problem. It is, of course, assumed, that these conditions 
must be such as to establish a mutual dependence between the 
known and unknown quantities, and such as to be expressible 
by means of the ordinary operations of Algebra. With 
respect to the number of equations which the conditions will 
give, it is sufficient to refer to Art. 129. 

The chief difficulty in the solution of a problem consists 
in adapting the operations to be performed to the conditions 
given by the problem ; that is, in the reduction of the 
problem to algebraical language. For this, however, no fixed 
Rule can be laid down ; and it must therefore be learned by 
practice.* 

When it happens, from the nature of the question, that 
fractional parts of an unknown are to be taken, it will be 

• Considerable diflSculty is often felt in the first attempts to translate 
the conditions of a question into algebraic language. To remove tbit: 
difficulty, the Miscellaneous Exercises, pp. 49, 50, have been giton, 
chiefly by way of preparation for this section. 
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better to represent the unknown by such a multiple of a;, y, 
&c^ as wiU avoid fractions. The answers which are obtained 
should be verified by trying if they will fulfil the conditions 
of the problem. 



EXAHFLEa 

1. What number is that, whose half exceeds its third 
part as much as 7 exceeds the number itself? 

Let X represent the number. 

Then the excess of the half above the third of the number 

is ; and the excess of 7 above the number itseK is 

7 — a? ; therefore, by the conditions of the question, we have 

which gives ic = 6. 

To avoid fractions, we might take 6x for the number ; 
we should then have 3x—2x = 7 — Qx ; 
whence, ,^=h ^^^ 6a; = 6 ; 

the number required. 

2, Of a bequest of £^756, B got three timiBS as much as 

A, C as much as A and B together, and D as much as C and 

B. Eequired the share of each. 

Here, the other shares being expressed in terms of A's, 
let X represent As share ; then B's is 3x, C's is a? -|- 3x, 
and D's is a; + 3a; + 3a; ; .then, by the question, we have 

a;+ 3a; + a;+ 3a;-f a;+ 3a;+3a; = 4755; 

which gives As share £317 ; Fs, £951 ; C's, £1268 ; D 
£2219. 
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3. If tlie down-train from London travel 26 miles per 
hour ; and the np-train from liverpool, 24 miles per hour ; 
in what time will they meet, and what distance will each 
have travelled, the distance by the railway being supposed 
to be 200 miles. 

Let the number of hours required be x. Then 26x and 
2ix are the respective distances travelled ; therefore, according 
to the data, 26x + 24aj = 200 ; 

whence, ic = 4. 

They meet in 4 hours ; and the distances passed over are 

104 miles, and 96 miles. 

« 

4. If A can do a piece of work in 6 days, and B in 8 
days ; in how many days will they do it if they both work at 
it together 1 

Let X be the number of days. Then, in one day, A can 

do — of the work; and B, - : therefore, in x days, they can 
6 8 

do X times - and x times - of the work. 
6 8 

Therefore, representing the whole work by 1, we have 

X X 

the equation — I — =1 ; 

6 8 

whence, x=- — ; 

and therefore, x = 3f . 

5. How many gallons of spirits, at 9 shillings per gal- 
lon, must be mixed with 20, at 13 shillmgs, so that the 
mixture may be worth 10 shillings per gallon ? 

Let X be the quantity at 9 shillinga Then 9x shillings 
TM its price. 
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Also, the whole quantity ia x + 20, and its price is 
10(a;+ 20) shillings; and 260 shillings is the price of 20 
at 13 shillings. Then 

9a; + 260 = lOa? + 200 ; 
therefore, a; = 60 ; 

and the whole quantity is 80. 

6. A person heing asked the hour, answered that it was 
hetween 5 and 6 o'clock, and that the hour and minute hands 
were exactly together. What is the time 1 

Let a: = the time past 5. Then, as the minute hand 
makes 12 revolutions for one of the hour hand, we have 

12 : 1 : : 5 + a: : aj; 

whence, the time is easily found to be 27' ^^-^'^ P^^ ^ 
o'clock. 

7. A general, ranging a division of his army in the form 
of a solid square, finds he has 34 men to spare ; but, increas- 
ing the side by one man, he wants 59 to fill up the square. 
How many men had he ? 

Let X and a; + 1 be the numbers of men in the sides of 
the two squares : then x* -f- 34, and a;* + 2a; + 1 — 59, are 
the numbers of men in each. Hence, we easily find the 
number of men to be 2150 j and the numbers in the two 
sides, 46 and 47. 

8. There is a number consisting of two digits, which is 
equal to four times the sum of those digits ; and if 9 be 
subtracted &om twice the number^ the digits will be inverted, 
fiequired the number. 

Let the digits be x and y ; then the number is 10a; + y, 
and the number inverted is lOy + as. Therefore, by the 
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question 10a: + y = 4(a? + y), 

and 2{l0x + y)-9==l0y + x; 

firom which two equations we find the number to be 36. 

9. A merchant sold a quantity of brandy for £39, and 
gained as much per cent as the brandy cost him. Bequired 
the price of the brandy. 

Let X = the price of the brandy ; then £39 — a; is the 
gain. Also, 39 — a? : a? : : x : 100 ; 

whence, a? = 3900 - 100a;, 

or ai*+ 100a? = 3900. 

Solving this quadratic, we find 

a;=30, or- 130; 
the price is therefore £30.* 

10. A rectangular bowling-green is of a certain size ; and 
if it were 6 feet broader, and 4 feet longer, it would contain 
116 feet more ; but if it were four feet broader, and 5 feet 
longer, it would contain 113 feet more. Eequired its length 
and breadth. 

Let x = the length, and y = the breadth ; then the area 
= xy. Also (a;-h 4) x(y-h 5) = a:|y + 116, 
and (aj-f5)x(y-h4) = «y-f-113j 

from which we find a; = 12, y = 9. 

* This negative value shews (Art. 5) that the question must be 
modified. It will be as follows : 

" A merchant sold a quantity of brandy, by which he lost £39 more 
than the first cost, and found that his loss was as much per cent as the 
brandy cost him. Bequired the price." 

The equation will now be 

x" =: 3900 + lOOar ; 

and the values of x will be 130, and — 30 : the price is therefore £130. 
The value — 30 shows that f^if question must be modified; "when the 
oonditions are changed, it will, of course, be as in the text. 



i 
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11. *A yintner sold 7 dozen of sheny, and 12 dozen of 
daret^ for £50 ; and finds that he has sold 3 dozen more of 
shenj for £10, than he has of claret for £6. Beqnired the 
price of each. 

Let z = the price of a dozen of sherry in pounds ; then 

— = number of dozen of sherry for £10, and — — 3 = num- 

X X 

ber of dozen of claret for £6 ; therefore, 6 -7- ( — — 3 ) = the 

price of a dozen of claret Hence, 7x 4- •=-:: :r- =50. 

^ 10 - 3aj 

From this we find that the sherry was £2, and the claret £3. 

This might also be solved as follows : Let the prices bA 
X and y : then, by the question 

7x+ 122/=f60, 

A 10 6 « 

and = 3. 

X y 

Deducing two expressions for x from these two equations, 
equating them, and solving the resulting quadratic, we find 
^ = £3 j and therefore, from the first equation, x = £2. 

12. The fore-wheel of a carriage makes 6 revolutions 
more than the hind-wheel, in going 120 yards ; but if the 
circumference of each wheel be increased one yard, it will 
make only 4 revolutions more than the hind-wheel in the 
same space. Eequired the circumference of each. 

Let X and y be the number of yards in the circumferences 

of the wheels ; then and , and , express 

X x-Jf \ y y + l 

the number of revolutions of the wheels : we have therefore 

= 6, and = — 4. From the first of 

X y x-k- 1 y+l 



198 PBOBLEICB FBODUCING SQUATIOKS 

these, we find xy = 20a? — 20y ; horn the second, xy = 
29a: — 1 — 3 1^. Equating these two, deducing an expression 
for X, and substituting it in the equation xy = 20(a; — y\ a 
quadratic is obtained. Solving it, we find ^ = 4, and there- 
fore x = 5. 



EXERCISES.* 



1. What number is that whose half and third part to- 
gether are equal to 20 ? 

2. What is that number whose quadruple exceeds its 
half by 14? 

3. What number is that, the double of which increased 
by &, is equal to a ? 

4. What number is that from whose double if a be taken, 
the remainder will be Z> ? 

1 1 

5. What number is that, - and - of which together are 

a 
equal to c ? 

6. Find two numbers differing by 9, and such that four 
times the less may exceed twice the greater by 14. 

7. Divide 56 into two parts, having the ratio of 11 to 17. 

8. Divide £150 between two persons, giving the one 
£14 more than the other. 

9. What is that number, from whose treble if 4 be sub- 
tracted, three-fifths of the remainder will be 12 ? 

10. Divide £300 among three persons, giving the second 
£9 more than the third, and the first £15 more than the 
second. 

Solve this question in general terms, by putting 300 = 6, 
9=0, 15= J. 

* The questions wbich are solved in general terms, should be illus- 
trated by examples with particular numbers. 
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By means of these solve such questions as the following : 

1. A cask which holds 100 gallons is filled with a mix- 
ture of wine, water, and spirits; there are 15 gallons more 
of wine than of water, and 25 gallons of spirits more than 
of wine. Find the quantity of each. 

2. Three workmen. A, B, C, were cutting a drain 159 
perches long, of which B cut 15 perches more than A, and 
G 24 perches more than B. How much did each cut ? 

11. Eequired a number, the half of which is as much 
less than 100, as its double exceeds 100. 

The following is the general statement of this question : 
Find a quantity x, such that mx may be as much less than 
a, as no; is greater than h. 

12. A post is one-third in mud, one-fourth in water, 
and 10 feet above water. Eequired its length 

13. One-tenth of a pole is coloured red, one-twentieth 
orange, one-thirtieth yellow, one-fortieth green, one-fiftieth 
blue, one-sixtieth indigo, and the remainder, which is 302 
inches long, violet. Eequired its length. 

14. A fish was caught whose tail weighed 91bs., its head 
as much as its tail and half its body, and its body as much 
as its head and tail Eequired its whole weight 

15. If the down-train from London travels 36 miles per 
hour, and the up-train from Edinburgh 30 miles per hour, 
in how many hours will they meet, and how far from Lon- 
don, the distance being 396 miles ? 

1 6. Suppose every thing to be as in the last question, 
except that the down-train starts an hour earlier than the 
other ; where wiU they meet ? 

17. The sum of the three sides of a triangle is 75 ; the 
base is 11 feet longer than one side, and 16 feet longer than 
the other. Eequired the three sides. 
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18. Find two nombeiB socli that their sum shall be a, 
and the one m times as great as the other. 

19. Divide a into three snch parts that the second may 
be m times, and the third n times as great as the first 

This is the general statement of snch questions as the 
following : — 

In a company of 45 persons, there are three times as 
many EngUsh, and five times as many Scotch as Irish. Ee- 
quired the number of each nation. 

20. At a certain election 812 persons voted, and the 
successful candidate had a majority of 42 votes. Find how 
many voted for each candidata 

(reneralize this by supposing that a persons voted, and 
that the majority was b votes. 

21. A man, at the time he was married, was three times 
as old as his wife ; but after they had lived together 15 
years, he was only twice as old. What were their ages on 
their wedding day ? 

22. A cistern which holds 820 gallons, is filled in 20 
minutes by three pipes, of which one conveys 10 gallons per 
minute moris, and the other 5 gallons per minute less than 
the third. How much does each pipe convey in a minute ? 

23. Having bought a certain quantity of brandy at 19 
shillings a gallon, and a quantity of rum exceeding that of 
the brandy by 9 gallons, at 15 shillings a gallon ; I find 
that I paid one shilling more for the brandy than for the 
rum. How many gallons were there of each 1 

24. A man and his wife usually drank out a vessel of 
beer in 12 days; but when the man was from home, the 
vessel lasted the woman 30 days. In how many days would 
the man alone drink it out ? 

25. It is required to divide 34 into two such parts, that 
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the difference between the greater and 18 shall be to the 
difference between 18 and the less, as 2 is to 3. 

26. A man is engaged to work for 30 days, on condition 
of receiving 2s. for every day he worked, and of forfeiting 
6d. for every day he was idle ; at the end of the time he 
received 35s. Eequired the number of days he worked, and 
the number he was idle. 

Generalize this by putting 30 = n, 24d. =p pence, and 6d. 
=^ pence ; and state the answer in terms of these quantities. 

27. If A can do a piece of work in a days, and B in 5 
days, in how many days will they finish it if they work at 
it together ? 

Find also an expression for the joint time in the case of 
three persons, A, working a days, B, b days, and C, c days j 
and in the case of four persons, A working a days, B, b 
days, C, c days, and D, d days. 

From these expressions deduce particular solutions by 
taking numbers for the letters in the general expressions. Thus 
suppose A can do the work in 6 days, B in 8, and C in 10, 
what would be the joint time. Suppose also A to do it 
in 12 days, and B in 15 days, find the joint time ; and that 
. in the case of four persons the times are respectively 4, 5, 
6, and 8 days. 

28. Some bees were sitting on a tree ; at one time there 
flew away a number of them represented by the square root 
of half the number in the swarm ; and again, eight-nintbs of 
the whole swarm, two only remaining. How many bees 
were there 1 

This problem is given in the Hindoo treatise referred to 
in the note p. 168. 

29. The time is between one and two o'clock of the day, 
and the hour and minute hands are exactly together* What 
is the exact time ? 
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30. Suppose two traders each to double his capital annu- 
ally, except an outlay of £100 ; and that at the end of three 
years the capital of the one is found to be doubled, while the 
other has only half as much as he had at first ; how much 
had each to begin with ? 

31. In 1830, A's age was 50, and B's 35. Eequired 
the date at which A's age is double of B's. * 

32. A father's age is now treble of his son's ; what are 
their present ages, the age of the father 7 years ago having 
been five times that of the son ? 

To find a general solution, put 3 = fTi, 5 = n, and 7 = a. 

33. A person rows a distance of 20 miles upon a river 
and back again in 10 hours, the stream flowing uniformly in 
the same direction all the time ; and he finds that he can 
row 2 miles against the stream in the same time that he rows 
3 miles with it Find the velocity of the stream, and the 
times of going and returning. 

34. A composition of copper and tin, containing 100 
cubic inches, weighed 505 ounces ; how many ounces of 
each metal did it contain, supposing a cubic inch of copper 
to weigh 5 J ounces, and one of tin 4 J ounces ? 

35. From each of 16 coins an artist filed the worth 
of half a crown, and then offered them in payment for 
their original value ; but being detected, the pieces were 
found to be worth only 8 guinea& Eequired their original 
value. 

36. One person says to another, ''Give me £100, and 
then I shall have as much as you." " l^o," answered the 

* If this question were enanciated as follows, " In 1830, A's age was 
50, and B's 85 ; when will A's age be double of B*b ; " the answer, 
*'— — 20, would shew that the date is before 1830, and therefore that 
the words ** when will A's age be " are incorrect, and must be changed 
for the words " required the date at which A's age is." See Arts. 5. 6. 



OF THE FIBST AND SECOND DE6BEES. 203 

other; ''but do you give me £100, and I shall have twice 
as much as you." How much has each ? 

37. A wine merchant sold at one time 20 dozen of port 
wine, and 30 of sherry, and for the whole received £120; and 
again, at the same prices, 30 dozen of port, and 25 of sherry, 
and for the whole got £140. Eequired the price of a dozen 
of each sort 

38. Eequired a fraction, to the numerator of which if 4 
be added, the value is i ; but if 7 be added to the denomi- 
nator, the value is -f . 

Or for a general solution : 

Required a fraction, which, if a be added to its nume- 
rator, will become b ; but if c be added to its denominator, 
will become d. 

39. A bill of £120 was paid in guineas and moidores. 
and the number of pieces of both sorts used was 100. How 
many were there of each sort, the guinea being 21, and the 
moidore 27, shillings ? 

40. A man and his wife could drink a barrel of beer in 
15 days. After drinking together 6 days, the woman alone 
drank the remainder in 30 daya In what time would either, 
alone, drink a barrel 1 

41. With 28 bushels of barley, at 2s. 4d. per bushel, a 
farmer would mix rye at 3s., and wheat at 4s ; so that the 
whole mixture may consist of 100 bushels, and be wori!h 
3& 4d. per bushel. How much rye and wheat must he take ? 

42. A countryman being employed by a poulterer to 
drive a flock of geese and turkeys to London, in order to 
distinguish his own from any he might meet on the road, 
pulled three feathers out of the tail of each turkey, and one 
out of the tail of each goose; and, upon counting them, 
found that the number of turkeys' feathers exceeded twice 
those of the geese by 15. Having bought ten geese, and 
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0old fifteen turkeys by the wi^, he was soiprised to find, as 
he drove them into the ponherei^s yard, that the nmnber of 
geese exceeded the number of tnri^eys in the proportion of 7 
to 3. Beqmred the number of each at first 

43. A number consisting of two digits, when divided by 
if gives a certain quotient^ and a remainder of 3 ; when 
divided by 9, gives another quotient, and a remainder of 8. 
Now, the value of the digit on the left hand is equal to the 
quotient which was got when the number was divided by 9 ; 
and the other digit is -j^th of the quotient got when the 
number was divided by 4. Eequired the number. 

44. Find a number consisting of two places of figures 
such that when it is divided by the difference of its digits the 
quotient is 21 ; and when it is divided by the sum of its 
digits and the quotient increased by 17, the digits are 
inverted. 

45. A man loses at a gaming table one-half his money, 
and then gains 6s. ; afterwards, he loses one- third of what 
remains, and then gains 12s. ; lastly, he loses one-fourth of 
what now remains, and finds that he has only 2 guineas 
remaining. Eind the sum which he had at first. 

46. A field is in the form of a rectangular parallelogram, 
whose length exceeds its breadth by 16 yards; and it con- 
tains 960 square yards. Bequired the length and breadth. 

47. There are three numbers, the difference of whose 
differences is 5 ; their sum is 44, and continued product 
1950. Find the numbers. 

48. Having sold goods for £24, I gained as much per 
cent as the whole cost me. Eequired the cost 

49. There are two square courts that are paved with 
stones a foot square each : the side of one court exceeds that 
of the other by 12 feet; and both their pavements taken 
together contain 2120 stonea What are their lengths 
separately f 
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50. A person bought some sheep for £72, and found, 
that if he had bought 6 more for the same money, he would 
have paid £1 less for each. Eequired the number bought, 
and the price of each. 

51. The difference between the hypotenuse and base of 
a right-angled triangle is 6 ; and the difference between the 
hypotenuse and perpendicular is 3. Eequired the sides. 

52. There is a field in the form of a rectangle, whose 
length is to its breadth as 6 to 5 ; one-sixth of the whole 
area being planted, there remain for ploughing 625 square 
yar^ Eequired the dimensions of the field. 

53. Two messengers were dispatched at the same time 
to a place 90 miles distant ; the former of whom, by riding 
one mile an hour fisister than the other, arrived at the end of 
his journey an hour before the other. Eequired the rate of 
each per hour. 

54. A regiment of soldiers, consisting of 1066 men, is 
formed into two squares, one of which has 4 men more in a 
side than the other. Eequired the number in each side. 

55. A company at a tavern had £8 : 15s. to pay ; but 
before the bUl was paid, two of them went away, and in 
consequence, those who remained had each 10s. more to pay. 
How many persons were in the company at first ? 

56. Find two numbers whose product is 300, and such 
that if 10 be added to the less, and 8 subtracted from the 
greater, the product of the sum and remainder shall also be 
300. 

67. Find two numbers such that if •§■ of the less be added 
to -J- of the greater, the sum will be 7 ; but if -J^ of the greater 
be taken from the less the remainder will be 2. 

68. A person starts to walk at a uniform rate without 
stopping, from a place A to another place B, and back again ; 
at the same time that another person starts from £ to walk in 
the same way to A and back. They meet a mile and a half 
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from B ; and again, an hour after, a mile from A. find 
tlieir rates of walking, and the distance from A to B. 

59. The ram of the numerator and denominator of a 
fraction is equal to 6 times the fraction ; and the som of the 
numerator and denominator of its reciprocal is equal to 1^ 
times its reciprocal What is the fraction t 

60. It is required to find the three sides of a right-angled 
triangle, from the following data; the number of square 
feet in the area is equal to the number of feet in the hypo- 
tenuse, together with the sum of the feet in the other two 
sid^ ; and the square described upon the hypotenuse is less 
than the square described upon the sum of the two sides, by 
half the product of the base and area 

61. A man travelled 105 miles, and found that if he had 
not travelled so fast by 2 miles an hour, he would have been 
6 hours longer in performing the same journey. How many 
miles did he go per hour ? 

62. A farmer bought two flocks of sheep for £65 : Ids., 
one containing 5 more than the other ; each sheep cost as 
many shillings as there were sheep in the flock. Eequired 
the number in each. 

63. The joint stock of two partners, A and B, was £416 ; 
A's money was in trade 9 months, and B's 6 months ; when 
they shared stock and gain, A received £228, and B £252. 
Bequired each man's stock. 

64. Two persons, A and B, travelled on the same road 
and at the same rate to London. At the 50th milestone 
from London A overtook a flock of geese, which travelled at 
the rate of 3 miles in 2 hours, and 2 hours afterwards he met 
a stage waggon which travelled at the rate of 9 miles in 4 
hours. B overtook the flock of geese at the 45th milestone 
from London, and met the stage waggon 40 minutes before 
he came to the 31st milestona Where was B when A 
reached London ? 
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65. In comparing the rates of a watch and a clock, it was 
observed, on one morning, when it was 12 by the clock that 
the watch was at 59 minutes 49 seconds past 11 ; and, two 
mornings after, when it was 9 by the clock, the watch was at 
59 minutes 58 seconds past 8. The clock is known to gain -f^ 
of a second in 24 hours. Find the gaining rate of the watch. 

66. If A and B together can perform a piece of work in 
a days, A and C together in h days, and B and C together in 
c days, find the time in which each can perform the work 
separately. 

Find the joint time by substituting 8 days for a, 9 days 
for 5, and 10 for c. 

67. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company 
furnished 4 times as many men as there were companies in 
the regiment ; but these being found to be insufficient, each 
company famished 3 more men, when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were in the regiment ? 

68. A sets off from London to York, and B at the same 
time from York to Londbn ; they travel uniformly ; A reaches 
York 16 hours, and B London 36 hours after they have met 
on the road. Find in what time each has performed the 
journey. 

69. The mail train on a railway starts a certain time after 
a luggage train from the same terminus, and the time is so 
adjusted that before arriving at the other terminus, the trains 
will just escape collision and no more, l^ow, it happens 
that the speed of the luggage train, from an accident to the 
engine, is suddenly reduced one-hal^ after performing two- 
thirds of the journey, and a collision takes place 12 miles 
from the end of it ; the proper speeds of the trains being 36 
and 24 miles per hour, find the length of the railway, and 
the difference in the time of starting. 
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Generalize the expressions hj calling 12 miles, a ; and 
the respective speeds b and V ; b being greater than b\ 

70. The distance £rom Edinburgh to Glasgow is 47^ 
miles by railway ; the express down-train leaves Edinbn^ 
at 10.30 A.1L, and reaches Glasgow at 11.40; the np-train 
leaves Glasgow at 10. a. il, and reaches Edinburgh At 11.20. 
Both trains perform the journey without stopping at any 
statdon, and the speed of each is uniform ; find where they 
will meet 
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159. If it were required to resolve the fraction 



a + bx 

into an infinite series, without actually dividing, we at 
once see (Art 81) that the series will consist of the powers 
of X multiplied by certain coeflScients, the indices of the 
powers of x beginning at zero and increasing by a unit in 
each successive term. That such development is possible, 
will also appear from Art. 92, since the given expression is 
the same as a{a + 5aj)~\ It is not, however, obvious what 
the coeflScients will be; but it is plain that they are 
independent of oc, and are expressed in terms of a and b. 
Let us then assume the coefficients to be A, B, C, D, &c., 
and we shall have 

_JL_= 1 + Aar + Ba;* + Caj* + Da;*, &c., 
a -\- bx 

an identical equation, the assumed series being merely the 
supposed result of the operation indicated by the left member. 
To determine these coefficients, multiply both members by 
the denominator, and arrange the terms by the powers of x ; 
we thus obtain 



« + Ba 


aj'+Ca 


aj* + Da 


+ A6 


+ m 


+ Cb 
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« = a + Aa oj + Ba a;' + Ca «* + Da x* &c.* 

Now, in order that this equation may be satisfied "by its 
members being rendered identical, the terms containing x 
must vanisL This will take place, whatever be the value of 
X, when the coefl&cients of its powers are equal to zero, that 
is, when 

Aa + 6 = 0, from which we deduce A = ; 

a 

Ba + Aft = B = -A-=^; 

a a' 

Ca + Bb = C = -B-=--,; 

a a 

DaH-C6 = D = -C-=-!;&c. 

a a 

The series will therefore be 

a ^ b b i b » b i p 
= 1 x + -^x gX + -iX &c. ; 



a + bx a a"" a* a' 

the same as would be obtained by actual division^ which in 
this case would be more direct. 

This indirect method of determining the development of 
a series, is called the method of assumed or indeterminate 
coefficients. It is applied to the same purposes as the direct 
methods in Arts. 81, 91, 99, and to various others in the 
higher mathematics, -j- 

The general principle of the method consists in assum- 
ing unknown coeflBcients, and then deducing two expressions 

* That the left member is of the same form as the right, will be 
plain when it is written thus, a + Oar + Ox* + Oic*, &c. 

•f* Undetermined coefficients, or coefficients to he determined, would be 
a better name than indeterminate; as that word has, in other parts of 
Algebra, a different signification. 

P 
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or series of the same form, which, by the nature of the pro- 
cess by which they are obtained, are to be identical with one 
another. A series of equations, giving the values of these 
coefficients, is then obtained by equating the corresponding 
terms, or their coefficients, and thus rendering the expressions 
identical 

160. If the series A + Ba? + Ca* + Da' &c. be equal to 
the series A' 4- B'a; + C V + D V &c. for all values of a;, then 
will the coefficients of a; in the two series be respectively 
equal to one another. For, equating these two series, and 
transposing all the terms to the right member, we have 

= A'-A + (B'-B)aj + (C'-.Cy + (D'-D)a;'&c; 
which cannot be true universally, unless 

A'-A = 0,B'-B = 0, C'-C = 0, D'-D = 0. 
Hence, A' = A, B' = B, Cr = C, D' = D, &c. 

161. A series with indeterminate coefficients, is gener- 
ally assumed to proceed according to the ascending integral 
and positive powers of x, beginning with x^ ; but in many 
series this is not the case : the error in our assumption is 
then shewn, either by some impossible result, or by those 
terms which do not exist in the actual series becoming zero 
in the course of the calculation. 

Thus, if it be required to develope -^, assuming the 

ox "" X 

same series as before, we should have 

= - 1 + 3Ac + (3B - A)a;* + (3C - B^ + (3D - C)a;* &c. 

which would give = — 1, A = -J &c. The first of these is 
absurd, and from the others nothing can be determined ; the 
form of the assumed series must therefore be modified. 
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Putting . under the form — x , let the a&- 

sumed series express the latter factor ; then 

1 x_i-=l(A + Baj+Cu;* + Da;')&c. 

X O — X X 

fix)in which we find, by the usual process, 

A = i, B = i, C = :2V, I> = A, &c. 
them 

ox — X X 

ox — x 
Again, if we assumed 

■^ '1^-7 = A + Ba? + Ca;' + Da?" + Ea:* + Fa;* + Gx\ &c., 



or 



l+aj'-a; 

we should find the true series to be 

1 - 2a;* + 3a;* - Sx"" + 8a;', &c., 

the coefficients B, D, E, &c of the odd powers of x becom- 
ing zero. The series above assumed will, therefore, answer 
the purpose as well as if we had assumed 

— !-^^ = A + Ca;' + Ea;* + Gx\ &c., 
1 +a; — a; 

in which the terms that contain the odd powers are 
wanting. 

162. The following miscellaneous examples will serve to 
illustrate some of the applications of this method : 

Ex. 1. Eequired the development of >/(a* + a^. 
Assume ^/{a* + a;^ = A + Ba; + Cai" + Da;* + &a 
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Squaring both sides so as to obtain quantities of the same 
form, we find 



a' + aj" = A* + 2 ABa; + 2AC 

+ B' 



ai*+2AD 



+ 2BC 



a;' + 2AE 


+ 2BD 


+ C* 



a^ + &c. 



Hence, equating the corresponding coefficients, we get 

A' = a', 2AB = 0, 2AC + B*=1, 2AD + 2BC = 0, &c. 

The first of these gives A = a, the second B == ; the 

others give by substitution the respective values, C = -- , 

2a 

D = 0, E = — --J &c., the series required therefore is 

8a 

\/{a^+a?) = a +-^ - —i &c. See Example 1, Art 99. 

2a oa 

2. Let x = a^ -hhy* + cy* + &c ; required the value of ^ 
in terms of ac 

Assume y = Ac + B«* + Cx* + &c 

Then ay = aAa? + aBaj' + aCx* + &c. 
V= 6AV + 2^>ABiB' + &C. 

* - cA V + &C. } =^0; 

&a 
— « = — a: 

hence 

aA- 1=0, or A = l-; aB + 5A* = 0, or + B = - -, 



&c. 



a 



a 



aC + 26AB + cA' = 0, orC = ^^'7^&c. 



a 



"We have therefore 

^, X ba?_,(2b*''ac)x*6b*^5ahc-hc^d,. 
y = r + ^ 1 ^ + r— ^- — X &a 



a 
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3. Let it be required to resolve the fraction 

6aj* — 2aj — 6 

7-3 — -r-r jrr-7 -. into partial jfractions, whose denomi- 

{ar + l){x H- 2)(x — 3) 

nators shall be the factors of the given denominator. 

. 6aj'-2a;-6 A + Baj , C ^ D 

Assume t-s ttt^ rr:^ ::t = — « : 1 ;; + 



(aj*-hlX«+2)(a;-3) ai*+l a+2 aj-3 

Adding the partial fractions, and comparing the coeffi- 
cients of the like powers of a; in the numerator of the results, 
and in that of the given fraction, we find the following series 
of equations for determining the assumed coefficients : 

B + C + D = 6, A--B-3C + 2D = 0, 
A -h 6B - C - D = 2, 6A + 3C - 2D = 6. 

These equations give A===l, B = ly C = 2, D = 3; and 
the partial fractions therefore are 

a?4-l 2 3 

aj' + 1' a? 4- 2' « - 3' 

4. Besolve, , ^t.^^,?f r into its partial frao- 

(1 + ac)(l + feajXl •\-cx) 

tions. 

. ^ A + Ba; + Caj' P . Q_ . 

Assume ,- r-r- ;^— ^. = + ^ , + 

(1 + aa:)(l + 6a;)(l + ex) l+oa? 1 -\- bx 
; then 



I +CX 

A + Ba? + Cai" = P(l + &a;)(l + ex) + Q(l + ax){l + ex) + 'R 
(1 + aa;)(l + bx). 

The equation being identical, or true for any value of x, 

let 1 + oaj = 0, or a; = , then 

a 

a a \ a/\ a/ 

(a — b){a — e) 
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Similarly if 1 + te = 0, or aj = — -, and 1 + ca5 = 0, or as 



sa — , we shall find 
c 

AJ^-K + C ^dR = -^^'-^ + Q . 
^ (a-6)(&-c)' (a-c)(6-c) 

The three partial fractions will be obtained by dividing 
these values of P, Q, and E»byl+a^l + &E^ and I +cx, 
respectively. 

5. Eesolve 7a? -- 6x — I into two factors of the first 
degree. 

Here, since — 1 is the product of + 1 and — 1, we assume 
for the factors, Az + 1, and Bx—l ; then the product of 
these, ABa? — (A — "Ejx — 1 must be the same as 7a? — fta? — 1 ; 
.-. AB = 7, and A-B = 6; .". also A*-2AB + B' = 36 ; 
adding to this 4AB = 28, we get A* + 2AB + B* = 64 
.-. A + B = 8. Hence 2A=U, and A=7; .\ B = l; and 
the fisuitors are 7a; + 1 and a; — 1. The resolution may ako 
be effected by means of quadratics ; we thus find the roots 
to be 1 and — -f, and hence (Art 157), the factors are 7a; + 1, 
and 0^—1. 

The preceding examples, as well as some of the exercises 
that follow, will serve to illustrate the nature of two im- 
portant branches of analysis, the decomposition of rational 
fractions, and the reversion of series ; it is impossible to 
enter frirther on the subject here. 



EXEBCIBE& 

Convert into series, 
a 



1. 



b + ex 



2 a + hx 
a + bx + cx* 



l-2aa; + a? 

4. ^/{l+a?) 

5. ^/(l^x) 
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6. 

7. 



a 



1 + 2a; -h ai* 
3 + 2a; 

5 + 7a; 



8. 



9. 



1 4- 2a; 
l-a;-.aj' 
1 



1 +a; + a; -rx 



10. 
11. 
12. 



Eesolve into partial fractions, 
a;+ 3 



{x - l)(a; + 2) 

a;+ 1 
a?-7a;4-12 



a; 



(ai«-l)(a;-2) 



13. 



U. 



15. 



(a; + a)(a; + 6X«-fc) 
1 

1 



X^^Qf" 2x 



Eesolve into two &^tors of the first degree^ 

16. 12aJ* + 5a; -25. 

17. 2a;'-21a^-lV-a; + 342^-3. 

Eeqnired the value of ^ in a series of ascending powers 
of a;. 

18. a; = y — ay* + 5y' — &a 

19. x^y-t +^-&c. 

20. 2^*- 32^ +a; = 0. 

21. a; = 2y + 3/ + V + &c. 



22. a; = 1 + y + 



y 



y' 



y' 



1.22.3 2.3.4 



+ &a. 
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" XIX.— RATIO AND PROPORTIOK. 

163. BaHo is the relation which two quantities of the 
same kind have to one another, with respect to the numhei 
of times the one is contained in the other. 

Eatio is expressed by placing between the quantities the 
common sign of division, or else two dots (:). Thus, the ratio 

of a to ^ is expressed by a : 6, a H- 6, or - . 

164. A ratio is not altered by multiplying or dividing its 
terms by the same quantity (Art 68). 

165. The terms of a ratio are called the antecedent and 
eonseqitent 

166. If the second of four quantities is contained in the 
first as often as the fourth in the third, the first is said to 
have to the second the same ratio as the third to the fourtL 

167. When the second of four quantities is contained in 
the first oftener than the fourth in the third, the first is said to 
have to the second a great'Cr ratio than the third to the fourth 

Thus, 4 : 2 is a greater ratio than 4 : 3, and 8:5a lese 
ratio than 7:4; because V ^ f > ^^'^ M < M- 

And generally, we may compare two or more ratios by 
reducing the fractions which measure them to the same de- 
nominator ; that which has the greater numerator is greater 
than the other. Thus, suppose the ratios to be a : 2), and 

c\d\ then - =-—^ and t = r^ ; and the first ratio will be 
od d hd 

greater than, equal to, or less than, the second ratio, accord 

ing as od is greater than, equal to, or less than he. 
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168. A ratio is called a ratio of greater inequality/, of 
less ineqtuzlity, or of equality, according as the antecedent is 
greater than, leea than, or equal to, the consequent. 

169. A ratio of greater inequality is diminiahedy and one 
of less inequality increased, by adding any quantity to both 
its terms. 

Thus, of the ratios 8 : 5, and 7 : 4, whose terms differ by a 
nnit, 8 : 5 is the greater (Art 167), and generally if a; be added 
to the terms of the ratio a :b,it becomes a + x :b + x; then 

-— - is greater or less than --, according as b (a -h x) ia 
b -i-x b 

greater or less than a{b-hx); that is, according as a:^ is 

greater or less than xa ; that is, according as & is greater or 

less than a. 

170. A ratio of greater inequality is increased, and one 
of less inequality is diminished, by toMng from both terms any 
quantity less than each. 

a " X a 

For, as before, is greater or less than -, according 

6 —a? b 

aab{a^x) is greater or less than a(b — x), that is, according 

BsbxiB less or greater than ax, that is, according as & is less 

ox greater than a, 

171. If the difference between the terms of a ratio be 
very small compared with either of these, the ratio of their 
squares is nearly obtained by doubling this difference 

Let a + a; : a be the ratio ; then in the ratio a^ + 2ax + 

a? : ci", or a + 2aj + - : a ; since x is veiy small compared 

a 

a? 
to a, ~ will be an extremely small fraction, when compared 
a 

either with a or 2ar, and it may therefore be neglected with- 
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out sensibly affecting the ratio ; that is, a + 2a; : a eapiesses 
the ratio of the squares veiy nearly. 

Similarly .a + 3x:a expresses the ratio of the third 
powers very nearly ; a + ^xitz, and a -h ix:a the ratios of 
the square roots and cube roots very nearly. 

Thus the ratio of 1001* : 1000* is nearly 1002 : 1000, 
the real ratio being 1002*001 : 1000. Also the ratio of 
(1-7361)* to (1-736)* is that of 1-7360 + 4 x 0*0001 to 
1-736 nearly, or of 1-7364 to 1-736. 

172. The ratio of one quantity to another is said to be 
compounded of two or more ratios, when the number which 
is the measure (Art. 46) of the ratio in question is equal to 
the product of the measures of the other ratios. 

Thus, the ratio of 3 to 108 is compounded of 6 : 3, 8 : 4, 
15 : 5, 12: 4, or of any others whose measures are factors 
of 36. Also, the ratio ace : bdf is compounded oi a :b, c id, 
e:f.* 

173. A compound ratio whose measure is the product of 
two equal factors, that is, the second power, of the measure 
of another ratio, is called the duplicate of that ratio. In 
like manner, the ratio of two quantities is said to be the 
triplicate ratio of two other quantities, when its measure is 
the third power of the measure of the ratio of two other 
quantities. Thus, 3 : 75 is duplicate of 4 : 20, and 3 : 192 
is triplicate of 4 : 16. 

* For if h be contuned x times in a, and d be contained y a:h 

times in e, and/ be contained z times in «, hdf^ the product of * 

the consequents will be contained xyz times in aoe, the product e : d 

of the antecedents. Hence we might define compound ratio thus : y 

In any number of ratios, if the product of the antecedents be e :/ 

taken, as also that of the consequents, the products are said to z 
have to one another a ratio compounded of the other ratios. 
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174. Proportion, or analogy, is the equaKty of ratios, 
and quantities having the same ratio, are called ^ro/707f£o92a29. 
Ihns, if a : & be equal to e : e2, these quantities constitute a 
proportion, which is written a ih i i c x d, a:6 = c:(?, or 
a _c 

175. A continual proportion is a series of terms such 
that each term has the same constant ratio to the one next 
following. Thus, a, ar, ar*, ar^y ar\ ar^, .... a7^~\ is a 
series of continual proportionals, in which r is the common 
ratio, and ar'"'^ the last term. 

176. K three quantities be continual proportionals, the 
ratio of the first to the third is duplicate of the ratio of the 
first to the second ; and if there be four quantities, the ratio 
of the first to the fourth is triphcate of the ratio of the first 
to the second. For, let there be the two series, 

ar^, aVy a ; 
ar*j ai^y ar, a; 

then the measure of ar' : a is r*, and of ar* : ar iar; also, 
the measure of ar* : a is r*, and of a/ : ar* is r. Hence the 
ratio of the squares is duplicate, and of the cubes triplicate, 
of the ratio of the first powers. * 

177. Three quantities are said to be. in harmomcal pro- 
portion, when the first has the same ratio to the third that 
the difference of the first and second has to the difference of 
the second and third. Thus, a, &, c, are in harmonical pro- 
portion, when a:c::a — &:J — c. When every three con- 

* The ratio of the square roots is called mb-duplioaie^ and of the 
oahe roots gub4ripUoate of the ratio of the first powers. Also the ratio 

of the square roots of the third powers (a^ : 1% is called sesquipficate of 
the ratio of the quantities (a : h). 
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flecatiye teims aie thus related, Hbe bbdm farnu an hannonic 
progreaflloiLi Thus, ct, b^ Cj d^ e, &&, fovm an hannonie pro- 
greaaiony iia:e::a — b zb — Cj i£b :d: ib^e le — d, and 
e :e: :e^d zd-^e, &a 

178. If/our quantities be prqportionalsy the product oj 
the means is equal to the product of the extremes ; and if the 
product of two quantities be equal to the product of two others, 
the four quantities uriU form a proportion. 

Let the proportion be a : b : :e:d; then t ~ 3 > ^'^'^ 

b d 

clearing of fi!action8, ad = bc. Again, let mq = np; divide 

both sides by nq, then - =-, or mm: :p :q. 

n q 

179. Hence, if the proportion consist of three terms, the 
product of the extremes is equal to the square of the meani 
and conversely. Hence, also, a mean proportional between 
two quantities is the square root of their product ; for in the 

proportion a :b : :b ic, b* = ac, and b = a/uc This is called 
a geometric mean, 

180. Hence, also, any three terms in a proportion being 
given, we may find the fourth from the equation ad^bc, 

181. If four quantities be proportionals, they are also 
proportionals when taken altematdy or inoersdy, 

a c 
Let a:b : ic :d, 01 -- = --, be the proportion, and let 

b d 

h n h 

both sides be multiplied by -; then - = -, and therefore 

c c d 

a :c : :b :d. This alternation cannot take place (Art 163) 

unless the quantities are of the same kind. 

Again, let a:b : icid; hence (Art. 1 78), ad^bc^ and 

therefore b :a: : d :c. 



PSOF06IXIONS. 221 

182. In a proportion the first term is to the second in- 
enased or dwwmhed by any muUiple of the first, as the 
IMrd is to the fourth increased or diminislied by any mutHpHs 
of the third. 

Lst a:h::e :d; then inversely (Art 181), b:a::d :c; 

hence, - = — , and (Artas. 27, 28) - ± w» = - ± m : 
a o a e 



whence 



h±ma _d:hinc 
a c 



and theie^sre, b ± ma :a::d±me :e; 

and inyeisely, a : 5 =k ma : :c :d^ me, 

183. Hence, a : c ::h ^i^ ma : d ± mc, therefore, - s 

; but - = ^ therefore b :d : :b ^ ma id^mc; and 

d^mc c d 

alternately, & : 5 ± ma : :d :d:h mc 

., . a b •\' ma , a b — ma , ,, 

Also, since — = — , and — = , we have alter- 

c a-hmc c d — me 

nately, b + ma : b — ma : : rf + wc : c? — mc 

Hence, ifm = l, b + aib — a: :d + c:d — c; and from 
the last proportion in Art 182, a:&dba::c:J±c, and 
b^aia: idzkc :c. Also, b :b±a : :d id^c, and b^a: 
b : :d^e :d, 

184. When any nuniber of quantities are proportionals^ 
as one antecedent is to its conseqtient, so is the sum of aU the 
antecedents to the sum ofaUthe consequents. 

Let there be any number of proportionals, 

a :b : :c :d : : e :/; 
then ad=^bc, and af=be; also ab = ba; therefore^ 

ab + ad + af= ba •{• be •{• be, 
oi a(6H-(f +/) = 6(a + cH-e); 

whence (Art 178), a: 5::a + c + e:5 + J +/ 
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185. If fhe fini and mtumd ternu of a prqporium he 
muUiplied or divided by qohji qvantityj oi dbo the Hdrd and 
fourth, the quantities uMch resuU wSt he proparUonaL 

Let the piopoitioiL he - = - ; fherefoie (Art. 681 

h d 



^ = ** ; whimoe, mainb: 
mb d 


e d 


n 




So also if a ib iieid^ 




then a : ft : : — : — . 

d e 




For, as ahove shewn, 




. c d 
a:&: : - : —, 

cd ca 




that is a\b\\—\-^ 

d c 





So that in a proportion, the first is to the second as the 
reciprocal of the fourth to the reciprocal of the third. We 

haye also a : e : :b :d, and .*. a : c : : - : -• See Euclid's 

d ' b 

definition of " reciprocally proportional," VL, Def. 2. 

186. If the first and third terms of a proportion be mul- 
tiplied or divided by any quantity, as also the second and 
fourth, the quantities which result mil be proportionaL 

For let a : ft : : c : ^ then 7- = ^y and multiplying both 

ft a 

sides of this equation by — , 

n 

ma mc /^\ , 

^=- ... . w. 
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whence ma iTibiimc: nd* 

Also if « = 1 in (1), maibiimcid^ 

and if m=:lf airibiicind, 

we have also ma :- : :mc:- and a : — : : c : -, &c. 

n n n n 

* Hence ma is greater than, eqaal to, or less than n&, according as 
mc 18 greater than, eqaal to, or less than nd. This proves Euclid's defi- 
nition of " same ratio " (V. 5) ; and thus we deduce the geometrical 
definition from the algehraical. The algebraical definition (Arts. 163 and 
166) could not be employed in geometry, as there is no geometrical 
method of representing a quotient. 

But Euclid's definition is more rigorous and comprehensive than the 
algebraical, for it applies to incommenaurahlej as well as to commensur- 
able quantities; while the algebraical (Arts. 163, 166) applies to the latter 
only. For if the quantities compared be incommensurable, such as the 
circumference and diameter of a circle, the diagonal and side of a square, 
&c. ; or if we have such a ratio, as 3 : V^t ^^^^ ^^t 3 : 1*4142 . . ; the mea- 
sure of the ratio cannot be expressed, either by a whole number or 
by any determinate fraction. In such a case, however, a fraction may be 
found which shall express the value of the ratio a : h with any required de- 
gree of accuracy. For let a; be a measure of 6, so that 6 =» nx, where n 
is an integer. Also, let a be greater than mx but less, than (m + 1) x ; 

then 4 is greater than ^, but less than ^ ; or the difference 
n n 

between rr- and — is less than — : and since nr bs 5, as a; is dimi- 
o n n 

nished, n is increased, and — diminished. Therefore by continually 

n 

diminishing x more and more, — may be continually diminished ; bo 

that by taking x small enough, — and also the difference between — 

n n 

and -^ may be made less than any assignable magnitude ; and, there- 



fore, a fraction may be found expressing the measure of the ratio of a to &, 
to any required degree of accwracy. 

Again, if o and d also are incommensurable, and if when -r lies 

between — and ^'^ , 4 also lies between the same limits ; then, 
n n a 

however m and n are increased, ■=- is equal to -3. 



then 
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187. In any number of proportionSy if the corresponding 
terms he miUtiplied together, the prodiicts will he proportioviaH, 

Let there be any number of proportions, 

a\h lie id, 
e if iig ih, 
i iki il im, 

a _c e _g *_.J^. 
h dl f tC h m' 

, aei _ cgl 

hfk dhm ' 
and therefore aei i hfk i icgli dhm. 

This is called compounding the proportions (Art 172). 

188. If four quantities he proportionals, their like powers 
and roots will he proportionals, 

a c fl* c* 
. Let a I h I ic I d, ,'. (Arts. 31, 68), - = - and -- = — ■• 

^ ^ h d h^ d^' 

where n may be either a whole number or a fraction. 
Hence (Art. 174), a* : 6* : : c* : cT. 

For if they are not eqaal, their difference must be some assignable 

quantity less than — , because each of them lies between and — ' 

» n li 

whose difference is — . Now n may be increased without limit, accord- 

ing to the supposition, and therefore — diminished without limit, that is, 

n 

made le%8 than any assignable quantity, and -=- and -= thus have no as- 

o a 

signable difference ; that is, we may say that ^ is equal to -= ; so that 

a, &, c, d form a proportion in this case as well as in that supposed in 
our definition ; and hence all the propositions respecting proportionals 
are true in regard to these four quantities. 
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XX. VAEIATIOK 

189. One quantity is said to vari/ directly as another, 
when, as the one increases or diminishes, the other increases 
or diminishes in tTie same proportion. 

Thus, if the altitude of a triangle be invariable or constant 
(Eua VL 1), the area will vary as the base ; and (Euc. VL 33) 
in equal circles, or in the same circle, angles, whether at the 
centre or circumference, vary as the arcs on which they stand. 
But one quantity may change with another, without varying 

in the same proportion. Thus, in the expression y = \/ax, 
y increases or diminishes with x ; but is not doubled or 
trebled when x is doubled or trebled ; y does not increase 
in the same proportion as x, and so is not said to vary as x. 

The sign oc (read varies as) is employed to denote the 
relation of varying and dependent quantities. Thus, yocx 
means that y varies as x. 

The sign =• (read proportional to) would be a very suitable 
symbol to express this variation, as it includes the signs of 
equality and ratio, denoting an equality of ratios. 

190. One quantity is said to vary inversely as another, 
when they are so related that the one changes in the same 
jproporUon as the reciprocal of the other (Art 79). 

Thus, if the area of a triangle be given, the base varies 
inversely as the altitude, that is, its reciprocal varies as tJie 
altituda For if we call p and p the altitudes of two equal 
triangles, and h and 6' their bases, ^{bp) = ^{f>p\ Hence, 
Ip = b'p\ and therefore (Art. 1 78), 

b :!/ : \p' :p 
or (Art. 185), 

p p 

Q 
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P * 

GeneraHj, tiiis yaziatian is cxpic aB cd Urns, yoc-* 

From the definition here given, and from that of Art 189; 
it follows that when y varies inycxsely as 2^ it varies directly 

as — Now — is increased when z is drnimiahflil and di- 

X X 

minished when ^ is increased; so that when y varies inversely 
as Xj or directly as -, ^ must hecome larger or smaller, 

X 

according as x hecomes smaller or larger. 

Questions in simple and compound proportion in arith- 
metic, or the single and donble role of three, afford examples 
of direct and inverse variation. In fact, variation is nothing 
else than an abridged mode of presenting these subjects ; the 
phraseology is different, and more suitable in many appli- 
cations of the doctrine of proportion, while greater concise- 
ness is introduced by expressing only two terms in each 
proportion ; the student must bear in mind, however, that 
four are always supposed. Thus, the general expression 

* Thus also, the interest whicli a person will obtain for .bis money 
by buying into the goyemment stocks, in which the dividends (3, 3}, 
&c., per cent) are invariable or constant, will vary inversely as the price 
of the stock ; it will be 3 per cent (in the 3 per cents) if the stock is at 
£100, 4 per cent if the stock is at £75, 5 per. cent if the stock is at £60, 
and so on. And in the case of two aniform motions, in which », t, and 
V, y, t\ and 1/, are the spaces, times, and velocities, respectively; since 

V ^ -. and t/ «» __ ; if the spaces are the same in both, v varies as the 

reciprocal of t. Thus, if two steamers run a distance of 120 miles in 6 
hours and 8 hours, respectively ; the velocities are 20 miles per hour, 
and 16 miles per hour ; and we have the proportion, 

20 : 15 — \\\. 
6 8 

that is, the velocities vary as the reciprocals of the times. 
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ycc z denotes that particular values of these quantities are 
proportionals 3 that is, it denotes any proportion such as 

y :y =x \x ; 
and the expression y^- 

X 

any analogy such as 

,,,11 

y -y =-, ' -77- 
y y 

In the subjects referred to, there are given corresponding 
values of two quantities which vary vdth one another, and we 
aie required to find the change produced in one, when a given 
change is made in the other. Thus in the question, *^If 112 
cwts. cost £63, what will 192 cwts. cost at the same rate ; " 
corresponding quantities in weight and price are given, and 
we have to find what change will be produced on the price 
when a given change is made on the weight The relation is 
expressed by an analogy of this form, 

w :w : :p :p ; 
or more simply imder the form, 

w<xp. 

Again, in the question, ^'How long will 18 horses take 
to plough a farm which 12 horses can plough in 15 days." 
The time varies as the number of horses inversely ; so that 
instead of 12 and 15 being the antecedents of the ratios, these 

are i aad 15 ; ^ is the first consequent, and therefore 10 

the second ; for we have the analogy —-:-—:: 15 : a;^ or, 

12 lo 

18 : 12 : : 15 :x, .'. x= 10. We have, therefore, the general 
expression, ^^-^f or, H oc — . 

191. Let x and y be two variable quantitieS| so related 
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that y cosCf then will p = mx, where m is invariahle or 
constant 

For, since y changes in the same proportion as x changes, 
the ratios y :x, y': x\ &c., in every system of valnes will be 

the same ; so that the quantity ^ which is the measure of 

X 

this ratio, will be always of the same value, or invariable ; 
it may, therefore, be denoted by a constant, m; so that 

y = mx. 

Thus, if ^, h, J), be the area, base, and altitude of a 
triangle, f = i*hp; and if we take as constant the altitude 
ss 2m ; then ^ = m x base. Also, if we take as constant the 
base = 2m, then ^ = m x altituda 

192. It follows from these considerations, that if we 
know any system of values of x and y, the constant m can be 
found. 

Thus, if we know that when x = a, y = b ; then b = two, 

h h 

.*. m = -, and y = -x. This is called the equation connecting 
a a 

y and x, 

193. Again, conversely, if y = mx, we have in every 
system of values - = m, and therefore when x changes, y 

X 

must also change in the same proportion ; hence, yoca^ 

194. One quantity is said to vary as two others jointly y 
when, if the former is changed in any manner, the product 
of the other two is changed in the same proportion. 

Thus, the area of a triangle varies as the base and per- 
pendicular jointly ; that is, the area changes in the same 
proportion as the product of these two quantitiea K p, ft, p, 
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and ^y h\ p\ represent these thiee quantities in two triaiiglea^ 
then ^::i.^, and p'=tj.2>y .•. 2=.^. 

hence f : f' : ihp ; V;p' \ or, jd cc }yp^ 

195. If J2foca:|y,itwillfollow, asinArt. 191, thatjaf = ma^. 

And conveisely, it might be shewn, as in Art 193, that 
if 2 = mxy^ then zocxy. 

196. If a:^ y, z, are three variables so related that a 
change in the product of x and - changes z in the same pro- 
portion, then z is said to vart/ directly as x^ and inversely as 

X 

y. The expression ^ z cc — represents this relation, and z 

y 

plainly varies jointly as x and - • 

Thus, the base of a triangle varies as the area directly, 
and the altitude inversely. 

For, since -^ ^ -Jrr ^ ^^ multiply both sides by ^ we 
<p ojp p 

shall have ^ = t, = --^—,\ 

(pp h' p p ' 

and therefore, &:&'::-: —,* 

that is, h varies as f directly, and p inversely. 

Thus, also, in the question, *' If 12 masons in 5 days can 
build a wall 16 poles in length; how many masons would 
be required to build a similar wall 24 poles long in 9 days;** 
we have a single term, masons, which varies separately as 

each of two others ; directly as the length of the wall, and 

p 
inveraely as the number of days ; or M oc ~- . 
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We have then -—:---:: 12 : 10, 

o 9 

or, 16 X 9 : 24 X 5 : : 12 : 10. 

197. If one qnantity varies as a second, and that second 
as a third, the first will vary as the third. 

For let y = mx, and x = nz ; then y = mnZy and m and n 
being supposed constants, mn is constant, .*. yocz. 

Also, ifyocx, and a; oc - ; then y oc -. For, let y = mx, 

z z 

and x = —,.\y = — , and mn being constant, y oc _ . 
z z z 

198. If each of two quantities vary as a third, their sum 
or difference, or the square root of their product, will vary as 
the third. 

For, let y = mz, and x = nz, m and n being constant, then 
y ± ic = (m =fc n)z, .*. y :izxocz. 

Also, fjyx = 'J{mnz^) = z *Jmn, .' . *yyx « z. 

§ 

199. If y varies as x, and z as v, then will yz vary as xv. 

For, let y = mas, and i? = nt; .*. yz = mTion; .*. yzoc xv. 

Similarly, ^oc —. 
z V 

Also, if y vary as osz, then will a? vary as ^, and j? as -• 

z X 

For, let y = macz, m being constant ; 

then, x = — . -, and z = — . ?^, 

m z m X 

hence, a? oc ?.^ and « ©c ?L . 

z x 

200. Like powers or roots of quantities vary as those 
quantitie& 

For, ld\,y = mx, then y = rw^a;*, .*. y*oca;*. 
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201. If Xy y, z, are three variables, and if z varies as x 
when y is supposed constant, and if z varies as y when x is 
supposed constant ; then z varies as a^ when x and y both 
vary. 

The variation of z depends upon the variations of y and 
x, and if we suppose the variations to take place separately, 
and whilst y is changed to y\ let z be changed to z' ; then by 
hypothesis z : /' = y \y' \ 

but this value, z\ will again be changed to z by the variation 
of Xy and proportionally to the change in a:, so that 

z :z = X :x. 

Compounding these two proportions (Art. 187), we have 

zz' : zz' = yx : ^a^y 
or by reduction, z: z' = yx : yx\ 

that is, z varies as yx. 

Thus the area of a rectangle will vary as the base, when 
the perpendicular is constant ; and as the perpendicular wben 
the base is constant ; but as their product, if both vary.* 

* Let ^ =3 6^ ; the relations will be as follows — 



p b ^ 






and 


6 X 8=48 


8 


: 9: 


:48: 54 


6 X 9 = 54 




: 11 : 


: : 66 


6x11 -=66 




13: 


: : 78 


6 X 13 = 78 




17 


: : : 102 


&c. 






&c. 



Our former illastration affords another example. " If 12 masons in 
5 days baild a wall 16 poles in length; bow many poles' length of a 
similar wall will 10 masons build in 9 days?** If tbe times were the 
same, the length would vary with the number of masons ; and if the 
number of these latter were the same, the work done would vary with 
the time ; when both the time and number of men are different, the work 
will vary as their product ; that is, the number of poles required : 16 poles 
::9X10:5X12; or, 

ifiio} -1^^^» .-.^ = 24. 
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In the aame manner, if there be any nnmber of qnantities, 
Xy y, z, if ^^ each of which yanes as another, v, when the 

rest are constant ; v will vary as their product when they are 

all changed. For we shall manifestly have 

V \v' 11 X : a! I if Iff' ', \y :y' 
v" iv'" : :z :sl I v^ :v^ : :t \ i 
.', V : ^4 : : acyzi : oiy'zi ; that is, voca^sl 



EXERCISES m RATIO, FBOPOBTION, AJH) VARIATION. 

1. Which is the greater ratio, 3 : 5, or 5 : 8 1 

2. Which is the greater ratio, 9 : 8, or 13 : 11 1 

3. Add 1 to both terms of the ratio, 7 : 6, and shew how 
the ratio is thereby affected. 

4. From both terms of the ratio, 10 : 7, subtract 1, and 

shew how the ratio is thereby affected. 

5. Which is greater, the ratio a* + 2>' : a' — 5*, or a + 5 : 

6. Express the ratio - : •-, in its simplest form. 

a 

3 2 5 3 

7. Express the ratio - . - : — . - in its simplest form. 

t X fj y 

8. What ratio is sub-triplicate of that of 27 : 8 ? 

9. Compound the sub-duplicate ratio of a' : sfy with the 
duplicate ratio of s/a : »Jx, 

10. Compound the sesquiplicate ratio of a : ai^ with the 
sub-duplicate ratio of a : ar. 

11. The ratios, 12 : 11, 14 : 13, 16 : 15, express the 
ratio of the equatorial to the polar axis in the planets;, 
Saturn, Jupiter, and Mars, respectively. Compare the 
magnitudes of these ratios. 

12. Which is greater, the ratio of a -h 2 : ^ + 4, or thai 
of a+4:^H-51 
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13. Compare the measure of the ratio componnded of 
the latioQ 18 : 6, 24 : 4, and 12 : 3, with the measures of 
the simple ratios, and shew how they are related. 

14. If S, X, and 162, are three continual proportionals, 
find OS, 

16. Approximate to the ratio of 4/729 : -y728. 

16. Express the ratio of a : a? by the reciprocals of these 
quantitie& 

1 7. K a have to x the duplicate ratio of a + y to aj + y, 
prove that ^ is a mean proportional between a and x, 

18. If 20, X, and 45 are in continued proportion, 
find X, 

19. Shew that 12, 16, and 24, are three, and 2, 2f, 3, 
and 4, four, harmonic proportionals 

20. Compound together the duplicate ratio of 4 : 3, the 
triplicate ratio of 5 : 4, the sesquiplicate ratio of 1 6 : 4, and 
the sub-duplicate ratio of 441 : 225. 

21. Approximate to the ratio of 501*: 500*, and of 501*: 
500*. 

22. If the ratios a + a? : ft, a — a? : c, and c : — r — be 

b 

compounded ; and also the ratios 3a; + 2 : 6a; + 1, and 
2aj + 3 : a: + 2 ; whether are the resulting ratios ratios of 
equality, greater inequality, or less inequality 1 

23. Let t/ocx ; required the equation connecting x and 
y under the following conditions ; when a; = 4, let y = 24 ; 
when a? = 6, lety = 30.; when x = a — b, lety = a^--b* ; when 
t/= 15, let a; = 3. 

24. Let y' oc a' — a;*, and when x = %/(«' — ft*), ^ = ""> 

find the equation connecting x and y ; or what the constant 
171 is in this case. 

25. Given that yoea^ and that ^ = 6, when a;= 4; what 
will y be when a = 8 ? 
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26. Given that y is equal the sum of two qnantiiies, 
whereof one yaiies as Xy and the other inversely as a^ ; and 
when a;=l, y = 10; and when x = %y-\Z \ express y in 
terms of 2l 

. 27. In the case of falling hodies, the spaces passed over 
are as the sqnares of the times, or «oc ^ ; when then a body 
has moved for 4 seconds, and described 25 7^ ft, find the 
equation connecting the space and tim& 

28. Given that y varies inversely as the mth power of a; 
and X inversely as the nth power oi z\ find the equation 
between x and z^ supposing that when a; = a, z^c 

29. Suppose y to be equal to the sum of three quantities, 
whereof one is invariable, the other varies as Xy and the third 
as a^ ; express y in terms of on, 

30. If whilst rocaj, and b oc ViB, y-T-\-8\ and if when 
a; = 4, ^ = 5, and when a; = 9, ^ = 10 ; find the equation con- 
necting y and x, 

31. Ifa+ft oca — ft, shew that a' + &' oc a6. 

32. Given that the volume of a sphere varies as the cube 
of its radius ; prove that the volume of a sphere, whose 
radius is 6 inches, is equal to the sum of the volumes of three 
spheres, whose radii are 3, 4, and 5 inches. 
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202. An eqwidifferent eeries, called also an arithmdical 
progression is a series of terms which increase or decrease by 
the same common difference. 

Thus the numbers 20, 17, 14, 11, 8, 5, 2, form an 
equidifierent series, and 3 is the common difference of the 
terms. Also a, a + c?, a + 2^, a + 3f?, a + idy &c. is another 
such series, where d is the common differenca It is obvious 
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that the nth or last term is a^(n-' l)d, according as the 
series is an increasing or a decreasing one. This nth term is 
also called the general term, because any term can be derived 
from it. 

203. In an equidifferent series the sum of the two ex- 
tremes is equal to the sum of any two terms equally distant 
from them, or to twice the middle term, if the number of 
terms be odd ;. for in the first of the above series we have 
20 + 2 = 17 + 6 = U + 8 = 11 X 2 ; and in the second, if 
we take the first and ninth terms as extremes, we have 
a + (a + 8c?) = a + ^ + (a + 7d) = 2(a + 4f?); the fifth being 
in this case the middle termu 

When we have four equidiflferent quantities a, 6, c, d^ 
then a — 6 = c — cf ; whence a-\-d = h-^c'y and if a, &, c be 

three such quantities, then a^h^h — Cf whence h = — - — ; 
and in the series already given, a^ a •{• d, a -{- 2d ; a -^ d = 
^—i — I • that is, the middle term is half the sum of the 

extremes. This is called an arithmetical mean, 

204. A seriea of continual proportionals (Art. 175) is 
called a geometrical progression ; thus, 4, 12, 36, 108, &c^. 
is such a series, and 3 the common ratio. The general form 
of such series has been already given (Art 176). 

205. A mean proportional between two quantities, that 
is, the square root of their product, is usually called a geome- 
tric mean (Art. 179).* 

* The terms arvthmetical and geometrical^ commonlj applied to pro- 
portions and progressions, are improper, as they lead to a misconception 
of the nature and connection of these series. The terms progressions 
by differences and by guotients^ or equidifferencee and continual propor- 
tiofudit would be much more appropriate as expressive of their cha- 
racter. 
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206. To find the suin of an equidifferent series ; MuUi' 
ply the sum of the extremes by the number of terms^ and take 
half the product. 

Let a be the first tenn« d the common difference, and s 
the sum of the series ; then 

« = a + (a + ^) + (a + 2ci) + (a + 3ci) + (a + 4d) + (a + 5d) 
•¥ (a + QcC)y + &c + a + (» - 1)^ . . . (1) 

Now the last or nth term is a + (n — l)tZ, the last but 
one is a + (w — 2)dy the last but two a + (n-' 3)rf, the first 
being a-^{n — n)d. Hence, by reversing the terms, the series 
may be thus written : 

^ = [a + (n-.l)dri + [a+(w-2)d!] + [a + (n - 3)rf] +. . . 
&c., + a (2) 

Adding series (1) and series (2) together, we find 

28 = [2a + (« - l)d\ + [2a + (w - l)d\ + [2a + (n - l)c(J + 
&c to n terms. 

Whence, as each term is 2a + (n -; l)d, and as there are 
n terms, we have 28 = n[2a + (n — l)d\, 

and therefore « = - [2a + (n — l)d\ .... (3) 

Now let the last term l = a-\'{n-' l)d . • . (4) 

then « = ^(« + (^) 

If the series is a decreasing one, the common difference 
d is negative, the last term is a ^ (n — l)df and the sum 

« = l[2a-(»-l)rf] (6) 

The same may be shewn more briefly thus. Let « >^ a + 
(flf + dl) + (a + 2d) + (a + 3d) + &C, + i 

Then, reversing the terms, we have 

» = Z + (Z-d) + (i-2d) + (Z-3d)H- &a +0^ 

/. by addition 2« = (a + + (« + + (^ + • . • tow terms 
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»f^a-^t). Whence 9 = -(a'\-T). N"ow, Z = a + (n— IH 
therefore s = -[2a + (t^— 1)c[\ ; also n = 1 + — j- 

207. Hence, and from Art 203, it follows that if m be 
the middle term of a series, 8 = nm, (7). Also, if j9 and q be 

terms equally distant from the extremes, 8 = -(p^ q) (8). 

Or the same may be shewn otherwise, thus : the rth term 
from the beginning (p) is a + (r — l)d ; and the rth from the 
end (q) is l-'(r'-' l)d, the sum of which is a + Z ; so that, 
p+q=a+l 

208. From the equations s = - (a + Z), and Z = a + 

(n— l)df any two of the quantities, «, w, a, ^, cZ, may be found, 
when the other three are given. 

Thus, ^= lll|(9); and also d^^^^^l^ (10). The 
n— 1 n(n — 1) 

expression for n is obtained by solving a quadratic equation. 
The formula for 8 (3) gives 2« = 2an + n^d — nd, 
whence dn^ + (2a — d)w = =fc 2«. 

The solution of this equation for n gives 

_d'-2a±^JSsdT(2a^^^ ,,,v 

n —^ -. . . (11) 

EXAMFLEa 

1. Find the sum of 12 terms of the series 

3, 7, 11, 15, &c. 

Here,in(3)and(5)a = 3,^ = 4,w=12, Z=3H-(12-lr)4 
-47; 

hence, *= V(3 + 47) = 50 x 6 = 300, 

or «= V(6 + llx^) = 300. 
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2. If the first term of a progression be 14, and 28 the 
sum of 8 terms, what is the common difference ? 

Here, from (3) 28 = f(28 + 7d), 

we find f? = — 3 ; 

.'. the progression is 14, 11, 8, 5, 2, — 1, — 4, — 7, &c 

If we had substituted in formtila (10) we should have had 

a = = —=r=— = — 3 as before. 

8x7 56 

3. If the sum of an increasing series be 147, the first 
term 7, and common difference 7 ; required the number of 
terms. 

Substituting these numbers in formula (3) we find, after 
some reductions, w' + n = 42 ; a quadratic, which gives w = 6, 
the number of terms required. 

The same result may be obtained, though less readily, by 

substituting the given numbers in formula (1 1). 

rp, . . ,, ^ 7-14db^/(56x 147 + 7^ 1 . 91 . 

This gives 11= ^ / =__±_; 

that is, w = 6, or — 7, 

The negative value here denotes that if we reckon one 
term more in the opposite direction, the sum will be also 
147. Now the series being 7 + 14 + 21 + 28 + 35 + 42, 
if we reckon another term before 7, we shall have 

+ 7 + 14 + &c., the sum of which is also 147. 
So also in the series of Ex. 79, in which the number of 
terms is either 7 or 13, if we stop at 7 terms the sum is 91, 
and if we go on to 13 terms, it is also 91 ; and the same 
explanation may be always given in the case of double inte- 
gral values. 

209. To find the sum of a series of continual proportionals ; 
Multiply the last term by the ratio, and divide the difference 
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between this product and the first term by the difference be- 
tween the ratio and unity; observing thai the last term 
becomes zero, in an infinite decreasing series. 

Let a be the first term, r the ratio, n the number of 
terms, and s the sum of the series ; then 

s = a -\- ar -^ ar^ -^^ ar* + dr* , . . . + ar''^ \ 

Multiplying both sides by r, and from the result sub- 
tracting this equation, we haye «r — « = ai^ — a ; 

whence, s = ^-- : (1) 

r— 1 

putting ar*~* = Z, this becomes «= —^^-. ... (2) 

r — 1 

When r is a fraction, as n increases, r** and ar^ will 
decrease ; and when n becomes indefinitely great, ar"* will 
become less, with respect to a, than any assignable quantity, 
and is therefore to be taken as nothing : in this case^ there- 
fore, we have s = — — = — ^ — (3) 

r — 1 1 — r 

which is the expression for the sum of an infinite geometric 
series. When we speak, then, of the sum of an infinite 
series of this kind, we are understood to mean that the sum 
of n terms of the progression can be made to differ from 

by as small a quantity as we please ; and r is in all 

1 — r 

cases supposed to be a fraction. See, in reference to this 

subject^ the remarks in Art 82, and the series given in that 

and the preceding Art 

r7 — /I 
210. From the equation s=- — -, any three of the 

r— 1 

quantities s, r, I, a, being givgn, the fourth may be found. 
See " Application of Logarithms,^* Ex. 6. 
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211. To insert n geometric means between the extremes 

a and I, we have l = af'^'^\ and therefore r" + * = - ; 

a 

whence r = /- = ( - j"+^\ 



EXAMPLES. 

1. Find the sum of 8 terms of the series 2, 6, 18, 54, &a 

Here a = 2, r=3, n = 8; 

we have, therefore, by substitution in formula (1) 

r-1 3-1 

2. Find the sum of the infinite series 1 — 1 + 1 — -J-, &c. 
Here a = 1, r = — ^, 

1 2 



hence, fbrmuk (3) a = 



l+i 3 



3. Insert three means between the extremes 4 and 324. 
Let the terms be a, ar, ar*, ar*, ar* ; 

then a = 4, and ai^-^^ = ar* = 324 ; .'. r* = 81, and r = 3 : 
hence the intermediate terms are 12, 36, 108. * 

4. Find the value of the recurring decimal '245757. . . . 

Here, the terms after — -, constitute an infinite series, 

57 1 

whose first term is -—4-, and common ratio -—2' Now, the 

57 24 

sum of this series is ^^^^ : adding — — - to this, we find- 

9900 *^ 100 

811 
after reduction, — - — for the value of the given decimal 

' 3300 ^ 
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212. To find an harmonical mean, and an liarni(»iical 
third proportional 

Let tty b, Cy be three harmonical proportionals ; then 
(Art 177), a:c::a-b:b — e; 

hence (Art. 178), a5+ftc = 2ac, and ft = : . . . (1) 

a + c 

that is, an harmonical mean between two quantities is twice 
their product divided by their sum. 

The same equation gives, c = -, (2) 

whi€k is a third harmonical proportional 

213. 7%d reciprocals of quanMiies in harmonical pro- 
gression are in arithmetical progression. 

Let a, b, c, d, &c., be in harmonical progression, then 
a:c::a — &:5— c; therefore (Art. 178) aft — oc = oc — &c. 

Divide both members by abc : then — t = t — * 

c b b a 

Again b idiib — cic — d ; therefore, bc — bd = db-^ dc. 

Dividing by bed, we have -; — - = - — r i ^^^ ~ ~ t ^^ 

d c c b c b 

been shewn equal to - — . Thus the quantities - -, -, - 

b a abed 

which are the reciprocals of a, &, c, and d, have a common 
difference, and are therefore in arithmetical progression. 

214. Since the sum of any number of quantities is not 
deducible from the sum of their reciprocals, there can be no 
general expression for the sum of an harmonic serie& 

216. Hence we can find the wth term of an harmonic 
series. For if a and b be the first two terms of such a series, 

- and - are the contiguous terms of an arithmetic progression. 
a b 
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and therefore — — is the common difeience ; hence (Art 

b a 

206), the nth term is 

U^-.)(--l) >->.-(»-^)> . 

The nth term of the harmonic series therefore is 

ab 
(n- l)a-{n-2)b 

216. Hence also if the extremes, a and I, and n, the 
number of terms, be given, the intervening terms can be 
found j fpx, since the reciprocals are in arithmetic progression, 

- wiU be the last term, and b being the common difference^ 

we shall have - = - + (n — l)b. 

I a 

hence b= " 



The arithmetic means are therefore, 

a (n — l)aZ* a {n—l)al 
adding these fractions, and then taking the reciprocals, we 
obtain for the harmonic means, 

(n — l)al (n— l)al (n— l)al « 

a + (n - 2)t 2a + (n-3)r 3a+(w-4)/ 

EXEBCISEa 

Sum the Series 

1. 3, 8, 13, &C. to 18 term& 

2. 3, 7, 11, &C. to 24 terms. 

3. 2, 5, 8, &C. to 17 terms. 

4. 1, 2, 3, 4, &c. to 10, 18, and 24 terma 

5. 1, 3, 5, 7, &c. to 10, 18, and 24 terma 

6. 2, 4, 6, 8, &c. to 10, 18, and 24 terms. 
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7. 11, 9, 7, &c to 9 tenns. 

8. 60, 54, 48, &c to 10 and to 21 teim& 

9. 333, 331, 329, &c. to 150 terma 

10. 50, 49, 48, &c. to 101 terms. 

1 1. Of the natural numbers to n terms. 

12. Of the odd numbers to n terms. 

13. Of the even numbers to n terms. 

14. 9, 11, 13, &C; to n terms. 

15. 3, 6, 12, &a to 10 and to 16 terms. 

16. 1, 2, 4, 8, 16, &C. to 9 and to 14 terma 

17. 5, 20, 80, &c to 9 terms. 

18. 4, 12, 36, &C. to 10 terms. 

19. 1, 3, 9, 27, &c. to 12 terms. 

20. 1, - 3, 9, - 27, &c. to 12 terms. 

21. h tV> tS-j &0' ^ "^ terms. 

22. 1, f, 2, &c. to 6 terms. 

23. ^, ^, -J^, &C. to 7 terms. 

24. 7, V» ¥> &c. to 16 terma 

25. 2^, 2f, 3^^, &c. to 100 terma 

26. ^, 1, f, &c. to 25 terma 

27. 1, 2, 3, (fee., aud -1, % % (fee, to 100 terma 

28. - 1, - 3, - 5, &C. to 99 terma 

29. 1, -|, -^, &c. to 10 terma 

30. 1, — 1^, + A, &c to infinity. 

31. 4, 3, ^, &C. to infinity. 

32. 1, i, i, uV, &c., and 1, i, J, i, &c, to infinity. 

33. -f, ^, "^, ^, &C. to infinity. 

34. 1, —"I, 4" — , &C. to infinity. 

35. 3f , 2^, 1^, &c. to infinity. 

^^- "72' 2' 2V2' *^'' t^ ^ *^'^' ^^ V ? V ? 

3\/"^' &c to infinity. 
37- i, (-i)*, (i)', -&C. to infinity. 
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38. if, (i^)', Hi)\ &c to infinity. 

39. Whose first teim is 40 and ratio f, to infini^. 

40. -, — -^, -3, — &c. to infinity (Art. 81). 

41. -y J-, —jy — &C. to infinity (Art 81). 

a a a 

42. 13, 12f, 12^, &c. to n tenns. 

43. ^, — f , — V , &C. to w tenns. 

.. w~ln — 2 w— 3 p , . 

44. , , , &c. to n tenna 

n n n 

45. (a^ — 6*) + (a + &) + -,, &c. to n terms. 

./. »— In — 3n — 5« , . 
»p. , , , otc. to n terms. 

n n n 

47. In which 27 and 37 are equidistant terms, and n =^ 1 3. 

48. In which 22 and 42 are equidistant terms, and n = ] 3. ' 

49. In which 32 is the middle term, and n= 13. 

50. In which 3 and 579 are extremes, and c2 = 9. 

Insert 

51. Four A. M. hetween 4 and 49. 

52. Four A. M. hetween 193 and 443 ; and between 2 
and -18. 

53. Three A. M. between 117 and 477 ; and between \ 
and ^. 

54. Three G. M. between 5 and 405 \ between 1*25 and 
20 ; and between -J- and \, 

55. Three G. M. between 39 and 3159. 

56. An H. M. between 18 and 54. 

57. An H. M. between 5 and 15 ; and between 2 and 6. 
t>%. An H. M. between 1 and f. 

59. Four G. M. between \ and 27 ; and seven between 2 
and 13122. 

60. Three G. M. between 7 and 4375 ; and between 3 and 
7203. 
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61. Two H. M. between 3 and 12 ; between 1 and f, 
and between 6 and 24. 

62. Four H. M. between 2 and 12 ; and six between S and 

63. One G. M. between 23 and 8464 ; between |f and 
li; between a' -a;*, and 5^±^. 

64. Seven A. M. between 1 and — -J-. 

65. One A. M. between 2% and 4-^3-; and between 

w — 1 J n — 3 

, and . 

n n 

Given, 

66. In an A. P., « = 72, a = 17, (Z = - 2 ; find the num- 
ber of terms, and explain the double answer. 

67. In an A. P., « = 40, a = 7, d = 2 ; find n, and explain 
the double answer ; also, if a = 3^, d = 1-^, and s = 22 ; 
and a = 7, (Z = 2, 8 = 567. 

68. In an A. P., 171 = 8, (Z = 4, n = 9 ; find a. 

69. In an A. P., a = 2,«= 100, n = S; find ci. 

70. The first and second terms of an H. P. to be 5 and 4 ; 
find the 10th term. 

71. The extremes 500 and 70, common difference 10; 
find the number of terms. 

72. Th9 extremes 1 and 99 ; number of terms 8 ; find 
the common difference. 

Find 

73. How many terms of the series 54, 51, 48, &c. amount 
to 513. 

74. How many terms of the series i, ^^ 1, &c, amount to 
60i. 

75. The common difference, the first term being 5, and 
the sum of 30 terms 1455. 

76. An H fourth proportional to 6, 8 and 12. 
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77. An H. third proportioiial to 3 and 2 ; to 6 and 9, 

and to 6 and 8. 
78: The yaloea of the intemiinate dedmals '123 ; '375 

and '86. 

79. How manj terms of the series 19, 17, 15, &c. amount 
to 91. 

80. The 15th tenn, and the sum of 15 terms of the series 
whose first term is 8, and common ratio ^. 

81. The value of '148 ; '138 ; '5681 ; and '6531. 

82. The 7th term of an A. P., the 5th and 9th being 13 
and 25. 

83. How many terms of the series -034, -0344, -0348, 
&Cf amount to 2*748. 



84. The G. M. between x and ^ is to the A. M. between x 
and y, as b :a; shew that x '.y^a^ \/(a* + b^ :a — 

^/(a' - by 

85. Three quantities, a, &, c, are in A. P., G. P., or H. P., 

according as "" is equal to -, to -, or to — . 
b—c a c 

86. K a, &, c be in H. P., shew that 



b-\- c c-\- a a-h b 
are also in H. P. 

87. Shew that the G. M. between two quantities is a mean 
proportional between the A. M., and the H. M. between 
the same quantities ; and that the A. M. is greater than 
the H. M. 

88. The A. M. of two numbers is 3, and the H. M. f ; 
find the numbers. 

89. If the A. M. between a and by be twice as great as the 
G. M., shew that a : 6 = 2 + \/3 : 2 ->/3. 

90. If the A. M. between a and & be m times as great as 
the H. M., shew that a:b : : »Jm + \/(m — 1) : »Jm — 

^/(m-1). 
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91. Continue the two H. P. 2, 3, 6 ; -^^ -J, 4, to two 
terms both ways. 

92. Eeqnired the sum of each of the following series to 

2 a' 

n terms ; 24-, — 1, -, &c. ; and a*, — oa^ — s: &c. 

5 it* 

93. There are n arithmetic means between 1 and 31, and 
the 7th is to the (n — 1th) as 5 to 9 ; find n and write 
out the seriea 

94. Eequiredthe sum of the series ^y- — -, , _ 

V 2 — 1 2 — v 2 2 

&C., to infinity ; and of oP, aP+«, aP + ^ Ssc, to n terms. 

95. If a, &, c be three quantities in H. P., shew that a' + 
c* > 2b\ 

96. The first term of an H. P. is 1^, and the sum of three 
consecutive terms l-^V > ^d the seriea 

97. In an A. P., if the {p + g')th term is wi, and the 
(p — ^)th is n ; find the ^th and gth terms. 

98. In a G. P., if the {p + g')th term is m, and (p — g')th 
term is n ; find the pth and gth terms. 

99. Find the relation between a, ft, c, that they may be 
the ^h ^h and rth terms of a G. P. ; and also the ^th, 
gth, and rth terms of an H. P. 

100. K Sj + S, + S, . . . + S, are the sums' of^ Arithmetic 
progressions, each continued to n terms, the first terms 1, 
2, 3, &c. and the common differences 1, 3, 5, 7, &c ; she\\ 

thatS, + S, + S,+ +S,= ^(W2? + 1). 
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XXIL PEOBLEMS IN PEOGBESSION AM) 

VAMATION. 

217. In the class of problems which follow, as in those 
already given in Section XVJJX, the conditions of the ques- 
tion are first to be reduced to algebraical language ; the 
relations among the quantities will supply the means for 
forming an equation embracing these conditions. The solu- 
tion of the equations thus formed generally presents no 
difficulty ; it is in the reduction of the question only that any 
difficulty will be encountered. But it is manifest from the 
nature of the subject, that no fixed rule can be laid down j 
facility in the art of reduction can only be acquired by 
practice, and a careful study of the conditiona With this 
view the questions are arranged in a series, progressively 
more difficult ; as has already been done in the case of the 
former series. 

EXAMPLES. 

1. A mixture is made of 51 gallons, consisting of three 
liquids A, B, and C, the quantities of which, in the mixture, 
form an equidifferent series ; and the number of gallons of 
A and B together is to the number of B and C together, as 
8 to 9. Eequired the quantity of each liquid. 

Let « — y, «, a; + y, three equidifferent quantities, repre- 
sent the number of gallons of each liquid ; then the sum of 
these is 3a;= 51 ; .'. «= 17 ; also by the question ^X'^y : 
2a; -h y = 8 : 9, whence y = 2 ; and the quantities therefore 
are 15, 17, 19. 

2. Four numbers are in geometrical progression; the 
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V 

sum of the first and second is 15, and the sum of the third 
and fourth is 60. Eequired the numbers. 

Let the numbers be os, ost/, xy*, xy* ; then a; + o:^ = 15, 
and ai/ + iKy* = y'(^ + xy) = 60. Whence y = =fc 2, and a5 = 5. 
The numbers therefore are 5, 10, 20, 40. 

3. A number consists of three digits, the first of which 
is to the second as the second to the third ; the number itself 
is to the sum of its digits, as 124 to 7 ; and if 594 be added 
to it, the digits will be inverted. Eequired the number. 

The digits plainly form three continual proportionals; 
let them therefore be a;, xy^ xt^. Then 

100a;+10«yH-ajy*:a? + a?y + ay': : 124:7; 
by reduction, 

100 + lOy + yM + y + / : : 124 : 7. 

Now in any proportion (Art. 183), 

a — & : ft : : c — c? : c?. 

Hence, 99 + 9y : l+y + y' : : 117 : 7. 

This gives a quadratic by reduction, from which we find 
2^ = 2, or - ft. 

Also by the question 100a; + \^xy + a^^ + 594 = lOOa^* 
+ lOa^ + a^ an equation which gives x = 2 ; so that the 
digits are 2, 4, 8, and the number 248. 

4. If m shillings in a row reach as far as n sovereigns, 
and a pile of p shillings is as high as a pile of q sovereigns, 
compare the values of equal bulks of gold and silver, circles 
being supposed to vaiy as the squares of their diameters. 

Let D and d be the diameters of a sovereign and a shil- 
ling, and T and t their thickness; then by the question 

md = nD, and pt = qT. Hence ^ = - ; and =^ = - • Also 

an 1. p 

D'T and ^t express the relative quantities of matter ; that is. 
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the quantity of gold in 1 soy. : quantity of silver in Is. 

Jf t m^ q 

Now the value of a unit of gold x the number of units 
in 1 80V. : value of a unit of silver x number of units in 
U :: 20:1. 

.'• value of unit of gold : value of unit of silver : : 20 x 
number of units in 1& : 1 x number of units in 1 sov. 

that is : : 20 - : 1 X -J, or finally : : 20n*q : m^p ; a ratio 
p n 

from which particular values may be deduced by substitution 



BZERCISES. 

1 . Four numbers are in G. P. ; the sum of the first and 
second is 28, and the sum of the third and fourth 252. 
Eequired the number& 

2. Divide £210 among three persons, the shares being in 
G. P., and the first having £90 more than the third. 

3. Of three continual proportionals the sum is 14, and 
the sum of the first and second is to the sum of the second 
and third as 1 to 2. Eequired the numbers. 

4. The sum of four numbers in G. P. is 30, and the last 
term divided by the sum of the means is |-. Eequired the 
numbers. 

5. There are three numbers in A. P. ; their sum is 21, 
and the sum of the first and second is to the sum of the 
second and third as 3 to 4. Find the numbers. 

6. Three numbers are in G. P ; the sum of the first and 
second is 9, and the sum of the first and third 15. Find 
the number& 
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7. How often does the hammer of a common dock, 
keeping correct time, strike the bell in 30 days 1 

8. There are three numbers in G. P., such that their 
product is 64, and the sum of their cubes 584. Eequired 
the numbers. 

9. The base of a right-angled triangle is 6, and the sides 
are in A. P. ; find them. 

10. There are three numbers in G. P., whose sum is 21, 
and the sum of their squares 189 ; find them. 

11. Four numbers form an A. P., their sun^ is 32, and 
the sum of their squares 276. Eeqiured the numbers. 

12. Suppose 47 articles to be paid for as follows, 1 shil- 
ling for the first ; 2 for the second ; 3 for the third, and so 
on ; what will be the price of the whole] 

13. K 6d. be given for the first acre of an estate, 9d. 
for the second, la for the third, and so on, the last acre 
being valued for £100 ; find the number of acres in the 
estata 

14. In how many days will two travellers meet, of whom 
one goes 3 miles the first day, 5 the second, 7 the third, and 
so on ; and the other 4 miles the first day, 6 the second, 
8 the third, and so on ; the whole distance being 168 miles ? 

Again suppose the distance to be 23661 miles, and that 
one of them goes regularly 20 miles a day ; while the other 
travels 1 mile the first day, 2 the second, 3 the third, and 
so on ; what will be the number of days, and the distance 
travelled by each 9 

15. Suppose one person to travel at this rate ; 1 mile 
the first day, 2 the second, 3 the third, and so on ; and 5 
days after he started, another person to start, travelling 12 
miles a day regularly ; how long, and what distance, must 
the latter travel to overtake the former 9 

16. Suppose A to travel regularly at the rate of 4 miles 
an hour, and B to start 2f hours after him, travelling the 
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first hour 4|- miles, the second 4|- miles, the third 5 miles^ 
and so on. In how many honrs will he overtake A t 

17. The sum of three numbers in H. Proportion is 13, 
and the product of their extremes is 18. Bequired the 
numbers.* 

18. The A. M. of two numbers exceeds their G. M. by 
5, and the G. M. exceeds the H. M. by 4. Bequired the 
numbers. 

19. Three numbers form an H. P. ; the sum of the third 
with double the first is equal to three times the second, and 
the sum of the squares of the first and third is equal to 180. 
Eequired the numbers. 

20. Divide £700 among 4 persons, in shares forming a 
G. P., and let the difference between the greatest and least 
terms be to the difference between the means as 37 is to 12. 

21. If a person begin trade with £1000 ; and if he add 
to his capital £100 the first year, £200 the second, £300 the 
third, and so on during the first 20 years ; and if he then 
increase it by £200 the 21st year, £400 the 22d year, £600 
the 23d year, and so on ; what will he be worth at the end 
of 40 years ? 

22. An engine without a train can go 24 miles an hour, 
and its speed is diminished by a quantity which varies as the 
square root of the number of waggons attached ; with 4 
waggons its speed is 20 miles an hour. Eequired the greatest 
number of waggons which the engine can mov& 

23. A number consists of three digits, which are in A 
P. ; the number divided by the sum of its digits is 26, but 
if 198 be added to it, the digits will be inverted. Bequired 
the number. 

24. The interior angles of a rectilineal figure are in A 
P. ; the least angle is 120**, and the common difference 5*. 
Required the number of sides in the figure. 

25. Suppose a body to move for ever in this manner i 
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namely, 20 miles the first minute, 19 miles the second, 18^^ 
the third, and so on, in G. P. Eeqniied the utmost distance 
it can reach. 

26. Two detachments, distant &om one another 37 leagues, 
set out at different times to occupy an important position 
half way between them ; the first increases its march each 
day by a league and a hal^ the second by two leagues ; they 
arrive together, the first after 5 days' march, the second after 
4. Find the sucoessive days' marches of each detachment. 

27. Suppose a person were to offer to pay for 20 horses 
in this way ; a farthing for the first, three farthings for the 
second, and so on, trebling each time ; what would the 
price amount to ? 

28. How much ground does a person pass over in col- 
lecting 200 stones placed in a straight line, 2 feet apart ; 
Empposiag that he brings each stone singly to a basket placed 
on the same line 20 yards from the first stone, and that he 
starts each time from the spot where the basket stands ? 

29. A sphere of metal has a hollow space about its centre 
in the form of a concentric sphere, and its weight is |-ths of 
the weight of a solid sphere of the same substance and radius ; 
compare the inner and outer radii, having given that the 
weights of spheres of like substailce vary as the cubes of their 
radiL 

30. The value of diamonds varies as the square of their 
Weight, and the square of the value of rubies as the cube of 
their weight. Suppose now that a diamond of a carats is 
worth m times the value of a ruby of b carats, and that both 
together are worth £c. Required the value of a diamond 
and of a ruby, each weighing n carata 
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XXTTT. SERIES. 

218. We have already seen (Art 81) that the sum of an 
infinite series is the limit towards which we can approximate 
as nearly as we please^ by taking continually more and more 
of its terms. 

219. A convergent series is one whose sum cannot 
exceed some finite quantity, however great the number of 
terms may be; that is, one which tends to some such 
quantity as its limit. All other series are said to be 
divergent 

Thus, the series 1 — i + -J- — ^, &c., is convergent^ 
tends continually towards |- as its limit ; and only becomes 
equal to |- when the number of terms is infinite ; while the 
series 1 +2+3 + 4, &c., is divergent ; the sum of its terms 
may surpass any quantity however great* 

220. A recurring series is one in which each term, after 
a certain number, may be derived from the one before it, by 
using a constant multiplier. 

Thus, a geometrical progression, after the first term, is a 
recurring series : and the series of Arts. 81, 83, in which 

-, -, &C., are the constant multipliers, are recurring series. 
a a 

Such constant multiplier is called the scale of relation of the 

terms. 

221. The series which have been already considered tinder 
Progression are generated according to certain fixed laws^ 

* It would lead into too great detail to enter here into a consideration 
of the criteria by which to determine whether a given series be con- 
Tergent or divergent. 
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firom wliich formulas expressing their sums have been readily 
deduced, except in the case of an harmonic series. But there 
is a vast variety of series, governed by different laws, so that 
no general expression can be obtained for their sum; and 
recourse must be had to various contrivances, applicable to 
particular classes. Some of these will now be briefly con- 
sidered. , 

1. — METHOD OF DIFFERENCES. 

222. Let the terms of any series be a, b, c, d, e, &c., 
and let the differences of the terms be taken ; we shall then 
have & — a, c — ft, (Z — c, e — (i, &c . . . . (A) 

If we take again the differences of these, we shall have 

c-2b-\-a,d''2c-\-b, e-2d + c, &c. . . (B) 

Proceeding with these in the same manner, we get 

(Z-3c+3&-a, e-3cZ + 3c-6, &C. . . (C) 

and so on. Here the series, (A), (B), (C), are called the 
first order of differences, second order of differences, and so 
on. In these, it is manifest that the coefficients are generated 
in the same way as those of an expanded binomial (Art 91), 
the successive subtractions being in £ax}t additions with con- 
trary signs.* Hence, it is manifest that the general expres- 
sion for the nth order of differences will be 

±a^n6=fct^>c=F"^"- ^)<;-\ &C. . . (1) 
1 • 2 ^ * 3 

in which the upper sign is to be taken when n is even, and 
the lower when n is odd. 

* Thus, if we take the detached coefficients of the first terms of the 
first and second orders of differences, and perform the maltiplication, we 
have (I — 1)(1 — 1) « 1 — 2 + 1 ; and (1 — 2 + 1)(1 — 1) =* 1 — 3 + 
3 — 1; (1 — 3 + 3 — 1)(1 — 1) « 1 —44- 6 —4 + 1, forthe successive 
coefficients, these latter being the coefficients of the fourth order ol 
differences, and of the fourth power of a binomial. 
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Thus, the first tenn of the fifth order of differences of 
the series 1, 3, 9, 27, 81, &c., is found to be 32, by substi- 
tuting these numbers for a, b, c, &c., and 5 for n, the lower 
sign being used as n is odd. This will be verified by 
actually taking the differences ; thus — 

1, 3, 9, 27, 81, 243, 
1st order, 2 6 18 54 162 

2d order, 4 12 36 108 

3d order, 8 24 72 

4th order, 16 48 

5th order, 32 

223. To find any term of a series, let the first terms of 
the several orders of differences (as 2, 4, 8, 16, in the abovu 
example), be represented by d^ rf,. d„ &c., so that, c?i, = ft — a, 
(Z, = c — 2& + a> &c., then we shall have by transposition the 
following values : — 

(I) c = -a + 25 + <?, 

cZ = a — 36 + 3c + c^j 

e = — a + 46 — 6(5 + 4cZ + t;?4, &c. 

f=a''5b-h 10c - lOd + 5e + d,. 

In these, substitute in the second the value of h taken from 
the first ; in the third, the values of b and c from the two 
preceding, and so on ; we thus get the values, 

b = a + di 

c = a-\' 2di + d^ 

(II) cZ = a+3cZi+3c?,+ d, 

e = a + 4c?i H- 6c?j, + id^ + d^ 

f=a-\- 5(^1 4- 10c?, + 10(?, + M^ + d^ &c. 

Expressions from which the series may be constructed when 
its first term, and the first terms of the orders of differences, 
are given. 
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If now, these coefl&cients be compared with those of an 
expanded binomial (Art 91), it will be obvious that the 
binomial which has the same coefficients, is one whose index 
is less by a unit than the number expressing Replace of any 
term in the series. Thus, e is the Jifth term in the series, 
and the coefficients in its value are those of the fourth power 
of a binomial; the sixth term is /, and its coefficients are 
those of the fifth power of the binomial, and so on. Hence, 
the (n + l)th term would have the form of the wth power of 
the binomial, that is, 

The nth term of the series therefore will be 

+ &C. (2) 

Thus, if the twelfth term of the series l'+2'+ 3'h-4' + &c., 
be required, we know it must be 12' = 1728. To find it by 
the above series, we have a = 1, n = 12 ; then to obtain d^ 
d^ &c., we take the differences as follows : 

1 8 27 64 125 
7 19 37 61 
12 18 24 
6 6 


Hence, ^i = 7, d^ = l 2, d^ = 6, c?^ = 0. 

Therefore, by substitution in (2) the series gives 

1 +77 + 660 + 990 = 1728. 

224. To find the sum of n terms of a series, assume a 
series such that its first differences shall be the terms of the 
series, a, h, c, d, &c.; this series will plainly be 

0, a, a + 6, a + S + c, a + 5 + c + c?, &c 

s 



258 SEBIES. 

Then the (n + l)th term of this series will be the sum of 
n tenus of the series, a, &, c, d, &c., and its second, third, &c. 
orders of differences, are the first, second, third, &C9 orders of 
differences of the series a, &, c, cZ, &c. ; that is, a, &, c, eZ, &c. are 
the first differences; 6— a, c— 6, d—c, the second, but thej2r«^ 
in the other series, and so on. And hence the term which is 
d^ in the assumed series is a in the other ; that which is <4 
in the assumed, is e^ in the other, and so on. The first terms 
of the several orders of differences therefore are a, d^ d„ dg, 
&c And the (n + l)th term, or the sum of n terms of the 
series, a, b, c, d, &c, therefore is 



8 



^na+±r3a,+ V<^}^h, + &c. ... (3) 



EXAMPLES. 

1. Find the sum of n terms of the series of odd numbers. 

Here a = 1, J^ = 2, c?, = ; substituting which in the last 
formula (3), we easily find 8 = n\ as already found by A. P., 
Ex. 5, p. 242. 

2. Find the sum of n terms of the series 1* + 2' + 3* 
+ 4' + &c. 

Here, a = 1, and the first terms of the successive diffe- 
rences are d^ = 3, d^ = 2, dg = ; substituting which in 
formula (3), we find, after some reductions, 

l' + 2'+3' + 4' + ....+«' = '<" + yf+^). 

i8 • 3 

3. Find the sum of n terms of the series 1* + 2* + S* 
+ 4' + &C. 
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Here, Example Art. 223, tlie differences are d^ = 7^ 
(1^=12, d^ = 6, ^4 = 0; also, a=l. Substitutmg these in 
the fonnnla for a (3), we find 

^ = n + I^^^Ill^ + 2w(w-l)(w-2)H-|(w-l)(w-2)(n-3), 

which, after several reductions, becomes 

n* + 2n' + »* n\n + IV 

8= = — i : , 

which is thus the expression for the sum of the cubes of the 
natural numbers. 

l^Tow this expression is the square of ^ — \ which is 

the sum of n terms of the natural numbers (A. P. Ex. 6, p. 
243); therefore, 

1 » + 2* + 3' + 4' + . . . . + »• = ( 1+ 2 + 3 + 4 + . . . . + 7^)^ 
that is, the sum of the cubes of n terms of the natural 
numbers is equal to the square of the sum of n terms of the 
same numbers. 

4. Sum the series 1, 3, 6, 10, 15, 21, 28, &c., ton terms. 

The fii-st terms of the differences are 2, 1, ; also, a = 1 ; 
the sum is then easily found to be 

itjn-^ l)(n+2) 
2.3 

This series is plainly formed by adding the natural 
numbers in succession ; that is, ItoO, 2tol,3to3, 4to 
6, 5 to 10, 6 to 15, and so on ; and is the same as 

1+ (1+2) + (3 + 3) + (6 + 4) + (10 + 5), 

or as 1 + (1 + 2) + (1 + 2 + 3) + (1 + 2 + 3 + 4)+ &C. 

And the following curious relation exists between it and the 
series of the last examples. Thus, 

2" = 3 + l; 3" = 6 + 3; 4'= 10 + 6; 5' = 15+10, &c.; 
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the sum of eveiy consecative pair, 1 and S, 3 and 6, 6 and 

10, &c., being a sqnare number. Ako^ 

2*=3*-l'=(3-l)'; 3'=6'-3'=(6-3)'; 4'=10'-6'=(10-6)', &c* 

2. METHOD BT INDETEBMINATE COEFFICfENT& 

225. The following simple method of finding the sum of 
an infinite series will be found of veiy general application. 
It presupposes a knowledge of the nth term ; but this can 
in most cases be readily ascertained by inspection, or by the 
role for finding the Tzth term of an arithmetic series. It is 
always applicable when the nth term can be expressed by a 
series of positive and intend powers of n. The method will 
be best seen in a few example& 

* These properties are easily applied in forming a table of squares 
and cubes. But a readier method presents itself when we take the orders 
of differences of a few terms of a series of known squares and known 
cubes. Thus, in the series, 1, 4, 9, 16, &c., the second differences are 
all 2 ; continue the first differences by adding 2, making the series 7, 9, 

11, 13, 15, 17, 19, &c. ; then the successive square numbers will be 
found by adding each preceding square to the next term of this A. P. 
Thus, 7 + 9 = 16; 16 + 9 = 25; 25+11=36; 36 + 13 = 49,&c. 

In like manner, using the differences of the series of cubes in Art. 
223, form an A. P. by taking <^ = 24, as the first term, and <^ = 6, as 
the common difference ; this gives 24, 30, 36, 42, 48, &c., for the series. 
With di = Ql as a first term, form another series by adding the term in 
advance in the former series; this gives 61, 91, 127, 169, 217, 271, &c. 
Then to each preceding cube add the term in advance in this latter series 
and the series of cubes will be formed. The work may stand thus ; 

24 30 36 42 48 54 60, &c. 
<4— 6 61 91 127 169 217 271 331, &c. 

125 216 343 512 729 1000 1331, &c. 
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EXAMPLES. 

1. Eeqnired the sum of the series 1' + 3' + 5' + &c. to 
n terms. 

Since (Art. 206) the nth term of the series 1 + 3 + 5 
+ &c. is 27J — 1 ; the 7ttli term of this series will be {2n — 1)'. 

Assume 
r + 3' + 5* &a . . . (2w ^ 1)' = An* + Bw' + C«" + Bn.* (!) 

Now since the series is true for all values of n, it will be 
true when n becomes » + 1 ; substituting n + 1 for n, we 
have, since the (» + l)th term of the series 

1 4. 3 + 5 &c. is 2w + 1, 
1'+ 3' + 5' + &c. . . . {2n-iy + (2w+ 1)* = A(« + 1)* + 
B{n + ly + C(n + 1)* + D(n + 1) . . . (2) 
Subtracting series (1) from (2), developing the powers 
and incorporating, we find 

8n' + 12«' + 6w + 1 = 4An' + (6A + 3BK + (4A + 3B + 

2C)» + (A+B + C + D). 

By equating the coefficients we deduce the following 
values, A = 2, B = 0, C = -- 1, D = 0, 

which being substituted in (1) give 

1« + 3' + 5'+ &C. . . . (2« - ly = 27»* - 71* = n*(2n' - 1) 
for the required sum. 

2. Eequired the sum of the series 

1x3 + 3x5 + 5x7... .ton terms. 

* The reason of this assumption is manifest ; there can be no term 
which does not contain n : for, if there were, it would remain when 
n >» 0, but this is impossible, as the series then becomes 0. Nor can 
there be a higher power than n*; because the highest power in the 
greatest or nth term is n', therefore, n being the number of terms, the 
sum of the series must be less than n(2n — 1)", the highest power in 
which is n\ 
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The first factor of each of these being the terms of the 
series 1, S, 5, &c, the first factor of the last t^nn will be as 
before (2n — 1) : the second factor eyidentlj exceeds the first 
by 2 ; the last term therefore is (2n — l)(2i? + 1). 

Assnme 

l.x3H-3x5 + 5x7H-&c....(2n- l)(2n+ 1) = Aii' + 

substituting n + 1 forn we have, 

1x3 + 3x5 + 5x7 + &c....(2w- l)(2n+ 1) + (2»+ 1) 

(27i + 3) = A(n+l)' + B(w+l)' + C(n+l), 
subtracting, developing, and equating the coefficients, we find 

A = i, B = 2, C = -i; 
which, being substituted, give for the required sum 

^' + 2n«-|=|(4n'+6«-l). 

Similarly all series of this kind may be summed hy first 
finding the nth term, and assuming for the result a seriet* 
beginning toith a power of n, whose index exceeds by unity 
the highest index in the nth term, 

3. ^METHOD OP SUBTRACTION. 

226. Certain arithmetical series may be readily summed 
by the following method, which will be best understood fix)m 
a few examples. 

EXAMPLES. 

1. Eequired the sum of the series 

+ + + &c. to infinity. 



2.5.8 5.8.11 8.11.14 

Omitting the last feustor from the denominator of each 
term, assume 

i + 5^ + 811 **'• = '"' 
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hence, by transposition 

— + + + &c. =m , 

5.8 8.11 11.14 2.5' 

subtracting these equations from each other, term by term, 
we have 

-^+_^+_?_+&c =1. 
2.5.8^5.8.11^8.11.14 ' 10' 



therefore 



J- + -1- +— L. +&c=i- 

2.5.8 5.8.11 8.11.14 * 60' 



To find the sum of n terms is somewhat more difi&cult, 
the method is as follows : 

As the nth term is evidently equal to 

1 

(3rj-l)(3w + 2)(3« + 5y 

the factors of the denominators differing by 3 ; we begin by 
assuming 

— + — + + &c 4* 

2.5 5.8 8.11 (3» - l){3n + 2) 

1 , Jl 1 1 o 

(3/1 + 2)(3ri+ 5) "^ • • 5.8 "^ 8.11 "*" 3 1.14 "*" 

1 J^ 
(3w+2)(3w + 5) ^ 2.5 

Proceeding as before we find 

J- + -J— + -1— + &c 

2.5.8 5.8.11 8.11.14 

6 .1 16 

*t" 



(3a-l)(3»+2)(3n + 5) (3w + 2)(3» + 5) 10 '** 2.6.8 

6 „ 6 ^J_ 

■^6.8.11 "^ (3« - l)(3n + 2)(3« + 5) 10 "■ 

1 • • 1 , ^ +&e . 

(3n + 2)(3« + 5) ' • ' 2.6.8 ^ 5.8.11 
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(3« - 1) (3n + 2) (3n + 5) 60 6(3w + 2) (3n + 5)* 

If in this result we make n infinite we find^ as before, 

the stun of the series to infinity to be •— r. 

60 

It is necessary, in finding the sum of n terms, to continue 
the first series to n + 1 terms, in order that it may coincide 
with the second series, except in the first term; and the 
second series, being formed by rejecting the first factor from 
the denominator of each term, must end in 

1 

(3w + 2)(3n+5)" 

2. Sum the series 

O Q A 

+ &C. to infinity. 



1.3.5.7 3.5.7.9 5.7.9.11 

As before assume 

+ --— - + --^--- + &c. to infinity = m ; 



1.3.5 3.5.7 5.7.9 

"*■ ^~TrR ■^" »y n -I -I ^" ^®' ^ infinity = m — 



3.5.7 5.7.9 7.9.11 " 1.3.5 

(3:^7 -^ 5^79 + 7-iri-^^^^^^^^ 

The second equation is obtained by observing that the 
numerator of each term is less by 1 than the numerator of 
that term in the upper series, which has the same denomi- 
nator ; consequently we have to subtract the series included 
in the vinculum from both sides. Subtracting as before, the 
lower series from the upper we have 

12 +,48 24 ^^^2^ 



1.3.6.7 3.5.7.9 6.7.9.11 16 
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+ h = + &C. to infinity, i 

3.5.7 5.7.9 ^ 7.9.11 ^ ^ ) 

This latter series may be found, as in the last example, 

1 

60' 

12 . 18 24 _ 2 1 _ 3 



1.3.5.7 3.5.7.9 5.7.9 11 15 60 20 
.• . dividing both sides by 6, we find 

+ ■ , ^ .. ■ + &c. = ---. 



1.3.5.7 3.5.7.9 5.7.9.11 40 

The sum of n terms may be found as before. 
The rule may be briefly stated as follows : Assume a 
series = mf omitting the last fctctor from the denominator oj 
each term ; from it subtract another series, formed by omit- 
ting ths first factor from the denominator of each term of the 
original series ; and then proceed as in the above examples, 

227. The following general expressions will render the 
method of subtraction more readily applicable in many cases. 

Since ^-,^^= ."^ , (Art 74) 

therefore conversely -; r = -( I ; 

p{p-¥q) q\p p^qj 

an expression by which we can find two fractions whose 

difference shall be equal to any given fraction ; so that if 

n 
there be a series of fractions of the form —. , the sum of 

p{p + q) 
the series will equal — th the difference between a series of 

n n 

the form - and another of the form 



p p + q 

ThuEf, let it be required to find the sum of the series 



3.5 4.6 5 7 6.8 
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we have for the general tenn of the series 

I orV-i— L^ 

(n + 2)(n+4) 2\n+2 n + 4/ 

q being 2 and p, n + 2. The successiye terms will be 
obtained by taking n equal to 1, 2, 3, Sea., and for the last 
bat one, last but two, &&, changing n into » — 1, n— 2, &c., 
We then have for the series 



KhiyKi'i)^"-' 



or arranging the positive and negative teims in different 
lines, the series may be thus expressed : 

S = l )3"^4^5"^6'*"-""^;h^ 

2 1 11 1 1 1 



5 6 n+2»+3n + 4 



g^l/1 1 !_ L.\=J^ 2n + 7 

^^ 2\3 4 7J + 3 71 + 4/ 24 2(n + 3Xw + 4)* 

7 
The sum to infinity is plainly — -. 

For series, the factors of whose denominators are equi- 
different, the following general formula^ deduced as above^ 
will give the sum — 

-^ — —^( '- '—) 

PiPjPz • • • a Pn-.Pi\PdPdPz • • • i>- 1 PiPiP* •••!>./ 



4. SPILING OP BALLS. 

228. As an additional illustration of the above theory, the 
method of finding the number of balls in a pile may be 
adduced. These piles are either squarey triangvlar, or rec- 
tangular ; the balls being all of equal size in any one pile. 

The square pile is a square pyramid, and each layer of 
balls is a square whose side exceeds that of the one above it 
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by one balL Hence, tlie number of layers is the same as the 
number of balls in one side of the lowest layer : on the top 
there is evidently only one ball It is therefore plain that 
the nmnber of balls will be the sum of n teims of the series 
1* + 2* + 3* + &c. . , . 71^, n being the number of layers. 
This sum (Art. 224), or found by the preceding method, is 
n(n + lX2n -f 1) > ' ,. 
273 ^^ 

229. In the triangular pile the base, and consequently 
each layer, is an equilateral triangle, whose side exceeds that 
of the one abore it by one ball, there being plainly only one 

* This is the general fonnnla for the sum of the square nmnbers, 
or third order of polygonal numbers. These, and the other orders which 
are called lineary triangvilar^ pentagonal^ &c., are derived from the A. P., 
whose first term is^I, and difference d. The sum of this series is 
« H" J»»(n — l)rf; in which, if we put for <2, 0, 1, 2, 3 . . . successively, 
we obtain expressions which are called the 1st, 2d, 3d, 4th, &c. orders 
ot polygonal numbers. These are as follows : 

1st order, nth term fi ; ], 2, 3, 4, 5 ... linear. 

2d „ „ i»(n+l); 1, 3, 6, 10, 15 . . . triangular, 

3d „ „ fi'; 1, 4, 9, 16 ... square. 

4th „ „ }n(3n — 1) ; 1, 6, 12, 22 ... pentagonal. 

S^^(n + 1) is the expression for the sum of the numbers of the 1st 
order ; that of the second is given at the end of next Art. The names 
were orignally given from the way in which the numbers of the different 
kinds admit of being arranged, if the units in each be represented by 
dots. The piling of balls affords an illustration. 

The figurate numbers form a series of different orders, the nth term 
of any order being the sum of n terms of the preceding ; 

Ist order 1, 1, 1, 1, 1 4th order 1, 4, 10, 20, 35 

5th „ 1 6 15 35 70 

6th „ 1 6 21 56 126 
&c. &c. 

where 5=11+1 +1+1 + 1: 15=1 +2 +3 + 4 + 5, &c.; in gene- 

nd the nth term of the 2d order is n ; of the third, ^^^ "^ ^^ ; of the 4th, 

n(n+l)(n + 2) ^^ 
1.2.3 



2d „ 12 3 4 5 

3d ,. 1 3 6 10 15 
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ban cm the top. Eacb of the horigmtal hjoB cooBiate of a 
niind>er of towm, legnkrij deeieasii^ bj vnitj' from tiie 
number in the outside zow down to 1. Henee it is plain 
that the nomber in the trth layer will be the aum of tiie 



1 



+ 2 + 3+ n^±±ll 



2 



(n-l)th .. 1 + 2 + 3+ .. («~1)= ^*~^^ 

(»-2)th.. 1 + 2 + 3 +..(»- 2)= (*- y - ^ ) 

&G, &a &c 

2x3 
In the second layer the nnmber will be 1 + 2 . . = — — 

• * . * first • 1 •• =s rr—' 

2 

Hence the series we have to sum is 

1x2 + 2x3+ (n-l)n + n(n+l) 

2 ' 

where n denotes the nmnber of layers, or, which is the sajne 
thing, the number of balls in one side of the bottom layer. 
The sum of this series will be readily found to be 

n(n + l)(n + 2) .„v 
273 • • -(^^ 

230. In the rectangular pile, each layer is a rectangle, 
whose sides respectively exceed the sides of the one above 
it by one ball, the number of layers being evidently the same 
as the number of balls in the shorter side of the base. Let 
n = this number, and n + m = the number on the longer side* 
where m denotes the difference, which manifestly remain3 the 
same in all the layers. The top layer is a single row of balisi 
but for the sake of uniformity it may be considered a rect- 
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angle, whose sides are 1 and 1 + ^ The number of balls in 
the bottom layer is ^(w + m) ; in the next, (/i — 1 )(w + m — 1), 
and so on to the top, which is 1(1 + m): hence the series we 
have to sum is 

l(l+w) + 2(2+m) + 3(3 + m) + n(n + m). 

The simplest method of doing this is the following : 
taking off the brackets it becomes 

1* + 2' + 3' -h &c + n* 

+ m(H- 2 + 3 + &c w). 

The former series has been already shewn 

_ w(y^ + l)(2n+ 1) 
6 ' 

and the latter = ^ — ^ : hence the sum is 
n{»+m2n+l) ^ ^«^) = «(n+i)(2„+ 1 + 3^) . 

or if instead of w + m, the longest side of the base, we write 

I, we have 

TO(n + l)(3Z-w+l) ,^. 

If Z = n, the pile becomes square, and we have the same 

result as before, 

n{n+l)(2n+ 1) 

6 

# 

We might have obtained the above result in another 
manner ; for if we cut off n rows from the longer side of the 
base, by a line terminating at the first ball on the top, we 
ahaU have a square pile of n layers, whose sum is 

w(w-f l)(2w + l) 
" 6~" ' 

and m triangles reclining on it, each consisting of n rows of 
balls, whereof n is the number in the longest, and 1 in the 
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shortest side ; or in other worda^ each inan^ is the sum of 
the series, 

1 + 2 + 3 + &C. . . . « = *?!^^±i), 
and as there are m of -these triang!«s the som of them all is 

is, as before, equal to 

fi(n + l)(2n+l) n(n -hi) ^ fi(n+l)(3?- 11+ 1) f^^ 
6 2 6 

231. Should the pile he incomplete, the easiest method 
of finding the number of balls is, first, to find the number 
in the complete pile, and afterwards to find the number in 
the wanting pile, and to subtract the one sum from the other. 
Thus, if it were proposed to find the number of balls in an 
incomplete triangular pile of 21 layers, one side of the bottom 
layer being 40 ; we first find the number there would be in 
the pile, if complete, which is found by the formul£^ 

-^^ — ■ — '-^ — ■ — ^ = (in this case) 

^^^^^^^^ = 40x41x7 = 11480: 
6 

the number of layers ought to be 40, but by hypothesis there 
are only 21, therefore there are 19 wanting, consequently 
the number of balls wanting to complete the pile is 

^^""^^^^^ = 19 X 10 X 7 = 1330. 
6 

Hence the number of balls in the incomplete pile ia 

11480-1330 = 10150. 
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5. ^BECUBBING SERIES. 

232. The scale of relation (Art 220) in series of this 
kind must be known before we can find the sum, or original 
fraction from whose expansion the series has arisen. 

Let 1 + 5a; + 9a;* + 13»' + 17a;* + 21a;*, &c. 

be such a series. To find the scale of relation by a general 
process, suppose it to be a, a'; then 9a;* = aa;.5a; + aV.l 
= (5a + a')x* .•. 5a + a' = 9 j also, ISa;" = ax. 9a;* + aV. 5a; 
= (9a + 5a')a;' .*. 9a + 5a' = 13. These two equations be- 
tween a and a give a = 2, and a' = — 1 ; so that the scale of 
relation of the terms is 2a?, — a;* ; or, since it is the coefficients 
only in the series that are required, the powers being known, 
the scale is 2, — 1, or 2 — 1. A little consideration would 
in fact have shewn us that these are the multipliers by which 
the successive terms are obtained. For, 9a;* = 2a;. 5a; — a;*. 1 ; 
13a;' = 2a;.9a;*-a;*.5a;; 17a;* = 2a;. 13a;' - a;*. 9a;* ; 21a;* = 
2x. 17a;* — a;*. 13a;', &c. Also, it is manifest from this relation 
of the terms, that three of them taken with their proper signs 
are equal to zero (21 - 34 + 13 = ; 17 - 26 + 9 = 0, &c.) ; 
in the same manner as in a geometrical series A. — ^A._i = 0. 
In such series as the above, this relation is denoted by the 
general expression A. — 2a;A._, + ic'A.-2 = ^« I^ t^© Al- 
lowing series, 2 + 4a; + 14a;* + 46a;' + 152a;* + &c., 152a;* = 
3a;. 46a;' + a;* . 14a;* /. 152a;* - 3a;. 46a;' - a;* . 14a;* =^ : or, 
generally, the law connecting the terms is 

A.-3a;A_,-a;*4,., = 

in which three coefficients are the scale of relation, 1 — 3a; — i*. 
In the geometrical series above it is 1 — r. 

233. The sum of n terms of a recurring series may be 
found as follows : 
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Let 8 = A + A^ + k^ + A^* . . . + A,_^"*. 
Then tlie scale of relation being a, a', or a — a', 

axS = Aaa; + A^aa? + A^ojr* . . . + A, /laf ~*+A,_iaa^ 
and 

aVS = AaV + A,aV . . . + A, V^^"' + A._^y 

+A,_^X+i 
Hence 

8 — aa& — aa?S = A + A^x — Aax — A^_^aar — A,_,aV 

the other members on the right side vanishing, in consequence 
of the relation of three consecutive terms pointed oat above. 
Hence we have 

fl _ A + g(A^ - aA) - a^} aA^_i + g^A,_, + aa;A,_J ,-v 

1 — oa; — aa: 

Now, since x is supposed to be less than unity, as n 
increases without limit, the quantity into which it enters as 
a feictor in the numerator will decrease without limit, and 
will vanish when n is infinite. The sum of an infinite 
number of terms of a recurrinfif series therefore is 



8 



^ A -f x(A^ - aA ) .c>\ 

l-aa;-aV ^"^ 

8imilarly, if the scale of relation were a, a, d\ we should 
have for the sum 

c Ah- Ksc + Ajc' — oa/A h- A^ — aVA » /„v 

o = , , — >, , . (o;. 

1 — ox— aa? —a a; 

• It will sometimes happen that the scale of relation thus determined^ 
will not produce the succeeding terms ; that is, will not satisfy the equar 
tions of the higher degrees ; the quantities found cannot therefore he the 
true scale, and other equations must he tried. Thus, in Ex. 38, if we 
proceed in the usual waj, we shall find two values 3^—3^ which will 
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EXAMPLE. 

Beqnired the scale of relation and the sum of the lecumng 
series 1 + 2a; + 8a?* + 28a;' + 100a;* + 356a;* + &c. 

Here, equating the terms as "befote, the scale being 

assumed as a, a', we have the equation for determining these 

two unknowns, 

8a + 2a' = 28 

2a + a =8 

whence a = 3, and a =2 ; the scale therefore is 3a^ 2x\ 

Also, A = 1, Aj = 2 ; substituting these four values in 
equation (2) we find 

1-a; 



S = 



l-3a;-2a^* 



6. REVERSION OP SERIES. 

234. The process called the reversion of series consists in 
developing an unknown quantity contained in a series, in 
terms of another to which the series is given as equal It is 
only an application of the method of indeterminate coefi&cients, 
and has been sufficiently illustrated already. The expression 
there given, Ex. 2, 

_x ha? 2b* --ae 9 5^ - 6ahc + «'^ 4 « 
y — "" — f I I a? ^ « I -a; osc, 

a a a a 

is a general formula applicable to all such developments. 

not satisfy the equation, 9'a:^ = ax'T^x^ + a'a^.25x^ ; hence, we must 
assume a new scale, a, a', a", and form three equations. 

In manj cases the scale may he found hy taking the successive orders 
of differences. If the nth differences vanish, the scale of relation is had 
by the expression, 

^_ n{n—l ) . w(n— l)(n — 2) _^ 
1.2 1.2.3 
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7. — fsrxBPOVkTHm or skrosl 

235. Tbe proce» called inierpolatum of series is tiiaft 
whereby a wanting teim is intzodneed at ai^ giren place in 
a series. We can do this if we know that the order of 
diffiE^rences es^nfessed bj the same mmiber as the number of 
given termSy is either zero or so small that it may be 
neglected ; Ihat is, if in a series of n + 1 consecntiye terms, 
one is wanting, and it is known that the nth order oi 
differences yanishes, the term may be interpolated 

Let it be required to find the third term of the series 3, 

40, . ... 576, 1375, 2808, the fifth differences being 

supposed to yanish ; then from the formuke L, Art 223, we 

have ^, = =/- 5e-f lOd-lOc + 56 - a. 

Whence by substituting the values of the letters in the given 

1890 
series, we find c = — r — = 189, the wanting term. 

This method is applied in many cases in which the diffe- 
rences do not vanish, but in which they present no signifi- 
cant figures of an order high enough to affect the terms to be 
calculated. See Exercises in Logarithms 



BXEBCISES. 

« 

1. Find the first term of the fifth order of differences of 

the series, 1, 3, 9, 27, 81, &c, 

2. Find the first term of the third order of differences of 
the series, 1, 5, 15, 35, 70, &a 

3. Let (2n + l)7i' be the general term of a series ; develop 
the series from the beginning by taking n equal 1, 2, 3, Ssd, 
suocessively, and find the first term of the fourth order of 
differences. 
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4. Eind the 20th term and sum of 20 temis of the same 

series. 

5. Constmct the series whose fiist term is 2, and the 

fiist terms of the firsi^ second, and thiid oiders of differences 
4, 2, 0, respectively ; and find the 20th term. 

6. Iiet n(2n + 1)' be the general term of a series ; 
develop it ; shew that the differences of the third order are 
constant ; find the 100th term, and the sum of 100 terms. 

7. Construct the series whose first term is 1» and the 
first terms of the successive orders of differences, 1, 2, 3, 4, 
0, respectively ; find the 24th term and the sum of 24 terms. 

8. Find the first term of the eighth order of differences 
of the series 1, 3, 9, 27, 81, &c 

9. Find what relation the nth term of the series 1, 3, 6, 
10, 15, 21,. &C., bears to the nth term of the series 2, 6, 12, 
20, 30, &c. 

10. Develop the series whose general term is (n— 1)* 
(3n + 2), and find the sum of 50 terms. 

Sum the following series : — 

11. 1+4 + 10 + 20 + 36 &c., to n terms. 

12. 1+3 + 6+10 + 15+21 &c., JK) 100 terms. 

13. The odd numbers, to 60 and to n terms. 

14. 1* + 2* + 3' &c., and 1* + 3* +5' &c., to n terms by 
indeterminate coefficients. 

15. 1* +2* + 3* &0., and 1* + 2* + 3* + &c., to n terms 
by indeterminate coefficients. 

'^ O + gi-y + 77-9. &«•> to « terms and to infinily. 

18. Whose general term is (ft» - l)(2n + 1)' to n terms. 

19. 1.2+2*3 + 3.4 + &a, and I.2.« + 2.3.4 + 
3.4,6 + &€., to n terms. 



« f:lr4 + ri75 + 47^76 *^*»^-*=^- 

!^4, ^ + I + I ftcL, to in- 

«, 4, 6, 8 4.6.8.10^6.8.10.12^ 

1,2,3 2.3.4 3.4.5 4.5.6 

20, ■■ . ^ + - + &C.. to infi- 

1,3.5.7 3.5.7.9 5.7.9.11 ' 

nity. 

^^' I's-O + O*"-'*"^^*^- 

20. + ?^ + -: r, &C., to 

^*(^i-fa?) (a -f a;)(a + 2ar) (a+ 2a:)(a+ 3a;) 
infinity. 
80. a -f 2ar + 3ar' -f 4ar' 4- &c., to n terms and to infinity. 

Find tho soalo of relation, and the sum to infinity, in the 
following roourring series : — 

31. I 4-3.r4-5a:'+ 7a;' + 9a;* + &c 

32. 1 -f 2x + 7j?' + 20a?' + 61a;* + 182«*, &c. 

33. l4-2.»4-3af'+4«' + &o. 

34. 1 -^ 2a(i 4- 3x' - 4a5' 4- &c 

35. 4 + 9x + 2105' + 6lx\ Sn. 
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36. 1 + 6a; + 12a;* + 48a;' + &a 

37. 1 + 2a; + 3a? + 4aj' + 5a;* + &c Ex. 9, p. 89. 

38. 1* + 3'a; + 5V + 7 V + 9V + &c. 

39. l* + 2'a;+3V + 4V + &a 

0? a; a; a; 

41. 1 + 8a; + 27a;* + 64a;' + 125a;* + 216a;' + 343a;'. 

42. 1 . 3 + 3 . 5a; + 5 . 7a;' + 7 . 9a;' + 9 . 11a;* + &C. 

Find the number of balls, — 

43. In a triangular pile of 30 layers. 

44. In a square pile of 30 layers. 

45. In a rectangular pile, the length of the base being 60, 
and the breadth 30. 

46. In the same, the length and breadth of the lowest 
row being 52 and 34. 

47; In a complete triangular pile of 20 layers, and an 
incomplete rectangular pile of 12 layers, the length and 
breadth of the base being 40 and 20. 

48. In an incomplete square pile, the side of the base 
being 24, and of the top 8. 

49. Shew that the number of balls in the two lowest 
layers of a complete triangular pile, equals the number in the 
base of a complete square pile of the same number of layers. 

50. There are two complete piles of balls, one triangular 
and the other square, such that the whole number of balls in 
the former is to the whole number in the latter as 6 to 11. 
Bequired the number of balls in each pile, the bottom row of 
boUi having the same number of balls in a side. 
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XXIV.— LOGARECHMS AJB^D EXPOOTINTIALS. 

236. When tlie several terms of a series of numbers are 
considered as powers of some common root) the indices of 
those powers are called the Logarithms of the numbers to 
which the powers are equal Thus, if we consider -^^ \, -J^, 
^, ly 2, &c. as powers of the common root 2, we shall have 

tV = 2-*, 2 = 2^ 

i = 2-', 4 = 2', 

|. = 2~', 8 = 23, 

i = 2-\ 16 = 2*, 

1=2', 32=2*, 
&c. 

where the indices — 4, — 3, — 2, — 1, 0, 1, 2, 3, &c are the 
logarithms of the numbers -f^, -J-, J, &c. 

But the same numbers may be considered as powers of 
the common root 4, and we shall then have 



iV = 4-'. 


4 = 4', 


i = 4-i 


8 = 4f, 


i = 4-. 


16 = 4', 


i = 4-*, 


32 = 4», 


1=4*, 


64 = 4', 


2 = 4*; 





&c. 
where the indices —2, — f , — 1, &c. are ttie logarithms of the 
corresponding numbers. 

237. If it be required to find what power of 4 is equal 
to 13, it will appear from the table that since 13 is between 
8 and 16, the index of 4, that is, the logarithm of 13, will 
be between f and 2 ; and, from Arts. 86, 100, that if such 
an index cannot be exactly found, it may be approximated 
to. Hence, logarithms may be calculated for all numbers. 
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238. The common root) of which other numbers are taken 
as powers, is called the base of the system of logarithms. 
Thus, in the examples of Art. 236, the bases are 2 and 4. 

239. Any number may be assumed as the base ; and it 
is plain that every base will give a different system of logar- 
ithms : but the base which has been found most convenient 
is 10. Logaritlims constructed to the base 10 are called, for 
the sake of distinction, commmi logarithms. Hence, the 
common logarithm of a number is the index of the pmoer of 
10 which is equal to that number. The only other base to 
which logarithms have ever been constructed, is the number 
2-718281828459 . . . This was the base chosen by Baron 
ITapier, the inventor of logarithms; and hence these are 
called I^apierian logarithms. Since a^ = 1 it is plain that, 
in every system, the logarithm of 1 is 0. 

Taking, therefore, 10 for the base, its powers will be as 

follows : 

10" = 1, andlO-' = -jV = -l; 
10^ = 10, 10-' = TjTr=-01; 
10* = 100, 10-' = ttjW=-001; 
10'= 1000, 10"-* = y,y^^=-0001 ; 
10* = 10000, 10 -• = TTTuWir = '00001 ; 

&c 

The several indices are here the common logarithms of 
the corresponding powers. * It is plain that the logarithms 

* By reasoning, as in Art. 237, it might be shewn from the above 
table, that logarithms may be approximated to when the numbers are 
not exact powers of 1 0. This will also appear from the following example. 
Sappose the logarithm of 5 to be required, or from 10's=s5 to find x; 

first, X is plainly greater than ^ ; let x = f , then since 10* = vlOO, and 

5 =. \/l25, f is less than log. 6. Let a: =f ; then 10* = \^1000 ; but 

5 ^ V 625 .* . f is greater than log. 5 ; log. 5 is therefore between § and 
f, or iV aiid ^, that is between '666666 and '749999. This number is 
afterwards found to be '698970. See Art, 249. 
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of all numbeTS between 1 and 10, that is, ntimbers of one 
figure, are between and 1 ; that the logarithms of numbers 
between 10 and 100, that is, those consisting of two figures, 
are between 1 and 2 ; and in general that the integral part 
of the logarithm, which is usually called the characteristic, 
is always a unit less than the number of digits. Also, it is 
plain that of decimals between *1 and *01, the logarithms are 
greater than — 2, and less than — 1, or that they are — 2 
increased by some fraction ; and those of decimals between 
•01 and "001, are — 3 increased by some fraction ; and, in 
general, that the logarithm of a decimal consists of a positive 
fraction combined with a negative integer, greater by 1 than 
the number of zeros prefixed to the significant figures of the 
decimal. Thus if — 3 + '726401 be a logarithm, the corres- 
ponding number will be a decimal fraction, having two 
zeros prefixed to its significant figures. It is usual to write 
such logarithms with the sign — over the integral part, omitting 

the sign + before the fractional part Thus 3*726401 means 

— 3 + '726401.* The decimal part of a logarithm is often 
called the mantissa. 

240. The modulus of a system of logarithms is a constant 
multiplier, by means of which, when the logarithm of a 
number in one system is known, its logarithm in another 
system may be found. 

241. It follows from Arts. 35, 41, that the logarithm of 
a product is equal to the sum of the logarithms of its factors ; 
and that the logarithm of a quotient is equal to the difference 

* When we have such a namber as — 3 + '726401, it might appear 
more natural actually to incorporate the two parts, which would give 

— 2'273599 ; but the mode of notation explained in the text, enables us 
to make the same logarithm serve for all numbers, integral, fractional, 
and mixed, which consist of the same figures, as will appear in Art. 242. 
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of the logarithms of the dividend and divisor : that is, log. 
ahc = log. a + log. h + log. c ; and log. - = log. a — log. &. 



Also, firam Arts. 88, 94, it follows, that the logarithm of 

the nth power of a number is n times the logarithm of the 

number ; and the logarithm of the nth root, the wth part of 

the logarithm of the number: or that log. h* = n log. h ; log. 

- 1 - m 

6" =- log. 5 : a^d log. 6" =— log. h, 

n n 



242. Hence, it is plain that the subtraction of 1 from 
any logarithm, gives the logarithm of the quotient obtained 
by dividing the number by 10 ; the subtraction of 2, the 
logarithm of the quotient obtained by dividiug the number 
by 100, &c. ; and, therefore, that the logarithms of decimals 
will differ from the logarithms of integers composed of the 
same figures, only in the characteristic. It is this property 
of 10 which makes it the most convenient base. 

243. K there be a series of quantities in geometrical 
progression, their logarithms will be in arithmetical pro- 
gression. 

Let &, cby c*6, c'&, &a, be a geometrical progression ; and 
let a;, x', be the logarithms of h and c to the base a, so that 
a* = &, (f^ = 1 then (Art 241) the progression is the same as 

of^, a*+^, d"-^^, (f^^, &C. 
in -which the logarithms 

XyX'\'x\x-\- 2x\ X + 3ic', &c. 
are in arithmetical progression. 

244. To expand a* in a series according to the powers of 
X ; assume a* = A + Aa;-t-foj'-h ma^ + nx* + &c. 
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Sqiiaring both aides we have 

a*» = A' + 2Aib; + i^ 

+ 2M 



^+2hm 


1? + ? 


-^2kl 


+ 2im 




+ 2hn 



z' + ite. 



(1) 



also putting 2x for x in the fiist series we obtain 

a** = ^ + 2Aa;+ 42^*4- 8wiaj' + 16fia;* + &c (2) 

Hence (Art 159), equating the coefficients of the like terms, 
we find 

^" = A, or h=l ; 2JiJc=2k or k = k; A;' + 2AZ = 4^ or I 



le 



; 2hm + 2Td = 8wi, or m = 



k' 



1.2' ' 1.2.3 

Substituting in the original series these values of the 
coefficients, we find 



L»„2 



a*=l+ib; + J^ + 



.»-» 



ifc'a;' 



.44 



A;V 



1.2 1.2.3 1.2.3.4 



&C. (3) 



In this k is yet unknown ; to find it, put a = 1 + ^^ and 
we then have 

or, if the multiplications indicated be performed, and M, I^, 
&c., be put for the coefficients, which a;*, a;', &a then have, 

a« = 1 + •[&-- 1- + |---x+ &c. I a; + Ma? + Ifa;' + 

As this value of (f must be identical with the former, we 
have, by equating tha coefficients, and since 6 = a — 1, 

^=^-T-^T"T-*-^^ = — " 2 "*■ 3 -^^ 

If we represent by e that value of a which makes ib = 1; 
we shall have 



&c 



6^=1 +a; + 



a; 



a; 



1.2 1.2.3 1.2.3.4 



+ &a 
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and if in this series ire put a; "= 1, we find 

6 = 1 + 1+ — - + — - — + + &c. 

1.3 1.2.3 1.2.3.4 

Or, by actual calculation of the values of the several terms, 

6 = 2-718281828459 . . . 

245. A power having an unknown quantity for its index, 
is called an eogponential quantity ; and the formula, series (3) 
last Art, giving the development of a* is usually known by 
the name of the expoTimUdl theorem : it is of great importance 
in analysis. 

246. To find the logarithm of a number ; let 1^ be any 
number, and x its logarithm to the base a, so that cr^ = N j 
then it is required to determine x. 

Eaising both sides to the power whose index is y, we 
have a*y = m 

Expanding both sides by the exponential theorem we find 

l + ^+^?^ + &a = l+^+^V+-iV_^&,. 
^ 1 1.2 1 1.2 1.2.3 

where 

ifc = (a-l)-.J(a-l)* + i(a-l)'-i(a-l)* + &c. 

and 

Jfe' = (N-l)-i(N-l)» + i(N-l)'-i(N'-l)* + &c. 
as proved before. 

Equating the coefficients of ^ on both sides of the above 
equation, we have 

kx = Jc, and a? = - • 

k 

We have therefore, 
^' (a - 1) - i(a - 1)' + i(a - 1)' - i{a - 1)*. &c. 
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The numerator of this fisction is independent of the base 
a, and will be the same in every systeni of logarithms ; but 
the value of the denominator will depend upon Oy and will 
be different in different systems. It is the reciprocal of this 
denominator which is called the modulus of the system : 
putting the modulus = M, and N = 1 + «> we have 

log. (l+w) = M(w-Jn* + in'-i«*, &a) 

and therefore, 

log. (1 -n) = M(-n-in*-i7i'-i«*, &a) 

Hence, by subtraction, and Ari 241, we have 

log. (1 + n)- log. (1 - n) = log. iil? = 2M(n + i7»"+in*, &C.) 

\ -' n 

> • 

!N'ow, since in this equation n may have any value^ let 

» = -7:=^ r I wi®^ 1 + n = -— — - ; 

2N + 1 2If + 1 

and 1 — « = — — — : therefore, = . 

2N + 1 ' ^ 1 - w N 

Hence we have by substitution and Art 241, and trans- 
posing log. N, 



log. (N+ l) = log. N + 2m(^jA-^ + 



3(2If + 1) 



.+ 



+ 



hvf ^') 



5(2N + 1)* 7(2N + 1)' 

This formula will give the logarithm of any number, that 
of the next less number being known. 

247. The modulus M may have any value. In Napier- 
ian logarithms, it is taken equal to unity ; for calculating 
these, therefore, we have the general formula 

log.(N+l) = log.N + 2(^^+^^^ + 
5(2N + 1)' 7(2N + 1)' ) 
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in which IT nm^fc be taken« successively, equal to the natural 
numbers, 1, 2> % 4, ice We thus find 

log.2=2g+l4-g-i3,+^,&a) =-693147. 

log. 4 = 2 log. 2 =1-386294. 

log. 5 = 2(i+J^ + ^,&a)+log.4 = l-609438. 

log. 10 = log. 2 + log. 5 = 2-302585. 

&c. &c. 

248. The logarithm of a number in one system being 
given, to find its logarithm in any other system ; let K be a 
given number, and let y, x, be its logarithms in two systems 
whose bases are a^ e j so that 

a» = N, e* = Nj 

and let the logarithms of N in the two systems be denoted 
by log., N, and log.„ N respectively ; then aj = log., N, and 
y = log.^ K Now it is plain that 

and therefore, by taking the logarithms of both sides to the 
base 6 x = y log^o, 

OS 

whence y = 



log.a ' 
or substituting the above values of x and y, 

log.N = l^; 
log., a 

or log.^ = log..N X 



log..a 

This equation expresses the constant ratio which the 
logarithms of N have to each other, in the two systema 



249. Since the ooh^ BjtL a xm in nse are llie eammoi and 
ygpieaan, let a=lO,e = 3-718381838459, 

then we bare log.^ = — — xlog.,y; 

tbat iM, fhe carnman logarUkm of axy nMmberit equal to fhe 
Napierian Ix)garUhm cf fhe same ntmiber, mmUipiied by fke 
redprocdl of the Napierian logarUhm of 10 : iki$ wnUHpHer^ 

. r • is therefore the modulus. 

log., 10' 

3fow log., 10 = 2-3025850929 ; 

therefore, M = ,— i- = '4342944819 , 

log., 10 

which is the modnliiB of the common system. The common 
logarithms may, therefore, be calculated either by sabstitatii]^ 
this yalue of M in the general formula of Art 246, or by 
multiplying the Napierian logarithm by the modnlns. The 
former method is, of coarse, by for the more direct and ex- 
peditious : in this way we have 

log. 2 = -86858896^1 + ^^ + ^ &c.^ = '301030, 

log. 3 = -86858896(1 + ^, + 1 + &c.) + log. 2 

= -477121. 
log 5 == -86858896(1 +J^+^.&c) +10^4 

= -698970. 
log. 7 = •86858896(^ + _1_. + _1_. + &a )+ log. 6 

= -845098. 

260. The series here employed is well adapted to com- 
putation from its rapid convergency. When N" is a large 
number, the convergency is so great that significant figures 
occur only in the remote decimal places. Thus, if N = 10000, 
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log. (N+ 1) — log. N, or D, tlie diflTerence of the two logarithms 
is '0000434, correct to 7 places, beyond which, logarithms 
are seldom calculated. Now, log. 10000 = 4, .*. log. 10001 = 
4*0000434. For several higher numbers D will remain the 
same, so that the logarithms of these may be found by adding 
D successively. The greater the number is, and the fewer 
the decimal places required in the logarithm, the greater will 
be the series of successive numbers to which this difference 
will apply. These differences are placed in a column in all 
tables, for the purpose of deriving one logarithm from another 
by addition. They will be seen to diminish, and to have a 
wider range, towards the end of the table. 

If now, d express a small excess of one number over 
another, then we plainly have 

D = log.xo(N + cZ)-log.,^ = log.,^^ = Mlog..(l + ^) 

the other terms being disregarded ffom their smallness. 
Hence D is proportional to d nearly ; that is, the diference 
of the logarithms is nearly jproportional to the difference of the 
numbers, when the difference of the numbers is small. Suppose 
the logarithm of 29786*93 to be required ; we have from 
the table, log. 29786 = 4*4740122, and on the margin, 146 
for the tabular difference of the mantissas of the logs, of 29786 
and 29787 ; we then take i^ths of this difference, since the 
difference of the logarithms is proportional to the difference 
of the numbers ; this gives 135*78, so that we add 136 
to the logarithm before found, giving for the sum 4*4740258. 

If there be but one decimal place, we multiply ^7 tt: ; 
if three, by rr^, &c. Ihe additive numbers thus found 
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are called "proportional parts;" they are placed upon the 
margin in many tablea These are, in the above example, 
131 for 90, and 4 for 3. 

Many other contrivances are adopted to abridge the labour 
of computing tables, of which some examples are given above, 
and others in the Exercises which follow. 



APPLICATION OF LOGABITHMS. 

1. Eaise 9 to the ninth power. 

Here log. 9* = 9 log. 9 ; 

but log. 9 = -9542425, 

and -9542425 x 9 = 8-5881825 = log. 387420489 .'. 9*r- 
387420489. 

2. Extract the 7th root of 67943. 

Log. 67943 = 4-8321447; log. .^67 943= |^ log. 67943 
= -6903064 = log. 4-901245 .-. ^67943 = 4-901245. 

3. Find a fourth proportional to the 6th power of 9, the 
4th power of 7, and the 5th power of 5. 

Let X be the number ; then 

0?=— ^ •. log. aj=4 log. 7 

+ 5 log. 5 - 6 log. 9 =log. 14- 12 nearly, .-. x= 14 • 12 
nearly. 

4. From the equation 2* = 1976 find x. 

Herearlog. 2 = log. 1976.-. a; = i2?il?l? == 10 -9 nearly 

log. 2 

5. Given af^ = c ; required x. 
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Let i^ = y, 

so that c^ = e ; 

then X log. b = log. y, 

and X = -^L? ; 

log. 6 

also y log. a = log. <j, .-. 3^ = -5^^, 

log. a 

hence ^ _ log, (log, c) - log Qofr a) 

log. 6 

6. In the expression 8 = (Art 209) required n. 

r — 1 

Clearing and taking the loga of both sides, we have 
log. a + n log. r = log {«(r — 1) + a} 

hence ^^ log» K^-l) + «} -log>« 

log. r 

an expression for the number of terms in a Gleometrio series. 



EXEBCISES. 

1. Given a* = 6 ; find x. 

2. Given a^ = e; find a^ 

3. Given 20»= 100; find a;. 

4. Given log. 2 = '301030; find those of 25 and '0125. 
6. From the equation (|^)* = 5 4 J, find a. 

6. Given d^b'^ = c ; find oc 

7. From the logarithms given in the last Art, find those 

of 4, 6, 8, 9, 10, 21, 32, 20, 50, and 40. 

8. Calculate by the formula the logs, of 11 and 13 ; and 
hence find the loga of 33, 39, 121, 143, and 169. 

9. Given 2^ . 5^-^ = 4^ . 3*"^ ^ required x, 

10. In the G. P. 729, 486, 324, &c., find the number of 
that term which is 64 ; and also the number of terms 
whereof the sum is 2130-^. 



290 PEBMUTAnONS 

1 1. Given a^ = y* and aJP =y*; find x and y. 

12. From the log. of 2, dednce those of 5, 16, -016, 6 * 25 

and 3^^. 

13. Given log. 80 = 1-9030900, log. 81 = 1-9084850, 

log. 82 = 1-9138139, log. 84= 19242793 ; required 
the log. of 83 by interpolation. 

14. Given log. 101 =2-0043214, log. 102 = 2*0086002, 

log. 104 = 2-0170333, log. 105=20211893; find 
the log. of 103 by interpolation. 



XXV.— PEEMTJTATIONS AND COMBmATIONS. 

251. The various arrangements which may be formed of 
any things, taking the whole or a certain number of them 
together, are called their permutations. 

Thus the permutations of the letters a, h, c, taken two 
at a time, or two and two together, are a5, 5a, oc, co, 5c, c6 ; 
taken three together, the permutations are ahc, acb, bac, hcoy 
cab, cba ; and it is obvious that in either case no more than 
these are possible. 

It is to be observed here that the juxtaposition of the 
letters has no reference to the formation of products^ but 
indicates merely an order of succession. 

252. The different groups that can be formed of any 
things, without regard to the order in which the things are 
placed, are called their combinations. 

Thus the combinations of the letters a, b, c, taken two 
at a time, are ab, ac, be. The number of combinations in 
this case is plainly half the number of permutations, since 
aft, 6a, &c., though different permutations, form but one 
combination. If we take the same letters three together. 
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there is but one combination dbCf while there are six peimu- 
tationa 

253. It is obvious that the number of permutations of 
a, h, c, d^ &C. . . . n things taken singly or separately, is 
bimply n. And if one of these/ a, be omitted, the number 
of permutations of the (n — 1) remaining, taken singly, wiU 

« 

be (n — 1) ; and if a be placed before each of these there 
will be (n — 1) permutations, in which a stands first, namely, 
ab, ac, ady &c. Similarly there will be (n — 1) permutations, 
ba, be, bd, &c., in which b stands first; (n— 1) in which e 
stands first, and so on. There will .thus be altogether n times 
(n — 1) permutations of the form aby etc, ad, &c., 5a, 5c, bd^ 
&c. ; that is, the number of permutations of n things taken 
two together is fl^n — 1) . . . . (1) 

254. Again, abstracting any one of the n things, the re- 
maining (n — 1) things 5, c, d, &c. may be shewn, as above, to 
form (n — l)(w — 2) permutations of two and two ; and pre- 
fixing a to each of these permutations, they will become per- 
mutations of three and three, in which a stands first. Simi- 
larly there wiU be (ti— 1)(»— 2) permutations in which b 
stands first, and so on. And there will thus be n times 
(n -• 1) (w — 2) permutations in all ; that is, the number of 
permutations of n things, taken three and three, is 

n(»-l)(n-2) (2) 

In the same way it may be shewn that the number of 
permutations of n things, taken four and four together, will 
be n(n - iX^i - 2)(7i - 3) .... (3) 

By a similar process of reasoning, it may be inferred that 
the permutations of n things, taken r together, is n{n — 1) 
(n — 2) . . , . [w — (r — 1)], or expressing the number of these 
byP^ P, = n{n-l)(»-2)...(«-r-l-l) . . (4) 
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255. K the n quantities be taken all together, then n = r 
and the number of permutations therefore is n(n -l){n'-2) 
[n-(n-3)][»-(«-2)][»-(n-l)]. 

In this the last term becomes n — n + 1 = 1 ; the last 
but one n *- n + 2 = 2, &c So that the number of permuta- 
tions is P, = n(n-lXn-2X«-3). . . 3.2. 1 . (5) 
or inverting the order of the Actors 

1.2.3.4 (n- 3X»- 2X»- l)w 

or 1.2.3.4 n . . . . (5^ 

Thus the number of permutations of four things taken 
all together is 4 . 3 . 2 . 1 or 1 . 2 . 3 . 4 = 24 ; of five things 
1.2.3.4.5== 120, n being in the one case 4, and in the 
other 5. 

256. If out of the n things p be alike, then these p 
things taken all together will form but one permutation instead 
of 1 . 2 . 3 .... j' permutations, (5) ; so that the whole 
number will be diminished 1.2.3....^ times. Hence, 
calling P the number of permutations of n things, p of which 
are alike, we shall have 

-p__1.2.3.4...7l y/jv 

"1.2.3.4. .,p ^ ^ 

If again there be also q of them the same, though dif- 
ferent from the former, P will be diminished 1.2.3 . . , q 
times ; and hence in this case 

•p 1.^. (5.4:.. .71 ^^v 

■"(1.2.3...;7)(1.2.3. .. q) ' ' ^^ 
And, similarly, if there be r others of the things which 
are the same ; and if for the sake of brevity the continued 
product ri(w r- iXn - 2) . . . 3 . 2 . 1 or 1 . 2 . 3*. . « be 
denoted by /» we shall have 

Iplqlr ^' 
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257. We have seen already (Art. 252\ that if n things 
are taken two and two, the number of combinations is half 
the number of permutations ; and if they are taken three and 
three, each combination affords 6 or 2 . 3 permutations ; that 
is, calling Cg and G, the number of combinations of n things, 
taken two and two, and three and three, we have 

^' TTV' ^* 1.2.3 • 

Generally, since every combination of r things admits of 
1 . 2 . 3 . . . r permutations, we shall have by Art. 254, 

C - <^"^)(^-^)' - (n-r+1) ^ /g\ 

jr 

K now, both terms of this expression be multiplied by 
/» — r, it will become 

p _ n{n-l), . , (w-r+l)(»-r). ..3.2.1 

^ A* 

jr jn^r 

258. If in (9) last Art n — r be put for r, we shall have, 
after reducticm in tibie numerator, 

p _ n(yi-l)(y^-2). . . (r + 1 ) , 

jn — r 

and if both terms of the right member be multiplied by /r 
the expression becomes 

jr jn — r 

Hence by last Art. C, = C,_,; that is, the number of 
combiruitions of n things taken, r and r, together^ is the same 
as the numher of them taken n — r together. These combina- 
tions are called complementary* 
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Thus, to find the number of combinations of 20 things 
taken 16 together ; by (9) we have 

« = 20,r=16..«-r+l=5.C, = fJ^„^f"-J =4845. 

1 . 2. o. 4... . 16 

But the operation will be shorter by taking them « — r; 
that is, 20 - 16 = 4 together. We thus get 

20.19.18.17 



p _ w(n-l)(n~2)(n~3) _ 
* 1.2.3.4 



1.2.3.4 
= 6.19.3. 17 = 4846. 

In the other expression the Victors cancel so as to give the 
same as these ; but the latter process is the readier ; only 
however, when r > ^* 

269. Supplying the terms before the last, (9) becomes 

C - K^-^)' ' (yi-r+2)(n-r + l ) 
1.2.3...(r-l)r 
Also by substitution of r — 1 for r in the same formula, we 

have C, "(«-i)...(«-r+2) 

'-• 1.2.3(r-l) 

Hence C, = . C^ _i 

T 

Since, then C,. > C ,^^ the number of combinations wiD 
increase as r increases, so long as > 1 j that is. 

until it is equal to 1, or less than 1. If the value of r be 
such that this factor is unity ; that is, that n — r + 1 = r, oi 

r = {n being odd, because r must always be an in- 

teger), then this value of r will give the greatest number 

n — 1 
of combinationa Now — -— expresses the complementary 

* For further illastrations of the natare of these complementary 
combinations, see the coefficients of the powers at the top of p. 92. 
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tn I 1 iM 1 

combinations, since n — = ^ ; so that for n odd, 

the number of combinations is the greatest when taken 
J(n + 1), or ^{n — 1) together. Let, now, n be even, and 

put n = 2m ; then — ^ 1 > 1, until r = w, and also for 

r 

this value of r ; but if r = m + 1, then ?^L±i - ] < 1. 

r 

Hence tlie value m for i, that is, — for r, ^ti;e« the greatest 

number of combiruitions of n things when n is even. See 
the Coefficients of the Powers, top of p. 92. 

260. The number of combinations of n sets of things, 
containing respectively, jp, q, r, &c. things, one being taken 
out of each set for each combination, wJll plainly be, for 
one £rom each of two sets, pq ; for a third set of r things, each 
of them combined with these, jpqr, and so on, the combinations 
being expressed by the continued product If we have 
jp = g = r, &c, or the same number in each set, then the 
number of combinations is expressed by jT, 

261. The number of combinations of two sets of things 
containing p and q things respectively, m being taken £rom 
one set, and n £rom the other for each combination, will 
plainly be had by taking the product of two expressions, the 
same as formula (9) ; that is, the number of combinations 
will be 

jp(j?-l) .... (i?-m+l) ^ g(g-l) . . . . (g-n-f 1) 
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Find the mmiber of pen&ntefcuHu^ 

1. Of li things takffli 2 togeOiei^ 3 togMua, and 4 
together 

2. Of 7 things taken 3 together, 4 togetiiei^ 5 togsiiieiv 
and 6 together 

3. Of 8 tilings taken 5 together and all together: 

4. Of the letters of the following woids taken all 
together in each case ; Profdndily ; Algebra ; MJam'sBippi ; 
Caraccas; EeclesiasticaL 

5. Of the lette» of the product a*b*c\ written folly ooL 

find the nnmber of oombinationSy 

6. Of 24 things tak^i 2 together, 3 together, and 4 
togeth^. 

7. Of 24 things taken 22 together, 21 together, and 20 
together. 

8. Of 24 thii^ taken 11 together, 12 together, and 13 
together ; and shew how this Exercise, and also Ex. 6 and 
7, illnstrate Arts. 258 and 259. 

9. Of 9 things taken 2 and 2, 3 and 3, &c. . . . 8 and 
8 together ; arrange the results in a series, and shew how 
this illustrates Art 258. 

10. Of 52 things taken 13 together ; that is, how many 
different hands a person may hold at whist. 

11. Of 10 things taken 3 together, and 7 together. 



12. If the number of peimutations of n things taken 3 
together be to the number of combinations of n things taken 
4 together, as 6 : 1 ; required n, 

13. A party of 25 men supply 4 sentinels each night 
On how many different nights can a different selection be 
made ; and on how many of these will any particular man 
be engaged? 
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14. If there are 20 pears at 3 a-penny, how many 
different selections can be made in buying six pennyworth ; 
and in how many of these will a particular pear occur ] 

15. For how many days can six persons be placed in 
di^erent positions about a table at dinner 1 

16. Out of 12 consonants and 5 vowels, how many 
different collections of letters can be formed with 6 consonants 
and 3 vowels? * 

17. Out of 12 democrats and 16 republicans, how many 
different committees can be formed, each consisting of 3 
democrats and 4 republicans ? 

18. Find the number of different triangles into which a 
polygon of n sides may be divided by joining the angles. 

19. A party consists of 10 Englishmen, 8 Frenchmen, 7 
Germans, and 5 Italians; required the number of ways in 
which they can be taken, so as to have always one, and no 
more of each nation. Eequired the same, supposing that 
there were 10 of each nation. 

20. Of 8 things, how many must be taken together, 
that the number of combinations may be the greatest possible % 

21. How many different sums may be formed with a 
sovereign, a half-sovereign, a crown, a half-crown, a shilling, 
and a sixpence 1 Bee Ex. 5, p. 92. 

22. Find the number of words of 6 letters, each of 
which may be formed out of the first 10 letters of the 
English alphabet, each word being supposed to contain 2 
vowels^ 

23. Three cards being dealt to each person of a party at 
play, any one can have 425 times as many hands as there 
are cards in the pack. Bequired the number of cards. 

24. At an election, where every voiier may vote for any 
number of candidates not greater than the number to be 
elected, there are 4 candidates and 3 members to be chosen ; 
in how many ways may a man vote % 
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XXVL BINOMIAL THEOEEM. 

262, The trath of this theorem, by far the most im- 
portant in the whole range of Algebra, has been already 
(Art 91) inferred by analogy from the mode in which the 
powers of binomials are developed. A general proof will 
now be given, derived by induction and the theory of com- 
binations, from the forms which the products of binomial 
&ctors assume in successive multiplication. The theorem 
will next be demonstrated by the method which has so many 
resources, and is so extensively applicable in every part of 
analysis, that of indeterminate coefficients. 

263. By successive multiplication the following products 
are easily formed ; 

{x + a){x -I- h) =a;'-|-(a -{-b)x-^ah 
(x -I- a){x -I- b){x 4- c) =x*-\-{a-^h-j'c)x*-\-{ah'\-ac-\'hc)x-\'dbc 
{x-^a){x-\'bYx-hc){x-\-d)=x* 4- (« + & + c -h ei)a;' 

-\-{ab-{-ac-\-bc-\'ad-{-hd-\'Cd)x^ 
-{■{al)c-\'acd-\'bcd-^ahd)x-^ahcd. 

From these the law of continuation is manifest; the 
indices of x decrease by a unit in each term from the fbrst, in 
which the index is the same as the number of feictors ; the 
coefficient of this term is imity ; that of the second is the 
sum of all the second terms of the binomials ; the third 
coefficient is the sum of these second terms, taken two and 
two together ; the fourth, that of the same quantities, taken 
three and three, and so on ; and the last term is the pro- 
duct of these same quantities, taken all together. Since, then, 
in the third term, these quantities are taken two and two 
together ; in the fourth, three and three, and so on, by in- 
duction, it may be safely inferred that in the (n -{- l)th 
term they would be taken n and n together. 
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Let us suppose, then, that this law holds for the product 
n factors multiplied together continually ; and denoting, for 
the sake of brevity, the coefficients after the first term by A« 
B, C, &c, we shall have 

(«+ aXa;+ &X«+c)- • •(«+ ^)=a^+-^^~'+^Baj*"^+Caj" --^+.. . K 
in which A = a + & + c... + A: B = a& + ac + &c + ... 
C = ahc 4- aed + . . . K = dbcd , , .h. 

Supposing, again, that there are (n + 1) factors, we obtain 

(a; + aX« +&X«+«) • .. (« + A;Xar + = a;*+^ + (A + ^)a;" 
+ (B + ZAy-* + . . . + K2. 
in which A + Z = a+6 + c + ...+A; + ?, 

B + ZA = a6+a6+6c4-...+aZ+W+... + A;Z, &c.y&c., 
and KZ = abed . . . KZ. 
The law is therefore proved to hold for (n + 1) factors, 
if it holds for n fiactors. Now, it is seen above to hold 
for 4, therefore it holds for (n + 1) or 6 ; and if for 6 
then for 6, and so on. We are thus entitled to infer that it 
holds for any number. 

Let now a = 6 = c, &c. ; then (aj4-a)(aj+a).. .to n 
factors = (a? + a)*. Also A = a + a + a...ton terms = na ; 
B= a' + a' ... to as many terms as there are combinations o£ 

n things taken two together = ^ "" ^ a* ; C = a* + a' . . . to 
as many terms as there are combinations of n things taken 
three together = T i q~ * 

Similarly p^«(«- !)(«- 2)(«-8)^« 

1 • 2 • 3 • 4 
Also K = a.a.a...to n factors = a". The general 
formula therefore is 

1.2 1.2.3 

1.2.3.4 
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Since x and a in tfais inresiigatioa maj^ bare any Tahie ; 
for X put a and for a pfot x ; the f ommla then beoomes 

1.2 
^«(n-lX»-2V-y ^^ ^j,^ 

K a = 1, this £>rmnla becomes 

(H.a;r=l-t->u;+'!!|^);^ + "<"-\X''-2)^&c...+ar (2) 

1«^ 1.2.U 

264. If the second term of the binomial be n^ative, 
that is, if for a; we put — x^ then the odd powers will be 
negative ; bat these occnr in the even terms of the expansion, 
so that these even terms are negative. Bee Art 92. The 
formula then becomes 

and similarly 

265. This proof of the binomial theorem &om induction, 
proceeds upon the supposition that n is a positive integer. 
We shall now, by help of the method of indeterminate 
coefficients, give a general proo^ independent of induction, 
for any index, integral or fractional, positive or negative. 

(iC\ X 

1 + - l" : and if we make - 
a) a 

= y, we have to find the development of (1 + yf ; this being 
found and multiplied by a", we shall have the complete 

development required 

Let now the exponent be any positive fraction -, p and g 
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« 
being positiye integers ; then (Art 159), we may assume 

(l+y)f = l+A^ + By + C/ + D2/* + &c. . . (1) 

the first term being 1^ because, when y = 0, the series is 
reduced to 1 = 1. 

Similarly, we may assume 

(1 +«)?=! + Ay + By^ + C/ + Dy* + &c. . . (2) 

in which the coefl&cients have plainly the same value as in 

(1) since they are independent of any values of y and z, and 

so are true for any, and therefore for the value y = z. 

1 1 

If now we put (l + y)? =w, and (1 4-^)« =v, then 

I -^ y = u^, and 1 + « = t?*, and .*• y -^ z — u^ — tft^ 

(1 4-^)3 =^> and {I -^ z)q =vP. Bearing this in mind, 

and subtracting (2) from (1) we shall obtain 

t^»t;P = A(y-^) + B(/-;5') + C(2/'-2?') + &c. . .' (3) 

Dividing the left member of this equation by u^ — ifl^ and 
the right by its equal, y — «, we have 

i^-t;P _ A(y^.) + B(y'-/) + C(y'~.' ) ^ ^^^ ^ .^. 

w3-r3 y-z 

In this equation the right member is plainly reducible 
by y — 2 ; and both terms of the left member are divisible 
(Art. 106) by M — 17, so that this factor may be suppressed. 
Performing the division (4) becomes 

w«~' + t?M'""' 4- vV"* . . . H- 1;'"' 

=A + B(y + 2) + C(2/'+2/2+2')+I^(y'+2/'2+y2'4-A&c. (5) 
Now, as this equation is perfectly general, it is true for 
the value y = 2 ; whence 1+^ = 1+2, and u^v\ hence 
each term of the numerator of the left member is m'~\ and 
each of the denominator m'~* ; so that the left member 

becomes - * -^zix > or by multiplying both terms by w, -. — , ; 
q^ w q u 
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also the terms within the vinciila on the right side become 
^y> ^y*9 &C. Equation (5) thus hecomes 



^. ?^ = A + 2B2/ + 3C/ + 4D2^*, &c .... (6) 
q vr 

Now w' = (1 + yY , and u^ = \ + y ; hence, supplying 

p. 
from (1) the value of (1 4- yY^ we have 

p l+Ay + B/ + C/4-&c. 

q' 1+2/ 

= A+ 2By + 3Cy + 4D/ + SEy* + &c. . . . . (7) 

Multiplying both members by 1 + y, and arranging the 
terms of the product on the right side according to the 
powers of y, we obtain for the final equation 

= A + (2B + A)y + (3C + 2B)/ + (4D + 30)/ + &c. (8) 
From this we can easily deduce, as in Art. 159, the fol- 
lowing values of the coefficients — 

^i.B=lf(f-')-«=Mf(f-')(f-^) 
^=ilM(f-0(f-^)(f-')'*' 

Let M be the rth term from the beginning, and N the 
(r+l)th; then^M = Nr4-M(r-l); 

whence N = ^ — (^ — r+lV . 

r \q I 

"We have thus, since the powers of y are kaown, the 
complete development of the binomial (1 + y)« * 

* This proof being independent of induction, and of a previoas 
acquaintance with the form of the development when the index is a 
positive integer, is much jniore satisfactory than the proof usually given, 
called Euler's proof, and than that which presupposes a knowledge of 
the extraction of roots. It is, besides, very easy, and founded upon 
principles recognised in elementary algebra. 
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266. If the index be a negatiye fraction, one part of the 
foregoing investigation will require to be slightly modified, 
in order to obtain the development in this case. Equation 
(3) will become 

T.T -p -» 1 X'tf — u* u^ — ti^ 
Now u ^ — v^ = —-'-—- = 



Then in dividing, as before, the first member by w' — v\ 
and the second by y — 2, its equal, we find 

w^v** * 14* — -y' y — z 

Then suppressing, as before, the fectors u — v^ and y — z^ 
we obtain 



&c. 

Putting y = z, whence u = v, the above expression becomes 

u^ q u^ q vr 

Now this form is precisely the same as equation (6), 
except that the index ^ is in this case negative. The suc- 
cessive coefl&cients will therefore be found in this case by 
merely changing the sign of jp in the values already given. 
This gives us the development in the case of a negative 
fraction. 

267. If in the investigation of Art. 265, we suppose 
gr = 1, we obtain the development for a positive integral index, 
the same as formula (2), Art. 263 ; and if in that of Art. 
266, q— 1, then the index is — ^ ; and those coefficients of 
the development wiU be negative into which this quantity 
enters an odd number of times as factor ; that is, those in 
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the e&en terms ; for, *- jp( — i> — 1) niay be replaced by 
j7(i? - 1), and -^ -i> - 1)( -i> - 2) by -iKl> - lXi> - 2), 
&c. Hence, universally, whatever value the exponent n may 

have, whether of the form ± £, or ± », the development is of 

9. 

the same form, and we have only to substitute - for y, and 

a 

multiply by a", in order to obtain the general form already 

deduced. 

268. If either term of the binomial be negative, and the 
index be also negative, then manifestly all the terms wUl be 
positive (Art. 264) ; so that the development of (a — «)"* is 
the same as that of (a + «)". 

269. To find the rth term we have only to observe that 

n(n-l) _ yi(n-'3 + 2) 'n{n - l)(n - 2) _ n{n - l)(yi- 4 + 2) 

1.2 1 . (3 - 1) ' 1.2.3 1.2.(4~i) 

&c. ; and that a*" V = a— »+ V-\ a*" V = <^-^+V-\ &c., 

and we shall at once see that the rth term will be 

^ n(/i - iXn - 2) . . . (yi - r + 2 )^._^^.i^r_i 
1.2.3. (r-1) 

This is the general term of the series, because any term 
after the first may be had from it, by putting 1, 2, 3, &c 
for r. 

270. Since the coefficient of the rth term is the same as 

n(y^-l).. . (y^-(r-l) + l} ^^^^ expresses the num- 

1.2.3.(r-l) ' ^ 

ber of combinations of n things taken (r — 1) together (Art. 
259), it follows that this coefl&cient^ that is, every coeflficientj 
is necessarily a whole number, n being a positive integer. 
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271. It is obvious that the (r + l)th term =a rth x 

W "~ 7* H" X OB 

■ — . -. Hence the rth term will be greatest when 

r a " 

-. = 1, or < 1 ; that is, when aj(n - r + 1) = ra 

a r ^ ' 

or < ra; that is, when iB(» + l) = or <rix -{- a), or when 

(n + l)a5 , 

r = or >^ ^ i •*• ^ must be the whole number equal to, 

»+ a - ' ^ ' 

(n + iVu 
or next greater than ^ ^, according as the value of this 

•B "T" fl 

latter is integral or fractional. If it be an hiteger/the rth 
and (r + l)th terms are plainly equal, and each greater 
than any other term ; but if it be not an integer, the greatest 
term is that denoted by the number greater by 1 than the 
integral part of the quotient. Thus, if the greatest term in 
the expansion of (3 + Bx)* be required ; when a; = -J, we have 

(^L±i> = (8+l).|.-i-=M = 4l-. The yir.^ whole 
a-^x. ^ ^ 2 3 +1- 11 11 -^ 

number greater than 4-j^ is 5 ; .'. the 5th is the greatest 
term ; from this term the terms become less and less, or the 
series begins to converge. The formula is applied to bino- 
mials of the form (1 =fc «)", which lead to series by their 
expansion ; x being plamly less than unity, else the terms 
might increase without limit 

972. In the expansion of (a + oj)", n being a positive 
integer, there are (n + 1) terms, and no more ; for the coeffi- 
cient of this term is 

n(n~l). . . {n-(yi+ 1) + 2} _ n(n--l). . . 2. 1 _^, 
1.2.3.. . {(n+l)-l} 1.2...(n-l)« ' 

while the last factor of the numerator of the coefficient of the 
(n + 2)th term is » — (n + 2) 4- 2 = 0, so that the entire term 
vanishes, as would also every subsequent term from the pre- 
sence of this &ctor. See Art 91, 2d. 

X 
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273. In formula {l'\ Art 263, trae for all values of the 

terms, let a = 1, «= 1, then (1 + 1)* = 2*= 1 + n + ^^ " J^ 

1 • ^ 

&c. ; that is, tJie sum of the coefficients equals the nth power 

of 2. Examples of this remarkable relation will be had from 

the expansions given in p. 92. 

274. In the same formula let a = 1, a? = — 1, then (1 — 1)" 

!!^) + &c.].-/„+!;^LlJJ^)+&cl = 8um of 
1«2 J f. 1.2.3 J 

coefficients in even terms — sum in odd terms. 

Hence, since these sums are equal, each of them must 

equal half the sum of all the coefficients ; that is, the sum of 

the coefficients of the even terms, or the sum of those of the 

2** 
odd terms = — = 2"~"\ 
2 

275. The greatest coefficient in the expanded binomial 

In 
can at once be had fix)m the formula j — -= — (Art 257), by 

jr jn^ r 

substituting — for r when n is even, and — — ^ or — - — for 
2 2 2 

r when n is odd ; the first result giving one middle term, 

and the second two, equal to one another. The greatest 

n 
coefficient for n even, is at the distance ^ + 1 6oin the be- 
ginning, with — terms on each side of it, since the number of 

factors -, — — , ^ , &c is less by unity than the num- 
ber denoting the place of a term ; that is, the combination 
of 2 and 2 occurs in the third place, of 3 and 3 in the fourth, 
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or generally the coefficient of the (r + l)th tenn is the nnm- 

ber of combinations of n things taken r at a time, &c. ; the 

7} + 1 
greatest for n odd arft in the places denoted by — — and 

!LL_. + 1 = — - — , while there are ^ terms on either 
2 2 2 

sida The coefficients being computed as far as these middle 

terms, those that follow will be the same, by the principle of 

complementaiy combinations, as those which precede these 

terms, but in a reverse order. Or the same may be proved 

generally, as follows : 

The coefficient of the rth term &om the beginning (Art. 

269), becomes, when both terms are multiplied by 1 . 2 . 3 

... {w — (r — 1)} , or /w — r 4- 1 

9 

Ir—lln — r+l 

Now the rth term fix)m the end, having (r — 1) terms 
after it, is the (n + l)th — (r — l)th fix)m the beginning, that 
is, the (» — r + 2)th from the beginning. The coefficient of 
this term is 

n{n^l),.. {7i-(7i-r+2)-f 2} n(n - 1) . . . r , 

ln'-r + 1 jn — r-\- 1 ' 

this also is equal to 

h 

/r — 1 /n — r -f 1 

so that the coefficient of the rth term from the beginning 
equals that of the rth term from the end. 

It is only necessary to give a very few additional 
Exercises in this place, as the principles now laid down may 
be illustrated from Sections YIU. and IX. 
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1. Expand (l + ^V; (l-|)"'*i (a + 25 - c)\ and 



/a + X \n 



2. Find the greatest terms in the series (1 + 5x% and 
(1 4- Sx)"^, when x = i; and in (1 + 5*)*, when x = i, 

3. At what term does the series for (1 + 9x)^ begin to 
converge when » = iV ' 

4. Find the middle term in the expansion of (a* + a?*)"; 
and the iswo middle terms in that of (a + x)". 

5. Find the rth term in the expansion of (a + x)^ ; and 
the 7th in that of (a' + Saxf. 

6. Find the middle term in the expansion of (1 + «)*•; 
and shew that the coefl&cient of the (r + l)th term of (1 +«)*•"♦"* 
equals the sum of the rth and (r + l)th coefficients -of 
(1 + xy. 
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276. There is a large class of events which happen 
according to laws of which we are ignorant, or which are of 
such a nature that we can see no reason why they should 
happen in one way rather than in another. From previous 
experience, or otherwise, we may have a greater or less degree 
of expectation of the event happening in one such way, rather 
than another; but> unless we can reduce this degree of 
expectation to a numerical measure or estimate, we cannot 
bring the subject of the occurrence of such events within the 
domain of mathematics. Now, the relation of greater and 
less enters into our idea of probability; we speak of one 
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event as more piobable^ much more probable than another ; 
but this relation is one which belongs to nu^nitude generally; 
and magnitude is the object of mathematics. 

If we can speak of one event as more probable than 
another, then are there greater and lesser degrees of proba- 
bility; one probability may be said to be ttnce, three timeSf 
&c, as great as another ; they may be compared, in respect 
of magnitude, and ratios instituted between them. These 
magnitudes then, and the measures of their ratios, may be 
expressed by letters and common numbers, as in the case of 
magnitudes ordinarily considered in mathematics^ such as 
lines, and angles, and their ratios ; time, space, velocity, 
force, &c. It is hence obvious, that we must; have here as 
in other cases, a unit of reference by which to estimate the 
ratios in question. Certainty, represented by unity, has 
been adopted for this purpose. The probability 1 for an 
event will thus denote certainty in its favour; certainty 
against an event will be denoted by the probability in its 
favour ; while intermediate degrees of probability will comd 
to be represented by fractions ranging between and 1. 
From these considerations as a groundwork, the whole 
mathematical theory is deduced. It is now the subject of 
separate treatises, and no more can be given here than a few 
elementary propositions. The following example will illus- 
trate the foregoing remarks. 

Suppose 5 white and 7 black balls placed at random in 
a box, and that 1 is to be drawn by a person who does not 
see the balls ; it is obvious that a black ball is more likely 
to be drawn than a white one, and that in the ratio of 7 to 
5, since there is no determining cause whatever, except the 
number of black balls ; the majority being black, a black is 
more likely to come up than a white, in the ratio of the 
numbers 7 and 5. That is, i^ is the probability of drawing 
a black ball, and ^ that of drawing a white one. In this 
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case, the odds aie said to be If to 1 in favour of a black 
baQ, or against a wiiite balL 

Suppose, again, that tbere are ten white balls, marked 
ly 2, 3, &C., the probability that 1 will be drawn is -^ ; 
that either 1 or 2 will be drawn -f^; either 1, 2, or 3 
-fy, ScCf and i^= 1, the certainly that some one ball will 
come up. 

Hene^ generally^ if an event may happen in n ways, 
each equally possible, then, representing certainty by 1, the 

probabiliiy that the event will happen in any given way, is 

1 . 2 

represented by -, in either of 2 ways by -, and of its happen- 

n n 

ing in any one of m specified ways, by — + - + -, &c., to m 

n n n 

terms = wi . — = — * 
n n 

277. If an event may happen in a ways, and fsdl in h 
ways, then the probability of its happening is to the proba- 
bility of its fuling^ as a to 5 ; hence, the probability of its 
happening, is to the sum of the probabilities of its happening 
and &iling, that is, to certainty, as a to a + & ; so that . 

certainty being unity, denotes the probability of the 

a-f 

. event happening. The probability of its failing is 1 — 



a-f b 
Here the odds are a to 5 in favour of the event, 



a + h 
or 5 to a against it 

Similarly, if there are three events whose probabilities 

* Chance is used by many writers as synonymous with probability ; 
while others, with more propriety, limit the meaning to the lowest degree 
of probability. 
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are proportional to tlie quantities a, h, c, then the probability 
of each happenings is given by the respective expressions^ 

a b c J 

9 ; , , ana so on. 

a + b + c a+b-hc a + o + c 

278. The number of combinations of n things, taken 2 

and 2, being ^71(71 — 1), the probability of drawing any given 

2 

pair, A9 £, ofn balls, will be I -r- in(n — 1) = — — . Thus 

n\n^ 1) 

suppose there are five white and seven black balls, the num- 
ber of pairs that can be formed with 12 things is |- . 12 . 1 1 
= 66 ; and with 5, -J- . 5 . 4 = 10 ; hence, the probability of 
drawing two white balls is -J^-j similarly, that of drawing 
two black is -J^. Since each white ball may be taken witji 
each black, the number of pairs thus formed will be 7 x 5 = 35 ; 
and the probability of drawing a white and a black is f{-. 

279. Let there be two independent events whose re- 
spective probabilities are known, and let a, a, be the number 
of ways in which they may happen, and b, b\ those in which 
they may fail, all these ways being equally likely ; then the 
probability that they will both happen is denoted by 



a a 



, a-^rb a -\-b^ 

For each case out of the a 4- 5 may be combined with 
each out of a -h b\ forming (a + 5)(a' -I- b') combinations, in 
which the events are equally likely to occur. In aa of 
these cases both events happen; m hV of them they fail; 
in ab' of them the first happens, and the second fails, and in 
ab of them the first fails and the second happens. Hence 
the probability that both happen, is 

aa! 
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hb' 



that both &]ly 18 

first happens and second fiedls 

fiist Mis and second happens 



ah' 

a'h 
(a + &X«' + ^T 



Thus if m and n be the probabilities of two independent 
events; mn is the probability of both happening. And 
similarly, if there are three independent events, the pro- 
bability that they all happen is mnp, and that they &il, 
(1 * mXl * ^X-"^ ~~ P) i ^^ ^^® happens and the rest £ul, 
77i(l — nX^ "i^X ^c* 

Thus, the probability of throwing an ace, then a dence, 
with one die, is in the first trial -)-, and in the second ^ ; .*. 
the probability of both happening is -^ ; the probability of 
throwing an ace, once at least, with one die in two trials, is 
•}-}- ; for the chance of failing each time is j-, and of fiuling 
twice together, ^ ; and 1 — f^ = W^ the chance of not idl- 
ing both timea Again, suppose that there are four white 
balls, five black, and six red ; required the probability of 
drawing two red balls, 1st, when the ball first drawn is 
replaced, and 2nd, when it is not replaced, before the 
second trial. Here, 1st, the chance of drawing a red ball at 
first is -^, at the second trial also -^y .*. the chance of draw- 
ing two is (ifV)'« ^^^ ^^<^ ^^3 chances now are -^, and -^^ 
and the chance of drawing two red A ^ A == ^' ^^^^ latter 
result is the same as would be found by Art 278 ; for 
-J-. 15. 14=105, and ^.6. 5 = 15, and t3Jv = +. 

In how many trials may a person undertake, for an even 
wager^ to throw an ace with a single die ; that is, in how 
many trials will the probability amount to •}- 1 Let x be the 
number of trials, then the chance of failing x times is {^ ; 
then, by the question, this is equal to the chance of happen- 
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ing ; that is (^y = I- ; or, otherwise, the chance of happening 
is 1 -(i)* = i, .-. {iY = h Hence, x log. f = log. ^, and 

/. « = , :^^ = 3.8 nearly, so that the chance is less 

log. 6 - log. 5 ^' 

than -)- in three trials, and greater than ^ in four trials ; in 

four trials a person may safely undertake to do it. 

280. The probability of an event happening in one trial 
being known, required the probability of its happening once, 
twice, thrice, &c, exactly, in n trials. 

The probability of its happening in any one trial being 

expressed by as^, and of its fidling hjq^l — ^ ; then 

a -f 6 

the probability of success on any specified trial and failure 
on the other (» — 1), is jpg*~* ; and since this may happen in n 
ways, any one of which may be specified, the probability of 
the event happening in some one of these and failing in the 
rest is npg^^\ The probability of the event occurring twice 
in two specified trials, and failing in the other {n — 2) trials, 

is jpV~* > ^0^ there are (Art. 278), ^ "" ^ ways in which 

1 . 2 

the event may happen twice, and of course fail {n — 2) 
times in n trials j .• . ^ "" p ^q^^* expresses the probabi- 
liiy that it will happen twice in n trials. Similarly 

7 1 r i^V"' is the probability that it will happen 
1.2.3 

exactly three times in n trials ; and generally 

/r 

is the probability that the event happens exactly r times 
in n trials, and 

n(n-l)...(7^-r+l)^ „y ^2) 
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that it fsdls. These several terms want but p^ to fona the 
complete development of a binomial ; but j?" expresses (Art 
279) the probability of the sofme event happening each time 
upon n trials ; hence the several terms of the expanded bino- 
mial (jp + <ff^ well express the respective probabilities of the 
event happening exactly n times, n — 1 times, n — 2 times, 
&a on n trials ; and the greatest term in the series (Art 275) 
wiU. give the highest probability of success and Mlure in n 

triala Now — p, and ,-^i aiid putting n = m 

a 4- 6 a-\-o 

(a + h)y a, by and m being whole numbers, the expression, 

i = — ' — Art 271, becomes in this case mb H ; 

a + z - + 1 a + b ' 

then the most probable case is that of r failures, and n — r 
successes, where r is the greatest whole number in 9n5 + 

=-. We have therefore r = m&, and n — r^ ma. Hence, 

a + 6 

n — r and r, the most probable cases of success and &ilure, 

are proportional to a and b (Art 277), the probabilities in a 

single trial 

The probability of the event happening ai least r times 

in n trials is^ 

p+np S-^^^P g^'-+ 1.2.3.,.(n-r) 

2>V-; (3) 

where the coefficient of the general term is the number of 
combinations of n things taken n — r ai a time (Art 258) ; 
for if the ev^nt happen every time, or fail only once, twice . . . 
{n — r) times, it will happen r times, so that the sum of the 
terms above gives the probability that the event will happen 
at least r times. 

Thus, if the chances of throwing three aces in five throws 
with a dingle die', ot in a single throw with five dice, be 
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requiiedy we have p = h ^ ~ JP = f = fl'j »* = 5> m^cI applying 

(l\ we have , ' ' . ( - f • (-) = ^^^^ ; the chance 
^ ^ 1.2.3 \6/ \6/ 7776' 

of thiowing at least 3 aces is (3)^* + 5jp*^+i^. 5 . 4pV = -7V7V i 

and of throwing sixes at least twice in 4 throws^ p* + 4jp'^ 

-f-i.4.32>V = T:Wr- 

To find the probabiliiy pf throwing an ace once, and not 

ofbener in four throws, we have 

1 5 . ,4.3.21 /5\' 125 

^ ? ^ 6 ' 1.2.3 6 W 324 

281. If the probability of a person's success la regard to 
any' event be^, and 8 be the advantage or amount that will 
accrue to him if he be successful, then the value of his hope, 
or hia expectation, is sp. 

282. The doctrine of probabilities is applied to many 
practical subjects, such as the expectancy of life and annui- 
ties, the estimation of the veracity of witnesses, &a, on which 
it would be out of place to enter in an elementary treatise. 
We shall give only one or two examples. 

From bills of mortality kept at different places, tables have 
been constructed, shewing how many persons of any given 

age die in each year. Thus, Bailey's tables shew that of 
586 persons aged 22, 579 reach the age of 23 ; the Carlisle 
tables that of 6335 aged 14, 6047 I'each 21, &c 

To find the probability that a persons of a given age will 
live one year, or any number of years. 

Let a be the number in the tables of the given age, and 

h the number surviving ; then — is the probability of life 

a 

n h - 

for one year, and (Art 277) that of death. This gives 
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by Bailey's tables ^^, and 7I7, or f}, and ^ nearly for the 
age 22. By the Carlisle tables fiH and ^^ are the 
probabilities that a person of 14 will live to reach 23, or ^<d 

h 4* n 

before that tima In the same way —,-...> are the pro- 

a a a 

babilities of life for 1, 2 .... n years, b, c, . . . n being the 

niunber left at the end of 1, 2 ... 91 years, and a as before. 

Also , — ^ . . , "" are the probabilities of death in 

a a a 

1, 2 ... n years. The probability that one person A will 

live a year, being called — , and that of another B, -, the pro- 

m n 

bability of both being alive at the end of the year is — 

mn 

(Art 279); and the probability that they will both die, 

^ — ^^^ — ^^ i-; the probability that both will not die is, 

mn 

1 _ (m-l)(n-l)^m + n-l^ ^^ 1_ ^^ 1 ^j^ ^^ 

mn mn p q 

respective probabilities that each wiU live y years, 1 — 

{ P - l)(g " 1) ^ P + q-l ig ^Q probabiHty that one at least 
pq pq 

will be alive at the end of y years. 

On these probabilities of life the calculations of life 
assurance and annuities are founded. Sijppose De Moivres' 
hypothesis adopted, which is true for middle life, i^t 
out of 86 persons bom, one dies every year till they 
are all gone ; an assurance ofi&ce would assume the dura- 
tion of life for a number of persons aged 20, to be 66 
years, and charge for assuring £100 to be paid at death 
such a yearly premium as, with interest for 66 years, would 
produce £100, and such additional profit as might be 
deemed necessary for their own advantage and safety under 
the circumstances. 
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If A represent the amount of £1 for one year, that is, 
£1 with its interest, then — , —^ &c, is the present value of 

£1, to be paid in 1, 2, &Q,, years, and the present value of 
the annuity of £1 will be 

65 ^ 64 « 65 64 « 
66. A 66. A' 66' 66^ 

being the chances of life for 1, 2, &c. years, in the case of 
a person whose age is 20. This subject is however viewed 
differently by writers on Algebra, and the practice of assu- 
rance ofi&ces varies greatly. 



EXERCISES. 

1. Eequired the probability that a person will draw first 
a white ball and then a black, if six white and five black 
balls be placed at random in a box. 

2. On the same supposition, what is the probability of 
drawing first a white ball and then two black ? 

3. In how many trials wiU the probabiHty of throwing 
sixes with two dice amount to -J- ? 

4. Eequired the probability of throwing an ace three 
times and not oftener in four throws. 

5. There are four white balls and three black placed at 
random in ^ line ; find the probability of the extreme balls 
being both black. 

6. Four white and six black balls are placed at random in 
a box ; find the probability that out of five drawn, two, and 
two only, shall be whita 

7. A box contains three white and seven black balls ; 
required the chance of drawing a white ball in each of three 
successive trials ; the ball not being replaced. 

8. On the same supposition, but replacing the baUs 
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after dnwing ; find the dianee of dxawing wliite tinee tinies 
in socoesnoiL 

9. There aie two wmB, in one two wliifce balls and one 
blacky in the otbei^ four idute and one Mack ; leqinied the 
probability of drawing a ^diite ball from one of them, by a 
person from whom both are concealed. 

10. Aspeaks troth three tinies oat of fsiir; B fonr times 
oat of five ; C six tinies oat of seven ; reqoiied the proba- 
bility of the tmth of what A and B agree in asserting but' 
which C denies. 



xxvm— soLunois^ or geometrical 

PEOBLEMa 

283. A line may be represented by a number, express- 
ing how many linear units the line contains. Thus, the line 
AB 

A B 

may be represented by any number, as 7 ; meaning that the 
line contains 7 inches, 7 feet, 7 miles, or 7 linear units of 
any kind. In the same manner, the line AB may be repre- 
sented by any letter, as a ; the letter being understood to 
denote a number of linear tmits. Also, if the two adjacent 
sides of a rectangle be represented by any numbers or letters, 
the product of those numbers or letters will express the 
number of superficial units in its area : thus, if a and b 
represent the adjacent sides, ab will represent the area. 
Hence, if a be the side of a square, its area will be represented 
by a*. In the same manner, if a, b, c, represent the num- 
ber of linear units in the length, breadth, and thickness, 
respectively, of a solid, the number of its solid units will be 
expressed by the product abc. Conversely, any single letter 
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may be represented by a line^ the product of two letters by 
a rectangle^ and the product of three letters by a solid 

A rectangle may, however, be represented by a single 
letter as a ; and if one side of such rectangle be represented 

by X, then the other will be -. Also if a represent the 

area of a square, »Ja will represent the side. Conversely, 
it is not necessary that every product of two factors should 
be geometrically represented by a rectangle, and every pro- 
duct of three factors, by a solid : for ah may represent a Hne, 
which is a times the line ft, that is, which contains a times 
as many Hnear units ; and ahc may express a rectangle, which 
is a times the rectangle he. And as geometry is only con- 
cerned with the three dimensions of length, breadth, and 
thickness, it is plain, if a product consist of 3 + w factors, 
they cannot all denote Hnes ; and n of them, at least, must 
be taken as forming a coefficient to the geometrical magni- 
tude expressed by the others. 

The directions that have been given in Art. 158, for the 
solution of algebraic problems, are applicable also to the 
solution of geometrical problems. In order to translate the 
conditions of a problem into equations, the problem must be 
supposed to be resolved, and relations sought out between 
the given and required parts ; for the purpose of extending 
these relations, and discovering new ones, additional lines 
may be drawn, or figures constructed. For this, however, or 
for the method of translating the conditions into algebraic 
language, no general rule can be laid down. 
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1. To divide a straight line, so that the rectangle con- 
tained by the whole and one part, shall be equal to the 
square of the other part. (Euol. IL 11.) 

Let AB = a, (y a c b 

AC = a?.-. BC = 

a-^x ; then, by the question, a(a — «;) = »*; whence x^ •{• ax 
= a*. Hence we have (Art 145) 

2 2 2 

Here, if the sign + be taken, x is positive (Art. 154), 
and less than a ; but if the sign — be taken, it is negative, 
and greater than a : that is to say, the conditions are ful- 
filled, not only by a point C within the line, as the enun- 
ciation contemplated, but also by a point C' on its continua- 
tion. The position of the point was supposed to be such 
that, in order to find it, something was to be taken from AB ; 
whereas the point may also have such a position that, to find 
it, something must be added to AB (Arts. 5, 6). To answer 
this new condition, the question may be easily modified thus : 

In a given straight line, or its continuation, to find a 
point such that the rectangle contained by the given line 
and the segment between one of its extremities and the 
required point, may be equal to the square of the segment 
between its other extremity and the same point. 

If the value of x be put under the form \/( a' + 7 ) — „ > 
it is plain that we shall have (Eucl. IL 1 1) 

^/U + i) -| = EF-EA = AH 
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If a square be described on EF -h EA = CF, instead of 
upon EF — EA = AF, and upon the opposite side from AG, 
BA produced will meet a side of the square in a point H', 
which will give AB . BH' = AH'* ; this construction answers 
to the negative value. 

If we had at first supposed the point to have also the 
position C', and put BC, or BC' = a;, we should have had 
AC = a — «, AC' ^x — a : then (a — x)* = aa?, or {x — a)* = ax, 
either of which would give 

3a , /5a' 3a . a\/5 

x = — ± V — = — ± — — ; 

both positive values. 

2. Given the difference of the perimeter and diagonal of 
a square, to find the side and diagonal 

^ Let one side AB = x ; then perimeter 
as 4cX : also let d = difference of perimeter and 
diagonal ; then BC = ix — d. 

Then (Euol. I. 47) 2a? = (ix - dy ; 

hence,a: = ^A^ = ^(^+^^) (Art 117). ButBC = 4aj 

^d = x^2; tT....fn.. J^n = ^^ + ^/2) ^/2 ^ d(2 s/2 + 1) 
' 14 7 * 

3. Given the line bisecting the vertical angle of a triangle, 
and the segments into which it divides the base, to find the 
sidea 

Let AD = a, BD = &, DC^c, AB = a;, 
AC=y. t 

Then (Eucl. VL 3) I \c.\\x\y, ,\ ex / \ 

== by, and a; = -^. Again (Eucl. VLB), * d 

a3^ = 5c + a',.-.aj = -^±^. Hence, ^2^ = ^i±^; whence 

y c y 
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y = ^— J— , and therefore a: = -^—-^— = 



/ 




4. In a right-angled triangle, given the diflference of the 
legs, and the difference of the hypotenuse and one leg, to 
find the hypotenuse and legs. 

Let CB-.BA = a, CA-AB=:6, AB = iB. 
Then ai" = («+&)'-(« + a)', or ^ + 'Ka - 6>c 
= J* _ a' ; whence (Art 145), 

__2fe- 2adb>v/(86^-8aft) ^ 
2 
6-adb >v/(2&'-2aJ)=AB; andthereforeBC = &± >v/(2J'-2a&), 
and AC = 2& - a ± n/(26* - 2a&). 

When the triangle is isosceles, a = 0, and a; = &(1 =fc \/2), 
which is obviously greater than the other value of x ; and 
therefore, of all right-angled triangles upon the same hypo- 
tenuse, the isosceles is the greatest 

5. Given the perpendicular of a triangle, the difference 
of the segments of the base, and the ratio of the sides, to 
determine the triangle. 

Let AD = a, BD - DC = d, and AB : 
AC::3:2. Also, let AB = a;, AC = y, BC = «. 
Then, a; : y : : 3 : 2 ; therefore 



_ 3y _ 2a; 



B 



A 



Now (EucL. VL K), 

, / ^x\( %x\ a 4a;' , « Mz 

Also (EuoL. L 47), 

X s /z-\-d\* 4a' + (i* + 2cZ« + 2* Mz 

a; = a + ' ^ - - 



m= 
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therefore, dearing of fractions, and transposing^ 

52'-~26(fe = -20a'-5(f, 

which gives z = ^^ — ' ; 

, , ^. 26(^=fc4>v/(36(?-25a') 
by reduction, z = ^— '-. 

9dz 
"Now, X* = — -— , therefore we have 
5 



25 



=^/- 



± f VlScf db 2(f >v/(36cf - 25a') : 
but y = ^, therefore 

y = ± f VI 3ci' =fc 2dr >v/(36er - 25a'). 

6. To bisect a triangle by a straight line drawn from a 
given point in one of its sides. 

Let ABC be the given triangle, and P the given point ; 
bisect BC in D, and make (Euol. VL 12) 
PC : CD : : AC : CE ; then PC. CE = AC. CD 
= iAC . CB, therefore AC . CB = 2PC . CE.- 
But (Thomson's Eucl. VI 23, Note) AC . CB : b^-^- 
PC. CE : : ACB :PCE; therefore ABC = 2PCE, 
or PE bisects the triangla 

Now, to determine the point E, let BC = a, AC = ft, 

CP = dy and CE = x ; then e? : -Ja : : J : a? : hence x = -— . 

2a 

When d = ^b, x = a; or E coincides with B (Eucl. L 38). 

7. To produce the diameter of a given circle, so that the 
tangent to the circle from the extremity of the produced part 
shall have a given ratio to a given lina 

Let m :nhe the given ratio, and h the given line ; &om 
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A. draw AD perpendicular to AB; and detennine AD 

by making m :n: :b : AD = h— ; 

join ED, and make EC = ED ; draw 
the tangent CF, and join FE : then 
(Thomson's EucL. I 47, Cor, 5) 

AD = CF = — . Let now the radius 
m 

asr, BC = x: thenCF = — 

m 

= \/(a; + rY - r' ; /. a;' + 2ra; = — r • 

m 

Whence, « = ^ !!L^ = Jl 

2 2 

_ ± •^'{i^nf + 6'n.*) — rni 

— - ' ■ t 

m 

If m = n, CF=:&, and a; - - r ± >v/(r' + 6*) ; and if also 
l=2r, a;=(±V'5-^ l)r. 

EXBnCISBS. 

1. Given the base, h, and the altitude, a, of a tnangle, 
to find the side of the inscribed square. 

2. Given the diflference, c?, between the diagonal of a 
square, and one of its sides, to determine the square. 

3. Given one side, a, of a right-angled triangle, and the 
sum of the hypotenuse and other side, ft, to find the hypo- 
tenuse and other side. 

4. Given the sum, «, of the perimeter and diagonal of s 
square to find the side. 

5. Given the ratio, wi : ti, of the two sides of a triangle, 
and the segments, a and &, of the base, made by a perpen- 
dicular, to find the two sides. 
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6. To divide a given straight line, a, so that the rect- 
angle of the two parts may be equal to a given square, 6*. 

7. Given the breadth, a, of a street, and the perpen- 
dicxdar heights, b, c, of the houses on opposite sides, to find 
a point in the street, so that one extremity of a ladder being 
placed at it, the other will reach to the top of each house. 

8. Given one side a, of a right-angled triangle, and the 
alternate segment, b, of the hypotenuse, to find the whole 
hypotenuse and the other sida 

9. Given the hypotenuse, a, of a right-angled triangle, 
and the difference, d, between the other two sides, to fijid 
the sides. 

10. Through a given point in a given circle, to draw a 
chord of a given length, a. 

11. In a rectangle, given a and b, the difference between 
the diagonal and each of the sides, to find the sides and 
diagonal 

12. Given two sides, a and b, of a triangle, and the 
difterence, d, of the segments of the base, made by a per- 
pendicular, to find the base. 

13. The base and perpendicular of a triangle are known ; 
required the sides, 1st, when their difference is given ; and 
2d, when their ratio is given. 

1 4. Given the chords of two arcs ; required an expression 
for the chord of their sum. 

15. Given the radius r of a circle, to find the sides of the 
inscribed and circumscribed regular pentagons and decagons. 

16. Given, the side of the square, and the radius of the 
circle, inscribed in a right-angled triangle, to determine the 
triangle: 



ANSWERS. 



L— p. 13. 

I. 3. 2. 1, 4, 0, -1,-3. 

3. 6, 122, 899, 3, 52, 230, 0, 462, 9146, -2, -6, 1120. 

4. 4,-5. 5. 5, 108, 27, 455, - 1, 0, -*, -|f. 

6. 7, 0, 60, 2112. 7. 252, 2096,-175. 

8. 100, 64, 196, U' 9- -*» 4, 9, xj^- 'O- 24, 5040. 

II. 180, 455. 12. 48, 35, 24, 15, 8. 

13. 110,970,1692. 14. 0. 15. 9. 16. i. 

17. 13. 18. -6. 19. -6. 20. 1. 

21. 54. 22. i, 23. 144. 24. 0, 0, 0, 0, 120, 720. 

25. Any two numbers whose sum is \0. 26. 1. 

27. 5,26,44. 28. 8a'. 29. 2a*. 30. 6aj'-&'. 

3!. 10 = 10. 32. 3^ = 31. 33. 9. 34. y = 8. 

35. 0. 36. 3j^ in both cases. 37. 41. 

38. 3, 18, 69. 39. 22, tV> *, 1, 0. 40. 21, ^ftV- 

41. 14, 13. 42. 14, 4, 23f 43. 492. 

44. 63, 14, 120. 45. 96, 4, 2226, 4, 32. 

46. 84, 600. 47. 10. 48. 64. 49. 3, 5, 5. 

50. -A". 51. 36. 52. 23+. 53. ■!+ = *• 

64. r 17' less than nothing, or - 1* 17'. 



IL— P. 20. 
f. 12aa;-ll&V 2. 2a - 3a;. 3. a + 5aj* + 4y. 

4. a +6. 5. 3aaj-2iKy+7a;y. 6. -3a4-26+4aj-2y. 
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9. (a-f 5-dl)a; + (6+<i-3)y + 4a;*. 
10. — 9aaj-56 — 5. 11. a — 4. 12. 9-^3a; + a^. 

13. 6 + 4\/7. 14. 5a+2a;+ 36+2(Z-c. 

15. 2(a + 6)\/aj+ 2(a + h)x-ids/{J-/) + (3wi/» + l)4p. 

16. 6 Va; - >v/(a + 2>). 
17. (4a + wi) \/»- v^y + (2a-6)a; + 3aaj' + 4. 



m.— P. 24. 

I. 20a - 9aj+ lOy - 23. 2. 2a + 106 + 2c + 13 i/x. 

3. 7aAy{a? + y) + 3a'a;+ 1. 4. 6 + 6' - 2c - 11. 

5. (a-ey + (&+/)a;+ (c-5')a^-c? + ^ 

6. -5aaJ'-8>v/6 + 4. 7. a&(a; - 1) + 2a?* + 4 ^^y - 2 >v/y. 

8. 5(x + l). ... 55. K 56. -2a;- 2. 

57. a + 26+c. 58. a. 59. / + 3a:y-a^. 

60. a\H^ — y), 61. a—3jjx. 62. &. 

63. 2a' -a + 6 -26'+ as. 64. 7a -56. 65. -2 Vai 

66. a;. 67. 6a. 68. 2a- 6- d 



IV.— P. 35. 



IV. — Jf. iJO. 

63. 24a' + 28a'aj - 36aa;' + 8a;*. 

64. a* + ^ + 2a*a; + 2a"" V + 2a*'"'a;' + a*"V. 

65. 2a'- - 7a"6" + 66'*. 66. a;* + 64. 

67. 1 - 6a;' + 5x\ 68. a' + 326*. 

69. 35a'6' - 69a'6c - 18a6'c - 54a'c' + 78a6c' - SIfe\ 

70. x' - 6a;* + 16a;* - 4a;* - 26a;' + 5x^ - 4. 

71. 4a;* - 5x' + 8a;' - 10a;' - 8a;' - 5a;- 4. 
72. a;* - 22a;' + 60a;' - 55x* + 12a; + 4. 

73. a' - 7a' + 21a' - 17a* + 25a' + 6a' - 2a - 4. 
7 A. 2fflV 4- flV - 8ttV 4- 12aV* - 22ffl»2;" 4. 15flV*. 
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78. 8a;* - 4a;'- 70a;* + 129a; -63. 

79. a"a;* - 2aV - 6aV - 2aV + aV. 

80. 4t;* - 7t;* - lOi?' + 19t;' - 6o'. 

81. r*-3t;'+3t;'-9t7* + 12t;'4-12t;-16. 

82. 15a^ + aV - 31aV - Qa^h' + llaV + lOoi*. 

.. 87. a;* -15a? -10a; + 24. 

88. X* + 2a;* - 85a;' - 86a; + 1680. 

89. -a*-6*-c'+2(aV + aV + &V). 90. 16a* -6*. 

v.— P. 46. 

... 66. a? - 6a; + 9. 67. a — 6. 

68. a" + a"""'a; + a"""V + &o. 69. 1 - 3a; + 3ai* - a;'. 

70. 2x^ + 5x^7. 71. 1+w. 72. a;*+aa? +a^X'\'a\ 

73. x' — cux? -^ a^x ^ a\ 
74- a^P-i> + a;a^P-2) + ^-8)^._ ^ +a;2g^a;g^i^ 

75. a;* + oa;* + a'a; + a*H . 

a; — a 

76. 2a;* + 4ai" + 8a; + 16. 

77. a* + a*a; + aV + aV + oa;* + a;*. 

78. n* + w*p + n'p' + wp* + 2^*. 

79. w* — Ti'j? + w'p* — wp* + J9*. 

80. of "OaS •\- aV — aV + aV — aV + aV — dx + a*. 

81. a;'4-a;*+a;*4-a;" + a;+l. 

82. a*-» - a*-*& + a*- V - a*- V + &c. 

83. 2a + 5ft - 7c + 3d 84. 2aV + 3a*a; - a*. 

85. 3a;' + 4a;y - 22^'. 86. - 2a' + 8aa; - 5a;'. 

87. - 8/ + 4a2^' - 3 a;'y + 7a;'. 88. a; - 3a;' + 5a;' - 7a;'. 

89. 4a'6 - 3a6' - ft* + o f Z f' .« ' 

3a' + 2a6 - &' 

90. d - 2a*a; + 3aV - 3aV + 2cd - a;*. 

YL— G. C. M., P. 63. 
I. a;-a. % d - x\ 3. 2a + 3a;. 4. 3a' + 2a& - 6*. 
5. 2a;'-4ai' + a;-l. 6. y + 4. 7. 7a?-3aa; + a'. 
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8. 5a*-3a + 4. g,x*-2x + 3. lo. 3ic* + 4a;'+ 3ic-2. 
II. «• + «*- 5a;+ 3. 12. a?- 1. 13. 2a;*-2aa:. 

14. a;-5. 15. 4a;' -9a; +6. 16. a;' + 2a;-f 3. 

17. 5'+ 6. 18. a- a;. 

19. a-^\/(a4-l). 20. 6a -21. 



L. C. M., P. 65. 

I. 120a;*.» 2. a;'-L 3. 1890a5a;. 

4. 8a;*- 18a;' + 15a;'- 7a; -3. 5. x* -{- ax^ •- a*x - a\ 

6. a;* - 3a;* - 49a; + 147. 7. a* - a*x-ax* + a;*- 

8. a;' -a*. 9. 6a;' -25a:' + 2 3a;- 6. 

10. a;*-2a;' + a;*-a;' + 2a;-l. 



VII— P. 79. 

a^^2aX'{'X^ 2 a; + 3 

^^* a' + a'a; + aa;' + a;-* ^^' 3a;'-7* 

3a' + 2a;' , a;'"-ga;'"-^ . . - a'^-^a; + a" * 

"• 2a*-a;»* ^* a?*- aa;^7^ —a^-^a; + a*- ' 

a;'-7a'-hlO j> 3a' + &' a;'-2a;'- a; + 2 

^^- a;-10 • ^ • ^^3r* ^^- 4a;'-5a;-3- 

a;' + 2a; -15 7a' -36a; ^ 2b- Sac 

^°' 3;r+7 ' ^ * 5"^i:^V^34 * ^'^ 4^m' 

a; ^ oa; -+"U /i478.7327s,4\ c 

^^- Sx'-9^+S -- Si-aib-bz+bx-hx+x)- — 

54. a?-\-xy +/ +x-\'y''^— . 55. 1 + 6- a. 

56. 2a -36' + a; -56. 57. 3a' - 5a'6 + 2a6'. 

g 2a; + 1 6'(3a - 1) g 26y 3ca; 

^ * 6'a; ' 6'a; ' ^^* 6a^y' 6xy' 6a;y ' 

, 3rfm y/i(a;+ 1) 3n 6 1 (^ — ^)^ (^ "^ ^)y * 

' "3^' 3m ' 3m * * a' - 6" a'- 6" 73^' 

oaa; oax a —n a --n 



• • • 
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.„ 100a + 106 + c ~ 2b ^^ 1 

"• lo* ^^- ?ri'- 79. -j:;:^. 

8o. *. 8i. ,^''-" . OP -, L^ . 

b a?-ll«+30' ar'-lla! + 30 

82. 9 8^1, —a • 

84. Denom. (x + o^X* + OjX^ ^" ^») ^ i^i^iJ^' (^ + w^ + w,)a^ + 
{wi(a,4-a,) + w,(ai+a,)+Wj(ai+aj)} «+ Wia^,+ 7^*10,+ n^a, 

85. ^^ ,^^ ^ ^^ . 86. ^ 



(ic + l)(a;+2)(a;+3) a;+2 

Q^ 169a+77 QQ o Qo rt ^^ l-o* 

87. — ___ — , 88. a — 2x, 89. 0. 90. -. 

106 ^ a + 7 

19xy''9y* 19 2ah + 5a 

94.4-- 95."-^^)'- 96. 2 



a 

2 



a; + y 46 ' 6 — y 

7. 0. 98. 0. 99. — ^. . . . 105. ^^. 

x^m q— 2 

109. ^] + ^-26'. 110. ■e--4a+18a^ 
4a; 6» 

4:ax a""*"* -aa;''-a*a; + «"■*■* 

• ~a i* 112. ^wlaS ~2«\ • 

a —a; 2(6 —ar) 

,_ 3aj »*-lla; + 28 

113. :r-- ^^4. 2 

4^ x 

11$' qre-^-prs + pas—S' 116. 7a;. 117. — 

118. i. 119. - — . 120. 

m + ^ Da^ a 
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,,. 3 „, a'+l „, 126 + 6 

2 a ^ Sb + 3 

a*'\'b* 3a' + 4a-2 

1^4. , TTs 131- 

(a — o) a 

^^ x+2 ,1 . a* + h* 

a; + 3 a; 2a6 

a; ^ ad 1 

135. , 136. n — • '37. -• 

^ l+x ^ hd + c '" X 

138. x'^7x+l2. 139. "t^. 

a + A 

, ^ Gaj* — 4aa; — a' 1 + »' 
140. — — ^^ — . 141. - — 5. 

6(a;-a) 1 +«+«' 

1+a? 4 fB + 3a;* + 2aj*+a;* 

'^'- 1+2^' '^^- 3^7' '^^- TT4^T3?T25- 

s s 

145. b. 146. 1. 147. 1. 148. ^ "^^ . 

_ 4a*fl5 ^_ Zxj + ca + aft 

H9. -4 4- 150. T T' 

X —a bc + ca —ao 



P. 89. 



S 8 

I. 4(1 + a 4- a^ + a' &c.) 2. 1 — - + - — ., &c. 

a a a 

3. a(l-a; + a;* — «' + &C.) 4. a( 2 + ni— -4+&C) 

^ \x X X X J 

a { a-b)x (a-b)x\ o 



'6 ft ft 

,,13 3' 3' „ 12^3. 4 

6. 1 — + -,--3 + -i-&c. 7. -,+ -5+1+ -5 

X 3^ X X X X X X 

8. 1 + a? + 2a;' + 2 . 4aj* + 2 . 4V, &c. 
9. 1 + 2a; + 3a;' + 4a;" + 5a;* + &c. 

10. 1-/4. 1+^'.-,-^*. i+&c. 
a; a; a; a; 
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yilL— P. 97. 
i6 ^^^^) 



17. a*-36a*+540a*-4320a" + 19440a'-46656a+46656. 

18. 625 + 2000a; +24002?*+ 1280a;" + 256a;*. 

- , , w(w— 1) . , 72(7? — l)(ri — 2) I , - 
19. l+wa;+ 1 o ^ "*" 1 00 "^ • .+a^ 

« hx , Vx h^X ' f, a k^ 01 

a a a a 
^ 1/1 66 ^ 24&" 806* « \ 
a \ a a a / 






22. a?+3+2. 23. .^TT 



a;* v'* 

24. «" + 15a!y + 90xV' + 270a;V' + 405a;y + 243^". 

*S.T*T;ii^;49j375. 26. J(l-^ + ?j'-^' + &c.) 

a \ a a a / 

27. 1 + („+!)« + („+!) !«• + („ +l)^?Ll^V + 

1.2.3.4 ^ +•••+* • 
28. 495aV. 29, 12870aV. 30. 66. 

3.. i+n.+^;).'+"(»+y+^).'+&c 

32. a"-10a*+45a'-120a' + 210a*-252a* + 210a*-120a' 
+ 45a' - 10a + 1. 33. 1 + 3a; + 6a;' + 10a;" + 15a;* &a 

34. 1 - 3a;' + 6a;* - 10a;* &c. ... 49- ^.^ _ ^^ . • . . 

53. 729a;' + 2916a?V + 4860a;*2/' + 4320a;y + 2160xy 
+ 57 633^* + 64/. 

...55. a;--2a:-V-^ + r'; 3-^ + i- 

X xy y 

... 58. (3a* + 2hcf + 2(3a' + 2&c) x 4a;* + (4a;y = 9a* + 

12a'6c + 46V + 24aV + 166ca;' + 16a;*. 

59. (1 + xf + 2(1 + x){x^ + a;') + (a;' + x')\ or Art. 92, p. 96, 
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1 + a;' + a;* + «• + 2(a: + «' + x^) + ^x{x' + x') + 2aj» x x' ; 
by either method, 1 + 2a; + 3ic' + 4a;* + 3a;* + 2a;* + x\ 
6o. a;* - 6a;* + 15a;* - 20a;' + 15a;' - 6a;+ 1 ; 1 - 6a; + 15a;' 
- 20a;' + 15a;* - 6a;' + x\ 

IX.— P. 101. 

...6. v/a^ ...8. -~y. 9. aA. 10. i/y^ ...19. -. 

3ft a* 

23. «" + '. ... 27. ^(a' + a;'). . . . 3'. a^- 33. '?^«- 



P. 116. 
I. 5a +6. 2. 3a; + 4y. 3. a-^ix, 

4. 2a;'-' 4a; +2. 5. 2a' + 3aa; + a;'. 6. ^x+ >J-. 

X 

7. a + — - ^ + ,4^ &c. 8. 5a;' - 3aa; + 4a'. 

2a 8? 16a* 

9. a;' - a; + i 10. ^dr~'^x'"^^c + a'^m!^ . 

* X 

II. a;' - 3aa;' + 3a'a; — a*. 12, p + qx-\- rx^ + «c'. 

13. ^ = -^jOTp* = iaY. 14. 2a? -5. 

,5. ?^'„^. 16. (a + ira; + 2ca'. 17. a;'-2a;+l. 
b c 

18. 3a;'-2a;-hl. 19. 2^;' + 4 aa; - 3a'. 

20. 1 + 2a; + 3a;' + 4a;'. 21. a"-2aa^. 22. 3a;' + 2a;-h7. 

23. a;'-a;+2. 2^, c== ^, d = ^.. 

2 5. 771/?' = qn' ; n' = 3mp. 
, , . a; a;' ^ 3a;' 3 . 5a;* ,0 

^^- ^"^ 2&"274&' "^ 2 . 4 . 66* " 2 . 4. 6. 86' ^ *''• 
1 a; . 1.3a;' 1 . 3 . 5a;' 1 . 3 . 5 . 7a;* «^ 

^' b 26' 2 . 46* 2.4. 66' 2 . 4 . 6 . 86" 
Q , 1 1 , 1.3 1.3.5 . 1.3. 5.7 

20. J-f.-^- — - -h - — - — -—- — - — 77—77 + 



2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 



' -' 5x' 



-&c. 29. l+|-|+^-^&c. 
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n 2n 2 . on 

• /- . 2a; .'/J* , 4x* 4.7a;* , 4.7. lOa;' « \ 
^'' ""V^ 3-a^ 9^'"^ 9V-9TT2-a- ^ 9'. 12 . 15a- ^^ ) 

J_ _J^ 5 5.8 o 

'^' 3.2* 3.6.2* 3.6.9.2' 3.6.9.12.2" ^ 

a/. a:^ . 3a;* 5x* « \ 

. 1 _L 1 aJ* 3 a;* 5 a;' « 
a 2 a S a 16 a 

"• ^ n''^"2Z'' 2.3.71^ *"• 

36. l + i-A- + T4T,-i^ &c. = 1.1344 nearly. 

^^- " V 2^ 2~4^' 27476? *"• 
8 1 1 .4a; 1.4. a;' 1.2.4a;' 1.2.4.5a ;* _^^ 
^ ' a-f 3.a-* 3.6a* 3.6. 9ai 3.6.9. 12af 



X.— P. 128. 
I. ^/9?. 2. ^(8a*&*). 3. ^(-27a'). 

4. ;/{a^b^) s. 4/(-32w"). 6. 4/27i. 7. («*)*• 
3 . ^/(^V • 8a;). 9. (4 . 3*)i. i o. [(a - a?)f ]f ={i/{a- x)*} I 

II. (af)T^. 12. (a^a?)"?" 13. {9(a + &)}*; 9*=V9' = 27. 

14. ^{a*(a + a;)}. 15. 3aVaJ. 16. 8a(a' + 2)i 

[7. 5 n/3. 18. 9v^5. 19. 7v/3. 20. 3v/6. 

21. -J-^/S. 22. |.V2. 23. ^V5. 24. f ^/3. 

25. T ^ab. 26. i:i?^aa;)* 27. 6 V(2a;+ 3y). 

np 

28. ^(ac - hd)\ 29. ?i^' 4/4. 30. (a + &) n/(3c). 
cd a 

31. (y-l)\/(2w). 32. a>sjh. 33. 2v^a. 

34. a 4/(1 + 2^*). 3 S- « 4/( V + &a^V). 3^. i x/3. 
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a^x 



37. +v/H. 38. i4/12. 39. ^^-^Vx. 

a-\-x 

40. ■^^/lB, 41. («")*, («*)*. 42. 32A, 8l5l). 

43- '^a', "/«'. 44. v^a", 4/&'. 45. (5'")i^, (6")A. 

46. 2^9,3^8. 47. >i/{a + x)\ i/{h^x)\ 

48. >ya^^ ^2/. 49- ^uV^^tV. 

SO. aVa", ft'A/y" S I. 5 ^/6. 52. 2 4/5 4- 5 V6. 

53. 2^\/3. 54. 9\/5. 55. 5 ye, .^6. 

56. 8 ^/3 4- 27 >i/4. 57. 11^2. 58. 4a V(3&). 

59. (3aVf 5a&) N/(2a&). 60. ^ 4/2, ^ 4/2. 

61. 9 4^2«. 62. 64/3,24/3. 63. aVaJ. 

64. i4/3. 65. a'&l 66. ^4/2. 67. 24/I6-34/2. 

68. 24/2-4 ^5. 69. 8 >y4, 2 4/4. 70. (a 4- 7c s/\bc). 

71. VV"!^- 7^- (28 4- 4a'ic) 4/2. 73. 5a(2&)* 4- 3a&i 

74. 8 4/2. 75. 84-74/3. 76. 0. 77. ^V^. 

78. 15 N/(&aj). 79. 20t^. 80. 48. 81. af. 

82. 12(aV)iV. 83. ^4/15. 84. 5J/648000 

85. 30>v/(2 4-3v/2). 86. a + x ^- {ax + x')K 

87. (a*-a;')l 88. ^^2. 89. 140. 90. 7-^15. 
91. a^xK 92. 8 \/6. 93. abc. 94. 4. 

95. 54/45. 96. {l^x-)K 97. "^(x"' + "")• 

98. {ac '\- ad^ + ch^ + h^d^)K 99. 44-8 4/4-30 4/2. 

100. aj*— ^4-2.r^'^ +2^. 101. a^ + a^x — ax^ - xt 

102. — a*— &*— c* + 2(a& + ac + &c). 103. a%^c. 

104. x^-hpx — q, 105. 1 - \/5. 106. 3 — 17\/6. 

107. 42 + 7 ^/30 4-2(^/15 4-^/18). 108. a'-aj'. 

109. 42n/10-174. 110. J^(a^h), iii. 2^5. 

112. 6^/3. 113. 3. 114. f 4/I8. 115. \/2. 

116. a;i 117. 2x/3. 118. (1-a;)*. 

119. / _L 120. h. 121. 5 — v2. 

122. SJ/a. 123. 4- v/3. 124. •ff/v/3. 125. a*. 

126. 4/2. 127. 2 4/V- * 128. 6. 
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129- a' + a*«* + ac + aizf + a?*. i3o« a/ ~' 

ft 1 

131. -"?V— . 132. Vx, 133. 15. 134. ^. 

135. a;"^'^. 136. ^/2. 137. af-2&f. 138. a4- \/^. 
139. 4 v/6 - ^/3 - 7 /v/2. 140. 4a^- a*. 141. 2+v/3. 
142. v/5-1. 143- 3-2 ^/2. 1 44- K \/6 + \/2 ). 

145. l+iV2. 146. 4 + ^/7. 147- \/18-4/2. 

148. 3 + \/2. 149. 7-3^/5. 150. >^20+ -^/o. 

151. ^12 +.^'3. 152. 3^27+ >y3. 

153- 1 +n/2 + \/5. 154. l + \/3. 155. l+\/5. 

156. a*-6. 157.241^. 158.0-6. 159. a'ft-c'^c?. 

160. 41. 161. 2-x/3. 162. 2+f v/2. 

163. 8 + 2 ^/15. 164. v^^^v^). ,65. 1 

— c 10 

,66. ;/ ^+2vM±_» ,67. ^25 + ^10 + ^4. 
168. ,/(l-a:). 169. ^•^^(^'"'^'>. 



XL— P. 135. 

I. 2a, 2& \/(- 1). 2. a + c + (& + ^ \/^l. 

3. a — 2& \/— 1. 4. — ah. 5. — s/xy. 6. oft. 

7. - a* V-"l, a*. 8.1 4V(- 1), 1 - ^/(- 1). 9. - 6 n/6. 
10. g' 1 3a&^ 4- (3a*& - &*) /y/- 1. 1 1. ac-&<^=fc(g(^+6c)4/-l. 
1 2. 5a* 4- 4«»' V^ 5^ 4&' v/^T; or 46* + do^ V"^,' 
and 4fe' - ^d^ s/ --_1. 

2a ^h.J^ 2{a^ - &*) 4a& x/~ l 
3- ?T&'_;_ a' + 5^ ^ oT^W ' ~7T^"* 
14. iy/g H- \/6 \/— 1, \/a— s/h \/- 1. 15. 1; 1. 16. fv/3. 
17. >v/~l. 18. 6±8-v/~l, or8db6 v^~l. 

19. a;' -a*. 21. 625. 22. ^>v/ri. 

23 ^a+6V^n" 24. fl««H/=^. 25. 625. 
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XIL— P. 143. 

I. 3. 2. 7. 3. 1. 4. 10, or -6. 5. f. 
6. 6. 7. 3. 8. 5. 9. 2. 10. 12, or 2. 

II. 6, or -14. 12. 3. 13. 3. 14. 6. 15. llj. 
16. 6. 17. 3. 18. 12. 19. 12. 20. 60. 
21. 60. 22. -^. 23. 60. 24. 24. 25. 10. 
26. 7. 27. 7. 28. 8. 29. 4. 30. 11. 31. —6. 
3^- 3A. 33. 12. 34. 3. 35. 20. 36. 8. 
37- 2|+ 38. 10. 39. 3. 40. 5. 41- -5. 
42. -3. 43* 2. 44. 2. 45. 7. 46- 3f. 
47- 4^^. 48. fj.. 49. 19. 50. 3f. 51. 4*. 
52. 2. 53. 4. 54. 1. 55. 7. 56. 1. 

57- H' 58- 2 59. i. 60. 20. 



literal Equations. 

* 

a, ^ ^^ A-Lj <- ^ — <5 £. 4a -f 3c 

01. — . 02. 4oa. 03. , 04. . 

h ^ a^-b ^ b+4c 

, ^ 5ac + 3&C ^^ ^ , 3a — 6 

oc. — . 00. -. 07. . 

^ 6?+l ca-1 ' 4 

7-3& , ?wr /&-2a 



68. 



69. . 70. /- 



a-7* 

a& + oc + 2>c* adf-^- hcf + 5(ie* 



ft-1 
a-7d' 



o^ a*c -\- h'a-h c% ^ a -- b " e « b* --a* 
00. ; ; — . 01. -. 

oc + oc + ao— 1 4a — 6 

g^ 2a --b g ab g (ac? + 5c)A + {eh +fg)bd 

6b ' ^* a-ffc' "^^ Z»cf/y; • 



z 
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Equations with Surds. 

85. a*. 86. 3. 87. 16. 88. 216. 89. 121. 

90. 3. 91. Ka*-2a+l). 92. 4. 93. C. 

25 1 

94. 4. 95. 980. 96. --«. 97. 



16 "' 1-a 

98.1W(4a-0. 99. i. ^^^-^-T^^ 

loi. — - — . 102. ( , ). 103. - . -. 

2a \a^h) ^ 9 a 

/a + ftx* d^h ,9 2 

104. 5( -H— ) . 105. . 106. --.. 107. - 

Xa-h) ^ ^ a-c 20 3 

io8. 5f. 109. 1-a. no. 200. in. f|. 

. lA ^ «' V 2 .. a'-2>' 

119. 8. 120. (-= — -1. 121. a(—^. I 

a (& - df 



XIIL— P. 159. 

I. a;=c3,y = 2. 2. a; = 7,2/ = 12. 3. a;=8,y = 5. 

4. a; = 4, y = 5. 5. a; =2,2/ = 1. 6. a;= 7,^ = 10. 

7. a?= 5, y = 11. 8. a; = 4, y= 12* 9. «= 1, y = 4. 

cf—hh ah — dc 
10. aj= -^1^ , y= . 

of- bet ^ af-hd 
II. aJ = K« + ^, y = i(«-ci). 12. a;=l, y = |-. 

«S- «=!^y = !r^2 16. a,= 10,y=8. 

» — 1 « - 1 
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17. » = 57,y = 103. 18. a;=f±2 y=l^. 

19. a? = .02, y = 2.9. 20. a;=— ^— , y = — ^^. 
21. a;=3, y = 4. 22. a:=10, y = 20. 

22 2 2 

23. a; = 16, y = 24. 24. «= -, y = -j^ . 

ma — no mo -^ na 

he — ad he — ad , _ , 

25. »=-- -, 2/= ^. 26. a; = iV, 3^ = f. 

?i6 — ma wm; — wa 

3 a 6 a ^q _ , 

^7- ^=7- ^'^ = 6 • J- ^^- * = *' 2/ = i- 

a*-\-h^ ahia — h) ^^ h k 

2(a 4- 6) a + 6 

2&« -^Ga^ + c 3a' - &' + c 

^ 3a ^^ 36 

c I e 

32. a;=-J{a + &)x/--, y=i(a-^>)v--. 

ab ao 

_ dbc(ah + ac — hc) _ ahc(ac — ah — he) 

33* •*' "" 2Ti , 2"^ 72~2 ' ^ " ZsTii ; "STS TTT* 

a6+ac— oc ao + ac —be 

34. iP = 7, y = ll. 35. a; = 3, y = 5. 36. a; = 3, j^ = 2. 

37. y= r, «=— TT- 38. a; = 7, 3^ = 4. 

a — 6 a+ o 

39. a; = - 38.084, y = 56.814. 40. a; = ^, ^ = i±_?^. 

oc c 

41. aj = 7, y = 5. 42. a; = 7, 2/ = 9. 43. a;= 4, i^ = 3. 

44. a; =7, ^ = 2, 45. a;=18, ^ = 24. 46. «= 16, 3^ = 25. 

47. aj = 20, y = 15, 13=12. 48. aj = 5, 3^=11, 2r=ir. 

49. aj=20, y = 8, 13 = 3. 50. a:=16, y = 7f, z = 5^. 

51. a; = 23, 3^ = 6, z = 2L 52. a; = 3, 3^ = 4, z = 5. 

53. t; = 1, «* = 2, «; = 3. 54. t? = 3, m = 7, w? = 4. 

55. x = 3, y = 7, z=l6. 56. a;=10, y= 1, a= 9. 

57- aj='§-, y = -7, 2? = 36^. 58. a; = 8 y = 5,z=3. 

59. a; = 8, y = 17, 2 = 30. 60. a; = :?, 2^ = - 3, 2 = 1. 

61. a;=12, 2^ = 10, « = 8. 62. a? = 24, 2^ = 9, 2 = 5. 
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^ L L L 

a + 6 — c a + c — h-k-c^a 
64. aj = 2,y = 4,«=6. 65. a?= 12, y = 20, «=30. 
^^ amp ani? aira^ 

67. aj= ^-^-y y-. ^f-^ ^^ o{el^fg)-d{U--cg) 

6S. a; = i{a+ 6-c), y = -jKa + c-&), «=^6 + c-a.) 

69. a;=100, y=:60, 2=— 13, tt = -50. 

70. a; = 7, y = 5, 2 = 4. 71. «= V, y = V> « = - 12. 

72. a; = l, y = 4, r = 27. . 
73- iB = 5, y = 4, « = 3, tt = 2, <=1. 
2a&c 2a^ 2ahc 

•=V(?T?T7F 76. 0^ = 3, 2^ = 7, 2 = 11, f.= 20. 



XIV.— P. 175. 

I. ±4. 2. ±6. 3. ±7. 4- ±4> S- ±3a*. 

6. ±iJ^. 7- 4, - 10. 8. 6. - 18. 9. 3, - 17 

10. 2,-12. II. 5,-11. 12. 11,-5. 

13. 3,-11. 14- 11,-3. 15. 23,-3. 

16. 14,6. 17. -5,-7. 18. -12,-4. 

19. 5,-3. 20. 10,6. 21. -10,-3. 

22. 20, - 30. 23. 22, 2. 24. - 11, - 5. 

25. 6, - 4^. 26. 4, - H- 27. 4, - 2i. 

28. 6, -5^. 29. 2, -i. 30- h -i- 

31. *, -2. S2. i, i. 33. 5, 8. 34. 7,-6 

35. !,-«• 3^- 12,-7. 37. 8,-15. 

38. 11, - 10. 39. h -T- 40. 9if, - 11. 

41. 70, 50. 42. 107,-106. 43. 2, i. 
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44. 4±>/30. 4j. ?±-ilzili) 46. 4-732, 1-268. 

4: 

47. 12, -f 48. 3, -8-7. 49. 4, 2^. 

50. 8±n/601. 51. If, 1. 52. 16,36. 

S3- 3, v/^. 54. 2, - 3. 55. 4, 7^. 

56. 4, 1. 57. 4, ^f 58. 32, - 243. 



59. 9, 5 + (-5)». 60. 3, ,y(-30). 61. 3, 4^-9. 

62. db 6, ± 7. 63. ~^^^^ ; 1. 64. 1 ± v^{l - a*). 



65. fi,ia. 66. ^=^Viu ._^ g^ 2 _j 



1 ±yio 
3 

68. 49,26. 69. 4,-21. 70. 64, (- V)*- 

7 1 . 2, - 1. 72- Ma ± >/(«' - 4)]} \ 



e ± ^/(c• + 4ac) , -l±v/-3 
^3- 2(a + b) • '*• ^' 2 • 



/ - 6 ± V(4ac + ^»*) y g ±1±^/-1 

77. i<7±v/85),i<l±v/10). 



78- ±J{^-l±v/l-a'=tv/2(l=F^/l-a♦)}• 

79. 7, -If 80. 4, -3f 81. 10, 29. 

82. =t 1, db 1 dbV^s. 83. j)± V(p' + g). 

84. So, - 12a. 85. 1, 1 86. « '^ v/(2a& - 1\ 

87. 4a±^/(16a* + 3&*). 88. '/}j^jy(^:^±}) 

89. 1^=. /l^l::ii'. 



90. - a, — &. 91. -, — -=^. 

9='- T^ry ^T6- 92- - ^' 5- ^*- ^113' '2- 

95- h -Ar- 96. ± 6, ± ^/51. 97. 1, 1 =t 2 v^l5. 

98. 60,-^0. 99. i:his/5. 



342 



I02. ±13, ±2^/~l. 



'03- 3|(3±^/21)L 



104. ± ^2, ± v/3. 105. 4, 1, ±A±J^i^ 

.o6.^1*^5> .07. J-j^^^i-^, 



108. ± 



/ldbx/5 

V"~2 



109. ^-±^,9 ±4 ^7 



no. 



/a ± 6\ *i 



XV.— P. 184. 

I, a;=4, y = 2. 2. aj = db 15, y = db 6, 3 iB = 5, y = 3 

4. aj = 25, 9 ; y = 9, 25. 5. iB = 6, y = 3. 

6. a? = 4, 2, 3 db -v/21 ; y = 2, 4, 3 =Fx/21. 

7. a? = 5, i^; y = 3, - Tft- 8- «= 2, 5, y = 6, 3. 

9. x = 2, -46, y = 3, 15. 

10. a; ,y . 

_ a db ^/(2c - a') _ a =F s/(2c - a") 
II. X ,y . 

5 6 

12. a; = =fc 2, T -^TTT ; 2^ = ± 3, ± 



v/31 
8 



v^31 



13. aj = ±3,=b-^; 2/ = ±l,±-~^. 

14. a? = =fc 9, 8 V2, y = ± 7, \/2. 

-2& , , /1-26 



a + 66 a +66 

16. aj=3, 2,3^ = 2, 3. 17. aj=ll, 9,y=9, 11. 

18. a? = 9, 15, y= 15, 9. 19. a; = 5, y = 2. 

20. a; = 6, y St 7. 2 1. a; = 5, 3, y « 3, 5. 
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22. « = 12, 3, y = 6, « = 3, 12. 23. a; = 3, y = 7. 
,_ 4a+l=FV(8a+l) „ _ 3l±V^(8a + l) 

25. a! = ±2, ±^1^29, y = ±l,±-^v/34. 
^ o , // a' , /a*+46\ a 

2 V \ 4 20a / * 2 

// a* X + ib\ 

28. a; = =t7,±4; y = =fc4, ±7. 29. « = 17, 1; y = 1, 17 

30. a; = 5,-2; y^2,-5. 31. aj = 9, 6^^, 2/ = 4, 6^^. 

32. a;=3, y = l. 33. a; = 5,^/V, y = 4, W- 

57=t3v'105, 3±^/105. ^, ^. _^ , « 
34. a?- ^^ ^^3^ = ^ 3S-» = =ti,3^ = ±¥ 



XVI.— P. 191. 



I. a ^, and ^ . 2. a;— 4 + 6, anda— + a 

p p 

3. a-11, a + 54. 4. a;-80, a;+75. 5. a;*-a; = 90. 

6. a;'- -1^0; + ■^. 7. a + 7,a-4. 

8. This reduces to x^—2ax = b^-~a*; roots are a + 6 and a — ft 

9. a' - if aj = -H-. 10. a;-136, a; + 25. 11. 7, 11 

^2. tV, iV- »3- 18,-2. 14. 16,-20. 



XYII.— P. 198. 

I. 24. 2. 4. 3. i{a-b), 4. J(a + &). 

5. f[^. 6. 16 and 25. 7. 34, 22. 8. £82, £68 

9. 8. 10. £89, £98, £113. 11. 80. 

12. 24 feet 13. 33 feet 4 inches. 14. 72 Ihs. 

15. In six hours, and 216 miles from London. 

16. 232-^ nulee from London ; 5^h. 17. 34, 23, 18. 
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i8. ^ ^ 



19- 



i»+ 1' tn+ 1* 
a ma na 



1+m+n' 1-fm + n' 1 + m+n* 

20. 385, 427. 21. The woman's 15, the man's 45. 

22. 22, 7, 12. 23; 34 of brandy, and 43 of rum. 

24. 20 days. 25, 22, 12. 

26. He worked 20 days, and was idle 10. 

27. -?L ; ^^ . ^ . 2U ' 

a-^h' ab '\- ac -\-bc' abc-h abd + fccfc + ode ' ' 

^il ^ii' ^8« 72. 29. 5^^ min. past one. 

30. £ll6f, £93i. 31. 1810. 32. 14 and 42. 

33. -j- mile per hour ; 4 hours ; 6 hours. 

34. 420 copper, 85 tin. 35. £10 : 8a 

36. The one £500, and the other £700. 

37. £3 and £2. 38. ^. 39. 50ofeacL 

40. The man in 21-f days, the woman in 50 days. 

41. 20 of rye, and 52 of wheat. 

42. 45 turkeys, and 60 geese. 43* ^l* ». 44- ^^' 

45. 120s. 46. 40 and 24. 47- 6, 13, 25. 

48. £20 j (or - 120). 49. 26, 38. 50. 18, £4. 

51. 9, 12, 15. 52. 30 by 25. 

53. 10 and 9 miles per hour. 54. 21, 25. 55. 7. 

56. 20, 15. 57. 12, 6. 

58. 4 m. per hr. ; 3 m. per hr. ; dist. 3J m. 
59. i. 60. 10, 6, 8. 61. 7. 62. 23, 28. 

63. £192, £224. 64. 25 miles from London; rate 

9 miles per hour. 65. 4*9 seconds in 24 hours. 

,, 2dbc J 2ahc , 2abc , 

66. days, :; days, — r =- days ; 

ac-h DC —ao ah -\-oc — ac ao -h ac^ be 

U||., 17|^, 23-^. 67. 12. 68. 40 hrs., 60 hrs. 

69. 48 miles, 40 minutes ; 3 ^2-1-^, 3.^^^2-^^ a. 

70. 15{- miles from Edinburgh. 
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XVin.— P. 214. 

3. 1 + 2aa; + (4a* - l)x* + (8a' - 4ay &a 
, ^ «' a?* l,3x' 1 . 3 . 5aj' « 

4. 14- H h &c. 

^ 2 2.4 2.4.6 2.4.6.8^ 

_ , a? «• Sx' 3.5a;* 3.5.7a;* 

5' "•• "■ ft "" 



2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 
6. a — 2ax + 3aa;* — 4aa?' &c. 
^ 3 11 ^7.11 , 7M1 ,^7M1 4 o 

8. 1 + 3a; + 4ai* + 7a;* + 11a;* + 18a;* + 29a;' &c. 

9. l-a;+a;*-aj*+a;*-a;*4-&c. or (l-a;) (1 +a;*4-a;' + a;" &c.) 

4 1 -4 5 

10. — —^--^ — ,. II. 



3(a;-iy 3(a;-h2)* * a;- 3' a;-.4* 

* 3(a; ~ 2)' 2(a;-l)' 6(a;4-l)" 

1 1 

^i (a--b){a--c){x'^ay (a - &) (6 - c) (a; + ft)' 

1 1 1 1__ 

(a-c)(6-c)(a;+c)' ^^' 4a'(a;-a)'^4a'(a;4-a) 2aV + a*) 

ic. — -1 — -, - -L, ~ __i— --. 16. 4a;+5, 3a;-5. 

^ 3(a;+iy 2? 6(a;-2) ' 

17. 2a;+y-3, a;-ll2^+l. 18. a;+aa;'+(3a*-&)a;* + &c. 
19. a; + -a;' + -a;' + 2^»* &C. 20. |+|i + |»+&c. 

21. ia;— A^' + T^V'-t'iftVc'&c- 
2 3 4 
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XIX and XX.— P. 232. 
I. 5:8. 2. 13:il. 3. Diminished. 4. Increased. 
5. a 4- J : a - &. 6. bia. 7. 18y : 35a?. 8. 3 ; 2. 
9. cf lof. 10. a*: a?. 11. 12 : 11 > 14 : 13> 16 : 15 
12. a+4 :^+ 5 is the greater. 13. 3 x 6 x 4 = 72. 

14. ar=36. 15. 728J : 728 nearly. 16. - : ~. 

X a 

18. a; = 30. 20. 175 : 9. 

21. 1001 :1000; 1501 : 1500. 

22. Of equality ; of greater inequality. 

23. y = 6x; y = 6x; y = (a + 5)a;; y^6x. 
if x« 

24. y*=-,(a*-a:^,m = -v 25.^ = 12. 

a a 

A (J, 

26. y = 6aj + -^ 27. «=16i\x<*. 28. a;=-^ . 2"". 
29. Kwhena:=l, 2, 3, y = 6, 11, 18; then 2^ = 3 + 2a;+ u;. 

30- y = W-¥\/x), 



XXI.— p. 242. 

I. 819. 2. 1176. 3. 442. 4. 55, 171, 300. 

5. 100, 324, 576. 6. 110, 342, 600. 7. 27. 

8. 330,0. 9. 27600. 10. 0. 11. ?(?l+l) 

12. w*. 13. n(»+l). 14. n(8 + «). 

15. 3069, 196, 605. 16. 511, 16, 383. 17. 436905. 

18. 118096. 19. 265720. %o. - 1328^0. 

21. ^. 22. l^, 23. 0. 24. 142. 

25. 1900. 26. 162J. 27. 5050, o05. 

28. -9801. 29. ^^^. 30. % 31- 16. 

^ 59049 7 

32. *, 2. 33. f 34. f 35- 10^. 

36. L V ^*"" ^3 v^ 37 4. 38. 10. 
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39 70. 4o.-l^. 41.^. 4^. 1(79-4 

43. ^13 - 7»> 44. |(« - 1). 

(a + 6) a — 6 — 1 

48. 416. 49. 416. 50. 18, 915, » = 65. 

51. 13, 22, 31, 40. 

5?.. 243, 293, 343, 393 ; - 2, - 6, - 10, - 14. 

S3. 207,297,387; f , A, H- 

5+. 15,45, 135; r = 3; db 2 . 5, 5, =fc 10 ; iv/ii,iv/|. 

55. 117, 351, 1053. ' 56. 27. 57. 7J, 3. 58. ^. 

59. i, 1, 3, 9. 60. 35, 175, 875; 21, 147, 1029. 

61. *4, 6; f, f ; 8, 12. 
62. V, 3, 4, 6 ; f, f, A, h T^, T^. 
63. 441-216. . . =fcf ; ± (« + «). 

64. if, i, A, i, -At, - i, - -A-. 

65. 3A; ?J1^. 66. 6 or 12. 

24 n 

6'/. 4 or -10, 4, 21 or -2.7. 68. 3. 69. 3. 70. fj. 

71 44. 72. 14. 73. 19 or 18. 74. 26. 75. 3. 

76. 24. 77. f, 18, 12. 78. T^, iH, fj. 

79. 7 or 13. 80. .^jf^, l^UH, 

81. isV, ift-, if , Mf. 82. 19. 83. 60. 

...88. 4aiid2. ...91.*,!; *,-6; ^r»i^i-|j-A 

j[^ 5"=f2'' 1 a;T=Fa* 

93. w = 14 ; series is 1, 3, 5, &c. 

94. 4 + 3^/2;a'. 2!lzl 

a'— 1 

• • . 9^- i, i, i &C., or J, |-, -f 
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XXn.— P. 260. 

I. 7, 21, 63, 189. 2. £120, £60, £30. 3. 2, 4, 8. 

4, 2, 4, 8, 16. 5. 5, 7, 9. 6. 3, 6, 12. 

7. 4680 tunes. 8. 2, 4, 8. 9. 6, 8, 10. 

10. 3, 6, 12. II. 11, 9, 7, 5. 12. £56: 88. 

13. 7999 acrea 

14. 8 days ; 198 days ; 19,701 miles, and 3960 miles. 

15. 3 dayef, 36 miles. 16. 8 days. 17. 6, 4, 3. 

18. 10, 40. 19. 6, 8, 12. 20. £108, £144, £192, £256. 

21. £64000. 22. 143. 23. 234. 

24. 9 ; if salient^ 16. 25. 400 miles. 

*6. A, 2A, 3A, 5A, ^T^ir J If, 3f , 5|., 7f 

27. £1,816,033:10:10. 28. 19imne8, 640 feet 

29. Eadius of outer doable that of inner sphere. 

30. Value of ruby = -r— j- ; of diamond^ -r-i . 

^ (wi+l)6l (m+l)a' 



XXIII.— P. 274. 

I. 32. 2. 4. 

3. 3 . 1* + 5. 2* + 7. 3'+9. 4* &c., or 3, 40, 189, 676, 1375, 

2808, 5145, &c. ; d^ = 48. 4. 328000, 1489432. 

5. 2, 6, 12, 20, 30, &C. j 420. 

6. 1 . 3' + 2 . 5* + 3 . 7' + &a ; 24, 24, 24, &c. ; 100th 

term 4040100 ; 8 = 103368450. 

7. 1 + 2 + 5 + 13 + 33 + 76, &c. ; 41263 ; 206242. 

8. 256. 9, The one is double the other. 

10. 1* . 8 + 2MI + 3M4 + 4' . 17 + &C. ; first terms of 

difference, 36, 46, 18, 0; 5091600. 

^^ n(n+l)(n-f2)(;.4-3)^ 12.171700. 

1. 2.3.4 

13. 3600, n*. 

14. H^ + l)(2n + 1) ; see Arts. 228, 230;iw(4n' - 1). 

IS- K + in* + in'--jA^; K + 1^* + An*- tVw'. 

16. i; 372^^y 17. *. 18. n'(2n«+3)+in(16n'-4). 



ANSWBBS. 349 



«(n + iXn + 2) . n{nA l)(« + 2Xn+3) 
«9- 3 , J • 



.o. ^ 



180 2.3.5.6 

^^ w(47i' + 18yi4- 23) . J_ 

■ 3.1.3. 6(2n+ l)(2n + 3X2n + 5) ' 90* 
22. ^\. 23. -jj^. 24, ^^. 25. f. 26. tV- 

27. i. *8. 1^. 29. — 

1 1 

33- n ^> ®<^®» 2a;-ai'. 34. ;^— -^; scale, -2a;- aj'. 

^i — ajj ^1 + X) 



4-lla; ., l-<- 5a; 1 

l-5a;+6a;'' ^ ' l-aj-Ga?' ^"' l-2a;+a;" 



^g l + 6a; + a;'' ^^ 1 + a; ^^ a<a;4-l) 

3«- TTT^- ^^- (H:^- ^^- ^TTf- 

41. ^ti5 + ^'. 43. 4^^^. 43. 4960. 

(1-a;) (1-a;) 

44. 9455. 45. 23405. 46. 24395 

47. 6146; 1540. 4B. 4760. 



XXIV.— P. 289. I 

i.xJ^. 2. a; = -^. 3. «^=l-537. 

log. a log. a 

4. 1-397940; 2*096910. 5. a;= 17.917. 

6. « = -_ — ^^g- ^ ^ 8. 1041393; 1113943. 

m log. a + n log. 

9. --991. 10. 7; 9. 

1 1, Log. X = -^(log. i>-log. q), log. y = -^ (log. 2?-log. (?). 
.. 13. 1-9190781. 14. 20128372. 
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XXV.— P. 296. 

I. 132; 1320; 11880. 2. 210; 840; 2520; 

5040. 3. 6720 ; 40320. 

4. 3628800; 2520, 34650; 1120; 454053600. 

5. 2520. 6. 276; 2024; 10626. 

7. 276 ; 2024 ; 10626. 

8. 2496144 ; 2704156 ; 2496144. 

9. 9, 36, 84, 126, 126, 84, 36, 9. 

.10. 635013559600. 11. 120. 12. 7. 

13. 12650; 2024. 14, 190; 171. 15. 720. 

16. 9240. 17. 400400. 18. '^'^ " \ ^^ ~ ^l 

1.2.3 

19. 2800; 10000. 20. 4. 21. 63. 22. 75600. 

23. ^% 24. 14. 



XXVL— P. 308. 
, , , 5a; , 5aj* . 5aj* , 5a;* . a;' , , , 3 « . 1 , , 5 . 

+ &c. ; a* + 6a'6 + 12a&' + 86* - 3a'c - \2abc ~ 126'c 

Xa — x/ 1.2 \a^x/ 

2. The second tenn ; the first term ; the second tenn. 

3. The 3d. 4. 924a V, 1716aV, 1716aV. 

, ..,, 1.2.5....(3r-7) izgr /xy'\ 
^' ^ ^^ 1.2.3....(r-l)^ • • Vsy ^ 

61236aV. 6. ^ - 3. 5. . .. (27i~ 1)^^^^ 



XXVII— P. 317. 

I. T^;-. 2. •^. 

3. The prob. =«= , -???: ? — — , or 24 • 6. 

^ log. 36 -log. 35 



ANSWERS. 351 

8- (A)'' = T8*Tr. 9. H. 'o. 2 to 1. 



XXVIIL— P. 324. 

I. _^. 2. Side = rf(l + x/2). 

a + 

- o- J 6* — a' TT «* + ^' C1-J ^8 ±8 \/2 

3. Side = ^^ ; ^^■=-2E-- *• Side = — _^-. 



7. Difit. of point from wall 



_^a: + I/^c' 



8. Hyp. = ^±^^:±i^;8ide= /!l^J^(1±^, 

9. Base = ie? =fc -J- V(2a' - cf) ; perp. = - ^ ± i \/(2a' - «f ). 
,0. «, = e.^^^:ii^),«:anda-^bemgthe8egment8made 

by a diameter. 
1 1 . Diag. = a + 6 ± s/2ah^ sides, h ± \/2ahy and a =fc \/2a6. 

a — 



12. Base 



^ 



13. Segtofbase, =. 4^^^ jT^XIi^ , 
intercept of base =. ^L^^+ll^\ 

I ^ 7 . 

a 
1 5. Sides of inscribed and circumscribed pentagons = 
^ r v/(l - 2 x/5), and 2r >v/(5 - 2 s/5). Sides of inscribed 

and circmnscribed decagons = -r( \/5 — 1 ) and 2r / — - 

16. Segt. of hyp. made by perp. = fci). 
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SCHOOL ATLASES. 

Black's School Atlas of Modern & Ancient, Physi- 
cal and Scripture Geography, and the Elements of Astronomy : a Series 
of 41 Mapsby W. Hughes, F.R.G.S., and J.Bartholomew, F.R.G.S. 
Royal 4to or 8vo, los. 6d. Maps all coloured. 

LIST OF MAPS, I to 4a 

Physical Geography. 

I. Chief Physical Features of the World. 2. Ethnography. 3. Zoology. 
4. Botany. 5. Comparative View of Mountains and Rivers. 

Astronomy, 

6. Northern Celestial Hemisphere. 7. Southern Celestial Hemisphere. 
8. The Solar Systfrn. 9. Theory of the Seasons. 

Modem Geography, 

10. World in Hemispheres. 1 1. Europe. 12. England and Wales. 13. 
Scotland. 14. Ireland. 15. France in Departments. 16. France in 
Provinces. 17. Holland and Belgium. 18. Prussia and German 
States. 19. Austrian Empire. 20. Switzerland. 21. Italy. 22. 
Spain and Portugal. 23. Sweden, Norway, and Denmark. 24. 
Russia. 25. Turkey in Europe and Greece. 26. Asia. 27. Turkey 
in Asia, &c. 28. Hindostan, &c. 29. Africa. 3a North America. 
31. United States and Canada. 32. West Indies. 33. South America. 
34. Australia, New Zealand, &c 35. British Empire. 

[Ancient Geography. 



2 Educational Works 

SCHOOL ATLASES — €OrUmiud. 

Ancient Geography, 

36. World as known to the Ancients. 37. Italia, Northern Fart 38. 
Italia, Sottthon Part 39. Greece and Islands of i^ean Sea. 

Scripture Geography. 

4a Palestine, with its Ancient Divisions and the Peninsula of Mount SinaL 
41. Countries embraced within the Travels of St PauL 

*' In comprehemivenest, accuracy, finished execution, judicious adaptation to 
educational purposes, and moderateness of price, this Atlas stands quite alone. ** — 
AtJittututn, 

** l*he best Atlas of Modem Geography that has yet fallen in our way. It is at 
once a duty and a pleasure to recommend it." — Engluh Joumal 0/ Education. 

Black s School Atlas for Beginners. A Series of 

Twenty-seven Coloured Maps of the principal Countries in the World. 
In oblong i2mo, 2s. 6d. 

Fillans' Classioal Geography, with Maps. 

First Steps in the Physical and Classical Geo- 
graphy of the Ancient World. Bv James Pillans, late Professor of 
fiumanity in the University ofEdinbuigh. Third Edition, i2mo, is. 6d. 

HISTORY. 

History of Scotland. By Sir Walter Scott, 

Bart. From the Earliest Period to the Close of the Rebellion, 1745-6. 
Royal 8vo, 6s. 

History of Scotland. By P. F. Tytler, Esq. 

Enlarged and continued to the Present Time. By the Rev. James 
Taylor, D.D. ; and adapted to the purposes of Tuition by Alex. 
Reid, LL.D. New Edition, illustrated. i2mo, 3s. 6d. 

History of Palestine. By John Kitto, D.D. 

From the Patriarchal Age to the Present Time ; containing Introductory 
Chapters on the Geography and Natural History of the Country, and 
on the Customs and Institutions of the Hebrews. Adapted to the pur- 
poses of Tuition by Alex. Reid, LL. D. i 2mo, with Map of Palestine, 
3s. 6d. 

Outlines of Modern History. By A. F. Tytler, 

late Professor of Universal History in the University of Edinburgh. 
Fifth Edition, i2mo, 3s. 

By the same Author. 

Outlines of Ancient History. Fourth Edition, 

lamo, 3s. 
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CLASS-BOOKS. 

Class- Book of English Prose, comprehending 

specimens of the most Distinguished Prose Writers from Chaucer to 
the Present Time, with Biographical Notices and. Explanatory Notes. 
By Rev. Robert Demaus, M. A. i2mo, 4s. 6d. Also to be had in 
Two Parts. Parti., containing the Prose Writers from Chaucer to 
South ; Part II., Addison to the Present Time. Price 2s. 6d. each. 

" A very excellent Class-Book. ... Its specimens of English Prose 
extend from Chaucer to Raskin, and great care and judgment are evinced in their 
selection ; not only are they for the most part excellent and characteristic specimens 
of the style of their Author, but, wherever possible, they have been chosen so as^ to 

S've a lively idea of the character of the writers, as well as of their mode of treating 
eir subjects." — Westntinster Review. 

** A volume which the mere general reader may peruse with pleasure, and which 
the student of English Composition may consult with advantage." — Notes and Queries, 

Class-Book of English Poetry ; comprising Ex- 
tracts from the most Distinguished Poets of the Country. By Daniel 
Scrymgeour. Fifth Edition, i2mo, 4s. 6d. Also, to be had in Two 
Parts. Part L, contauung the Poets from Chaucer to Otway. Part 
II., Prior to Tennyson. Price 2s. 6d. each. 

Introduction to the History of English Literature. 

By Rev. Robert Demaus, M.A. i2mo, cloth, 2s. 

" We have been much pleased with an ' Introduction to the History of English 
Literature^' by Robert Demaus, M. A., which, though a comparatively small Manual, 
is of sufficient extent togive a very good notion of our literature from the earliest 
times to the present. Tne leading writers and works are ably described, and even 
of those more concisely treated enough is said to indicate their true character. It is 
not often that so much condensed information is conveyed in so lively and agreeable 
a manner." — Athetueutn. 

** Mr. Demaus is already favourably known as the author of more than one 
excellent educational work. His * Class-Book of English Prose,' which compre- 
hended specimens of the most distinguished prose writers from Chaucer to the 
{>resent time, has been universally accepted as a valuable contribution to scholastic 
iterature." — Illustrated London News. 

M. Masson's (of Harrow) French Class-Books. 
Class-Book of French Literature, Comprehending 

specimens of the most distinguished writers from the earliest period to 
the beginning of the present century, with Biographical Notices, Notes, 
Synoptical Tables, and a copious Index, by Gust AVE M asson, B. A. , 
M.R.S.L., Assistant Master at Harrow School, and Member of the 
Academic des Sciences, Arts, et Belles-lettres de Bordeaux. Crown 
8vo (517 pages). Price 4s. 6d. bound in cloth. 

%• Or in Two Parts. Part I. Ninth to Seventeenth Century. 
Part II. The Eighteenth Century. Price 2s. 6d. each, cloth. 
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Introduction to the History of French Literature. 

By GusTAVE Masson, B.A., M.R.S.L., Assistant Master at Harrow 
School, etc. etc. i2mo, cloth, 2& 6<L 

"Excellently adapted for its purpose as a handbook for the upper cbsses of 
Schooh.**— IV^imuuUr Review. 

Kiinz and Millard's French Grammar. 
Grammar of the French Language, founded upon 

the principles of the French Academy, by Jules A. L. KuNZ, Teacher 
of Modem Languages in the Edinburgh Institution, and Frederick 
MiLXARD, B.A. Oxon., Principal of the Grammar Sdiool and Govem- 
uient Inspector of Schools, St Kitts. Second edition, i2mo. 
Price 3s. od. 

LATIN AND GREEK. 
Latin Reader of Jacobs and Classen. Edited, with 

Notes and a Vocabulary, by James Donaldson, M. A., LL.D., Rector 
of the High School of Edinburgh. i2mo, 3s. 6d. 

\* The above may be had in Two Parts, at is. 9d. and 2s. each. 
First Course : Exercises on the Inflexions. Second Course : 
Fables, Mythology, Anecdotes, Roman History, etc. 

"An excellent Latin Reading Book." — Aihettieum, 

"A thoroughly sensible and serviceable edition of a valuable manual." — 
Literary Gasette. 

A Course of Exercises in Latin Prose Syntax, 

adapted to Ruddiman's Rules, with Copious Vocabularies. Crown 
8vo, 3s. 6d. Or in two parts. Part I. — Agreement and Government. 
Part II.— The Syntax of the Subjunctive Mood. By W. S. Kemp, 
B. A., Head Classical Master in the High School of Glasgow. Crown 
8vo, cloth, Part L is. 6d., Part IL 2s. 

Introductory Latin Exercises. By W. S. Kemp, 

B.A., Head Classical Master in the High School of Glasgow, etc. 
Crown 8vo, cloth, price is. 

Elementary Grammar of the Greek Language. 

By Dr. L. Schmitz, late Rector of the High School of Edinburgh. 
Second Edition, i2mo, 3s. 6d. 

Exercises in Attic Greek, for the use of Schools 

and Colleges, by A. R. Carson, LL.D., F.R.S.E., late Rector of the 
High School of Edinburgh. i2mo. 4s. 
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BOTANY, GEOLOGY, &o. 

BALFOUR. 
Manual of Botany; being an Introduction to the 

Study of the Structure, Physiology, and Classification of Plants. By 
J. H. Balfour, A.M., M.D., F.R.SS. L. & E., Professor of Medicine 
and Botany in the University of Edinburgh, and R^us Keeper of the 
Royal Botanic Garden. New Edition, revised by the Author. Crown 
8vo, pp. 700, I2S. 6d. 

Elements of Botany for the use of Schools. By 

J. H. Balfour, M.D. Illustrated with 427 Wood Engravings. 
Fcap. 8vo, pp. 321. Price 3s. 6d. 

Outlines of Botany, designed for Schools and 

Colleges. New Edition, containing 600 Illustrations. Crown 8vo^ 
pp. 712, 5s. 

JUKES. 

JuKEs' Student's Manual of Geology. New 

Edition, revised by Archibald Geikie, F.R.S., Professor of Geology 
in the University of Edinburgh. Crown 8vo, price 12s. 6d. 

J uKEs' School Manual of Geology. 

[New edition prepafing. 

ARITHMETIO, ALGEBRA, & BOOK-KEEPING. 

PROFESSOR KELLAND. 

Elements of Algebra for the use of Schools and 

Junior Classes m Colleges. By Rev. Philip Kelland, M.A., Pro- 
fessor of Mathematics in the University of Edinburgh. Crown 8vo, 4s. 

Algebra ; being a complete and easy Introduction 

to Analytical Science. By the same Author. Crown 8vo, price 7s. 6d. 

HUGO REID. 

A First Book of Mathematics ; being an easy and 

practical Introduction to the Study. For Middle and Elementary 
Schools. By Hugo Reid. Fcap. 8vo, price 2s. 



6 Educational Works 

DR. BRYCE. 

The Arithmetic of Decimals, adapted to a 

Decimal Coinage. With numerous Illustrations of Improved Modes of 
Reckoning. By James Bryce, M.A., LL.D., F.G.S. Second 
edition, enlarged, is. 6d. 

Algebra. By James Bryce, M.A., of the High 

School of Glasgow. Fourth Edition. Crown 8vo, price 4s. 6d. 

By the same Author, 

Book-keeping, by Double and Single Entry. 

New Edition, greatly enlarged. Crown 8vo, price 2s. 6d. 

READING-BOOKS. 

Demaus's Elementary Reading- Book, on a new 

plan, and with the view of forming the habits and cultivating the feel- 
ings of the pupils (with illustrations), by Rev. Robert Deblaus, M.A. 
i8mo. pp, 269. Price is. cloth. 

Buchan's Advanced Prose and Poetical Reader. 

A Collection of Select Specimens of English literature, with Explana- 
tory Notes and Questions on each Le^n ; to which are appended 
Lists of Prefixes and Affixes, and an Etymological Vocabulary. By 
Alexander Winton Buchan, F.E.I.S., Teacher, West R^;ent 
Street Academy, Glasgow. i2mo, doth, 5s. 

By the same Author, 

The Poetical Reader, a New Selection of Poetry 

for the School-Room, with Notes and Questions. i2mo, doth, is. 6d. 

OSWALD'S ETYMOLOGICAL WORKS. 

The Etymological Primer : Part First, containing 

the Prefixes, Postfixes, and several hundred Latin and Greek Roots of 
the Englidi Language, by Rev. John Oswald. Nineteenth Edition. 
Price One Penny. 

The Etymological Primer : Part Second, or an 

Abridgment of the Etymological Manual Ninth Edition, paper 
cover. Price 6d. 

The Etymological Manual : containing the Pre- 
fixes, Postfixes, and Latin, Greek, and other Roots of the Ei^lish 
Language, adapted to the Improved System of Exlucation. Eighteenth 
Edition, limp doth. Price is. 

A Dictionary of Synonymes and Paronymes of the 

English Language, limp doth. Price is. 6d. 
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An Etymological Dictionary of the English 

Language, adapted to the Modem System of Tuition. Tenth Edition. 
i8mo, cloth. Price Ss. 

" This work contains copious Tables of the Prefixes, the Postfixes, and all the 
Derivative English Words, classified under their respective Roots, with examples 
illustrating their primary and secondary meaning. In the notes the Teacher will . 
find some useful and important information on the history and peculiar significations 
of the more abstruse and technical words. 

" We are convinced that this work is calculated to facilitate in an eminent 
degree the laboiu* both of the teacher and the scholar." — Quarterly youmal of 
Education. 

"This very laborious compilation deserves to be introduced into every school 
where the English language is taught." — Athetueum. 

" We have not for a long time met with a book which promised to be more 
useful. " — Scotsman. 

*' It will be found usefiil not only to children, but to students of a more advanced 
age. " — Spectator. 



RELIGIOUS INSTRUCTION. 

BISHOP BROMBY. 

The Church Student's Manual. By the Right 

Rev. C. H. Bromby, D.D., Bishop of Tasmania, late Principal of the 
New College, Cheltenham. i2mo, cloth, red edges, price 3s. 

Book of Common Prayer. Separately, is. 4d. 
Class-Book gf Scripture History. By Rev. R. 

Demaus, M.A., etc. Second Edition, Illustrated, fcap 8vo, price 
2s. 6d. 

Porteous's Evidences of the Truth and Divine 

Origin of the Christian Revelation, with Definitions and Analyses by 
James Boyd, LL.D., late. one of the Masters of the High School of 
Edinburgh. i8mo, cloth, price is. 

History of Palestine. By John Kitto, D.D. 

From the Patriarchal Age to the Present Time ; containing Introduc- 
tory Chapters on the Geography and Natural History of the Country, 
and on the Customs and Institutions of the Hebrews. Adapted to 
the purposes of Tuition by Alex. Reid, LL.D. i2mo, 3s. 6d. 



STUDENTS' TEXT BOOKS, 
A Class-Book of Botany, being an Introduction to 

the Study of the Vegetable Kingdom. In one large volume, 8vo, with 
Eighteen Hundred Wood Engravings. Price 2is. By J. Hutton 
Ba;.four, M. D. , Professor of Botany in the University of Eldinbnrgh. 

Principles and Practice of Medicine. By J. Hughes 

Bennet, M.D., Professor of the Institutes of Medicine in the Univer- 
sity of Edinburgh. Fifth Edition. 8vo, pp. 1037, illustrated with Five 
Hundred and Fifty Wood Engravings. Price 21s. 

Lectures on Surgery. By James Spence, Professor 

of Surgery in the University of Edinburgh. 2 vols. 8vo. With numerous 
Illustrations on Stone and in Chromo-Lithography. Price 42s. 

Sir J. Y. Simpson, Bart, late Professor of Mid- 
wifery in the University of Edinburgh. 

Vol. L- -SELECT OBSTETRIC and GYNAECOLOGICAL WORKS. 
Edited by J. Watt Black, M.D., Physician- Accoucheur in Charing- 
cross Hospital, London. Demy Svo. Price 1 8s. 

Vol. II.— ANAESTHESIA, HOSPITALISM, Etc. Edited by Sir 
Walter Simpson, Bart. Demy Svo. Price 14s. 

Vol. III.— The DISEASES of WOMEN. Edited by' Alexander 
Simpson, M.D., Professor of Midwifery in the University of Edinburgh. 
Demy Svo, price iSs. 

A System of Surgery. By James Miller, late 

Professor of Surgery in the University of Edinburgh. Svo. Price 25s. 

Manual of Veterinary Science. By William 

Dick, late Professor of Veterinary Science in the University of Edin- 
burgh. Fcap. Svo, price 5s. 

Palseontology, or a Systematic Summary of Extinct 

Animals, and their Geological Relations. By Richard Owen, F.R.S. 
Svo. With One Hundred and Forty-one Wood Engravings. Price 
los. 6d. 

Physical Geography. By Sir J. F. W. Herschel, 

Bart. Crown Svo, price 5s. 

Metaphysics ; or The Philosophy of Consciousness. 

By H. L. Mansi^L D. C. L. New Edition with Index. ; Crown Svo, 7s. 6d. 

Ethical Philosophy. By Sir James Mackintosh. 

Edited by William Whewell, D.D. New Edition (4th). Crown 
Svo, price 7s. 6d. 

EDINBURGH : A. AND C. BLACK. 
LONDON : LONGMANS, GREEN, READER, AND DYER, 

39 PATERNOSTER ROW. 



